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f'RKI'A<T 


This Text-book of KJementarv MerWiratioff is intended 
tohneet the needs rtf two clause's of learners. It ace. v 

includes a lirst an 1 seeond* course Tlio lirst course pilo 
'Tides for those w hose knowledge of (Jeometrv l# ooniint (1 
t to Euclid’s First Boclk, am* of VWbih to tin; i?ieanin<' of 

n ’ » t j n 

tin* simplest symbols ■ while in (he seedin'* pourse some- 
what, moiv dillieult, ouestmns air ojlered .to students* xTh<J 
1 f «• » • • 
lia\e masteit*l the Sixth Book of Kuclul, hr* e aitanicd 

some faeility t in all ordinary aluebiaieal ihrtliodx as far as 
the Binom'#M Theorem, and ha\e made a behinnin<* x^JfT 
Trigonometry* 

The Kxamph* in the just cmine ;nv therefore of a \Vry 
easy kind, dependim^imercly on the simpler processes of 
Arithmetic. On the other hand the chief object of the 
higher eout.se of t|tiesj»ions is to <einfof'ee ordinary lessons* 
in (JVometjfy and Al^ubni* (as well as in Arithmetic) .by a 
series of concrete /illustrations.* # riim/the purpose of the • 
book is not tecljtiie.il. It/ is designed lirst of all to- supple- 
ment, the staple subjects of ah e/ementary mathematical 
hamiiij*: and for this reason' e\ery opportunity has bOen 



VI PREFACE. 

u>JW of ijlustratfing tfjo principles^of Euclid’s Third,' Fourth, 
and Sixth Books by suffix groups of questions as are foilnd 
on pages 65, ^2, 9j aiyl tlsewhfre. At the same -time it’ is 
hoped that this treatment of tfrn street will Jbe us4ful a? 
«an introduction to those student.# who may afterward^ have 
occasion to study^practical applications of Mensuration in 
works of atnore technical character., *' 

Proofs of formula 1 have been given or indicated wlienever 
,thigr seemed likely to be intelligible to learners whose 
acquirements fall within the limits above mentioned ; but 
it has not been .thought well to trench upon* the ground of 
theoretical Solid Geometry. Nor have 1 considered it within 
the scope of h rirst text-book of J^ensu ration to deal with 
the jtmwverous applications of the “ Prinmoidal Formulli ” 
and its important practical development. 

•The Examples in the body of the book are with fe$* 
exception^ original, Waving been# franfel from time to timei 
for the use of rny*pupils in Clifton College. To candidates 
fedtiing for admission to the Royal Military Colleges the 
f&i of ^Miscellaneous Examples ?o be worked* by means of 
Logarithms (Chapter xxiii^ will, it is believed, be found a 
ufc^ubexerci^!;. In the specimen ^xarnples we if ted out in 
this chapter I Have l>een glacl t<^ follow the arrangement of 
logarithmic workfadopted by my colleague Mr H. S. Hall 
and the lat *I)r Knight in their El military Trigonometry 
particularly in the now general practice of discarding the 
ten from^tlje tabulflr logarithm of i* trigonometrical ratio 
before employing io in calculation# To Mr Hall also I 
am indebted for sftne <lf 1 the rfuestiofl| to be solved by 
logarithms. 

The formula* of Eleyieiftary Mensuration* are collected 
fo^reference and revision in Chapter xxiv, and are followed 
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y aoi exercise consisting gf questioW (selected from rece?it 
examination papers. 

I ha ye- to thank my co/league’ Mr 31. tl Play tie for 
kindly Jverify’jiig* a number of examples in Part II. 

E. H. STEVENS. 

•j j 

Clifton Collkok, 

November , 1 ^ 95 . 



NOTU . 

* #* 

gpN tub Weight of a given Volume of Water and the 
Capacity of the Gallon. 

t 

In the examples of Part II the usually accepted standard 
(fixed i Act of Parliament untfi the year 1878) has betyi 
retained. 'fills' givc^ the weight oj; 1 eubie meh of distilled 
wate^.%i 252*458 grains, and the weight of *L cubic foot of Wftter 
jyj 997*137 oz. Av. ; and by eplisequer^o it determines the 
capacity one gallon (10 11^. A\f of distilled water) as 277 2*4 
cubic inclifts* 

These result* vary«to son* e.'Jent according to #he methods 
ai|d instrum<fiils ifsed. The latest determination (wlpch has not 
y/it-V1895— jreceifed legal sanction) gives 252*286 grains as the 
weigh# of tne cubic inch of distilled water Ht fhe temperature 
6*2° Fahrenheit, barometer at 30 inches. Underpins deterniina- 
*'*Uum c cubic ^oot of water weighs 1)96*458 oz. A\*$*and 1 gallon 
com^ns 277 '403 cubic inches. * 
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J>AKT I. 


THE* lAE^SURATION OK PLANE FIGURES. 

• 


•CHAPTER I. 

>• • 

INTRODUCTORY., • 

• * 

1. The object of Mensuration is to firftl th% length oi 
*lines, the area t)f Surfaces and the volume of sdlid ifgures 

by means of* given rules and formulae. ' • • 

• * 

2. It is^not. necessarily within the scope of an ele- 
mentary text-b#ok on Mensuration to prove, the rulesdand 
formuhe by which it works : these are derived from Geometi^, 
Trigonometry, and oth^f' branches of theoretical mathe- 
matic* Mensuration * teaches their *use and practical 
applicatjpn. 

3. Tn stating and applying the rules of Mensuration 
we shall assume that the I^ginner*lia&®. knowledge of so 
much -AJgebraias will enable him (o uiylerstand the meaning 
of a simple formula. In addition to this he is expected to 
have read the ifirst Book of Euclid. *The methods by which 
he will worlc will depend (in the elementary course) on the 
ordinary mles of Arithmetic, esp$ciallj the rules of decimals; 

s. e. ft. 



2 . JLEMENTARY MENSURATION. § c [CHAf*. 

find in particular Is stn&igly a&risejl to acquire the 
outset the practice of Contrqctfcd Multiplication and pivi* 11 
Hon, which }ie should invariably use where approximate 
results are required. « c 4 

4. Thcsk, methods we will ^xplhin by examples. * 


' C0NT1< ACTED MULTIPLICATION. 

Example i. Multiply 3-68045C'* by 2;V14( k >J, the result being 
, w^quired true to three places of decimals. r 

( Arrange the decimals one under the other so that the decimal 
points may be in a Vertical column. As the result is to be true to 
three places, it ie necessary to retain four decimal figures at each stage 
of the Tjprk. r ' 

Draw a ucal liru. after the third decimal figure. We shall begin 
the multiplication with the left - hand figure of the multiplier, that is 
with the 2, and wor’* from left to right , but lefore doing so, we erase 
all decimal figures of the multiplicand beyond the fifth. For since to 
multiply by I in the tens’ place is in reality to 
multiply by 20, the result of each figure must 
be written one pia. to the left of its natural 
position, the decimal point bein'* kept in the 
Bame column as those above it. It will be seen 
then, as only four decimal figures are to be 
retained in the work, that we require (in thi^ 
case) only five decimal figures in the multi- 
plicand. 

It should be noted, however, that in begin- 
ning to multiply at the fifth decimal figure of 
the multiplicand, wt musUcarry to the result 
the number which would have been carried if 
the remaii ing figures 69 had not been eraseef; thus the right-hand 
figure in the first line^of the work is I (wjt 0). 0 

Now cross out in the multiplicand the nexjt figure 5 on tfie right, 
and multiply through by the next flgqre 5 of the fnult<plier, this 
time (al the mulviplying figure is t in the units’ place) writing each 
result under the figure, from which it is derived. « 
c‘ r 

Again, cross out the next figure bn the right in #ie multiplicand, 
and multiply through by the next figure 1 of tfee multiplier, ranging 
the result one place to the right. Continue this yooess until all the 
figures in the multiplies*! are crossed out, or all tfip figures in the 
itiplier are exhausted. Then add, retaining three decimal places in 
product. 


a - v&wb 




I.] • CONTRACTED MULTIPLICATION DECIMALS. 3 

i $ j* • 

ExdrflpU ii. Multiply J06-3016fi465 bf '§28565183, retaining** 
Result true to four placls of decimals. * • 


• • 

8465 

654%3 

“2^60 

3 

*8504 

1 

•0531 

5 

*0063 

e 

•0005 

3 

•0000 

4 


•£03654 


f placls of decimals, 

Note (0 At each stage 0 / the work Jive 
figures areVretaintd* Tl*e firet multiplying 
figure 2 lJfeing in the hundredths’ place, the 
result is written two places to |he right, thus 
three decimal figures pnly are' retained in the 
multiplicand. 

(ii) In carrying to the first figure in the 

second line 8 is counted as 10 ; in the fourth 
line 18 is jjounted as 20. # 

(iii) Had the fifth decimal figure in tlfl*, 
prodfcict exceeded 5, in rejecting it we shoul% 
have added one to the f(|prth decimal figure. 


EXAMPLES. I. A* 

* • 

On Contract*!?) Multiplication of Decimals. 

* 1. Multiply 3*25082fft\y 4*556281, gi^ng your'Vfeult true 

to three decflnal places. • • * ^ 

% Find*the square of 3*14159 to tfiree places of decimals 

• 0 • • • 

3. Multiply &)f • 0608501 6 by *00085342 1 , g^vi ng a^esuTt true 

to four decimal places. * * * 

4 . Mi^Ltipfy £21*8824!j by *13406, and give your result t$ue 

to the nearest penny. • • 

5. Find to the* nearest penny the value of 0iD3o4l5 % 

£ 7 . 8 ^ 2 |<*. ^ 

CbNTRACTED ‘DIVISION &F DECIMALS. • • 

6. Definition. The figures of* a rifmber or decimal, 
other tb^n O’s^standing at the begin mng or end, are called 

significant figures? . 

For example in 27080900, 2708-C&, and *000270809, the 
significant figures in each c€fee are 2, J } 0, 8, 0, 9. 

• • 


1—9 



4 , .ELEMENTARY MENSURATION. 4 / [CHAP. • 

’ r ’ ' \ * t $ 

0 * Example i. is r^i^red to* divide 7^t438R6245 by 3*2064625, the 1 
quotient to be correct W two decimaltplaces. * f , 

First determine by inspection ljow many integral figuresithere will 
be in the quotient** In this catfj there will clearly be tyvo integral 
figures. And as two decimal figures are Required, it follow€ that*'we 
have to find the first four significant figifces of the quotient.*', 

Retain in the divisol Jive figures (including the integer) ; that is to 
say, retain one m$re than the number of significant figures require*! 
in the qubaent : and in the dividend retain as many figures as are 
needed to take the first step in the division, in this case, fire. 

Omitting the decimal points, the woik will now stand thus: 

We now proceed with the division in 
the ordinary way, except ^hat at each 
stage, instead of bridging down a new 
figure fropi the dividend, we, cross off' a 
ft gure from the tight of the divisor , taking 
care, howey^r, on multiplying to make use 
of the figure last crossed ol! lor the purpose 
of obtaining a canying number. 

Thu* wo obtain as the quotient the 
figures 2477 : but since it has been already 
determined WtJ there will be two integral 
figures, the required result ifr>24*77. c 


mU 734381247? 
64126 



'fExampl/t ii. Oivide *026289475^7 by 3*0685, the result to be correct 
to ei{,ht decimal places. « <r f 


3068500 26^89475 
24548000 


856753 


1741475 
1534219 
207225 
184110 . 


23115 

21473 

16C6 

1534.. t 
102 

92 0 


0 


Here we see at once /by moving for- 
k ward the decimal point the same num- 
ber of places pi divfitoi* and dividend) 
that there will be^two 0’6 before the 
first^significant figure in the quotient. 
Hence to make up the required eight 
places of decimals we have to find Psix 
significant figures. 0 

This makes it necessary to retain 
seven figufes in the dfVisor, which is 
done cn tl^is case by adding two 0’s. It 
will be noticed that the first step in 
the division requires eight significant 
figures in the dividend. <•> 

The decimal points as before are 
oinitted in the numerical work. 


Urns the required result^ is *00856758. 
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•CONTRACTED DiyiS^ON OF DECIM* T ° 


EXAMPLES. J.B* 


On Co^tracM) Division. 


1. Divide 286-34895 by 5-3608166, giving tins result tn t e to 
two places of decimals. • 


2. Divide '0009477824 by '04609508, giving the result correct 

to five places of decimals. • • 

• # N&* 

3. Find the first seveft decimal figures in the quotient, when* 

■019824826 if divided by 43*06. • 



M 3- 141 59. 


5. Find correct to fyur decimal places the v;*lue of 

236-405 x '0026054 
’ 4*082 


Tables. 


6. Tlje following Tables are those chiefly used in Piffle 
Mensuration. 


t. Length of J5ines, or Linear«Measure. 

12*inches =. 1 foot, • 

3«feef - 1 yard, 
yafljls = 1 foie, 0 

r 220 y3? llU / l ° ne ’ 

8 furlongs) . ., 

1760 yards} ‘“f 



. ’ ELEMENTARY MENSURATION. [CHAP, I. 

v. , < ; . , .. 

II. The Area of Surfaces, or S]uare Measure, 

1 44 square inches - 1 square foot, . 

9 square feet , = 1 square yard,' * 

„ 30| square yards ~= 1 square pole, 

40 square poles 1 rood, 

\ roods or | ^ 

4840 square yards/ 


In the practice of Laud-Surveying, which is the post 
important application of plane mensuration, distances are 
measured by a chain (known as Gunter’s Un&in). This in- 
strument js.)^ 2 yards in length', and consists of 100 linjes. 
The length of each link is t.li^refore a little less than 
8 inches (7 -92 inches). *. t, * 

Thus 22 yards’- l chain, 

■ (22) 2 , or '84, square yaid, 1 square chain. 

But 4840 square yards - 1 acre. 

« 

1 >.10 square chains 1 acre. 

Similarly, since 100 links = 1 chain, * 

(100)*, or 10000® square links 1 scyijjre chain. 

.'. 100000 Square links = 1 ^cre. • 

Thu^, square chains are converted into acres by dividing 
by 10, or moving the decimal poin ^ one place to the left. 0 

n 

For example. 342*5 sq. chains - 34*25, or 34^ acres. 

'And square links are converted^ into acres by dividing by 
1*00000, or moving' the&lecimal qjoint five places to the left . 

For example, 698245 square links - $*9#245 afires. 



CHAPTER II. 


THE SIDES OF A Rfl&HT-ANGLED TRIANGLE. 


# 7 . Ti%e object of this chapter is tS shew how ip tincl 
i/he length o i a side of a right-angled triangle, when the 
lengths of the other two silles are known. 

If ABC is a triangle night-angled at 
C, 1 the square on the hypotenuse AB is # 
equal to the sum of the squares on BC, 
fEuc, I. 47.] 

Or, AB*=BC 2 .* CA 2 . • 

1 * • * 

Thus if BC, CA, AB contain a , h , and c 

units of length respectively, then • 

• # c 8 # =a 2 + 6 8 ; * 

• c--Ja? + b\ • • 

8. Qivm the knyths*of theitivo sides including t/^e right 
angle , to find the length of tlfe hypotenuse. m 

9 Example i. In a right-angled triangle the lengths ofdhe sides ^b- 
duding the right angle are Jbspeetively 11 yardg and 18 yds. 2 ft. Find 
the WRgth of the hypotenuse. 



Here 


And 


a = llya*ls =33 fed;) _ * . , « 

6 = 18yd 4r 2«.=56foot{ E ^“‘ red 
c a =a 3 + 6 2 *. = (33) a *(56)* 

*= 1089 + 3186 = 4225. * 

•c = Jm& «Q5feet.* 

= 21 yds. 2 ft 



J^EMENTARY MENSURATION. [CHAP. 

Example ii. Vhe t\V.o gides containing th^ right angle injure 
! chains SI links and 1 chain 60 links respectively : find the length of *' 
he hypotenuse. • 

r t 

Here * a=<9 chain's 31 lifiks=2-31 chains,) ,, / , 

, . ' , , . r > Kequireh c. 

6=1 chain 60 links = T6 ft chains,) h i 

c i =a i + t b 2 4 

A (2-31)* + (1-6)* 

= 53361 + 2-56 = 78961. 

= 2-81 chains = 2 chains ',81 links. 

t ' 

*• ft 

9. In a right-angled triangle , given th<f lengths of the* 

hypotenuse and of one side , to jk id the length of the other 
side. ° * i 

With the notation of Art. 7, it has been shewn that ' 
c* --- a 2 -jhO 2 , 
a 2 = c* 2 - h J y • 

V. a — b' 1 , 

, Example. , The hypotenuse of a right-angled triangle is 16 ft. Sin. < 
and one aiders 8 ft. 8 in. ; find the other side. f ' 

Here 1 c = 15 fit. 5 in. = 1.85 inches;) „ . , 

6 V = 8ft.8m. = 10fincheJ R T lred ^ 
a s =c 2 -6 2 =(185)»-(104) 2 
= 34225-10816=23409. 

t 

a = ^23409 = 153 inches ' 

= 12 ft. 9 in. 

Wote. The numerical work in thi& example may b$ abridged by 
the dse of faotors. « * .. , 

Thus « 2 =c?-6 2 =(c + 6)(c-6) & * 

l = (185 + 104) (186 - 104 ) 
c =289 x 81 = 17 2 x 9 2 
,* a=JL7 x § =s 163. 



II.] SIDES OF A 0 RIGHT-ANQLED TftlANUfiE. 0 

* /) V 

U). The relation t)etween*f/ie side* of a° square, and 
* djfgonal. 

•Let? Afe.CD be a square, 'bf wh*ch 
A€ is <1 diagonal- • 

* ® _ q. 

» Ldt each side contain St units of 
length, and the diagonal d units. Then 
ABC is a yght-angled triangle. 

.*. AC 2 - AB 2 + BC*^ 
or d 9 = cd + <jd - LI d l ) 

:■ d = JW. „Ji 
a _d _dji 

y"2" 2 • 

4 diagonal = x ^2 


Hence 
That is, 



■(*). 


1 ** 

side*— - tfiaqonal x ^2 .... ^. .(i i). 


Note. The value of y**2 to five places of deatmalg is 1 '41421. 


Example l. The side of a square is V2 p. 1 yd. 2 ft. ; find to the 
nearest foot the length of its diagonal. * f , 

• • Nl42 

368- ' * 

424*2 G 


Here a — 22 p. 1 yd. 2 ft. = 368 feet. 

d iagonab?%ule x J2 

• -3g8 xl 41421 fee^ 

— 520 feet, nearly. 


84-8 

11-3 

520-4 


Exgmple ii. The diagonal of a square measures 17 chains 32 links ; 
find to the nearest link, the length of its side. 

’ • i • 

Side of square = ~y= diagonal* 

j » 

* = * 17*32 chains 

%= 1-41421 x 8-G6 chains 
= 12-25 nearly 
= 12 ohains 25 finks » 


1*41 

42 

8-66 


11*81 

3 

•84 

8 

•08 

5 

12J4 

6_ 
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10 ^ # s^ementary MEN&J RATION. [CHAP- 

'r *11. Som^ questions cOfinecte^ with the sides pi 

right-angled triangle 'are solved by algebraical equation^. 

Example. The hjrpoteniye of a r fight-angled triangle i8*29^eet, and 
the sum of the two sides* contain^ the right angle is 41 fee^ Figd 
the sides. * - 

With the notation of*Art. 7 we have 

* c = 29, and a+5=41. 

\ c 3 * * * * * =841. 

c a =a 9 +i!r. *• Euc. i. 4r^. 

a 1 2 +6 3 =841 • (i), 

*• a +b = 41 f (iij. 

r F 

Solving the equations (i) and (ii) by the ordinary algebraical method 
we find * * ° 

/ * 
a ~ 21, or 20.) ,< Besult 2 1 feet and 20 feet. 

6=20, or 21 $ . , — 

/ 


Bat 

r 

and 


EXAMPLES. II. A. 

V On /the Sides of a Rig^/t-Angled Triangle 
* » • « 

r » r c [ Elementary Course.] 

1. Find the hypotenuse of a right-angled trfahgle in which 
the.sides containing the righf an^le measure respectively 

(i) 15 fe$t and Meet ; 

r 

(ii) 35 feet fyid 12 feet ; 

(iii) 4 feet and 1 ft. 2 in. ; 

(iV) 3 yds. 2 ft. and 7 yards ; 

* r 

(v) 4 chain! «0 lfnks and,! chain 40 links ; 

c 

(vi) 350 links and 120 links ; 

(vii) 3 p. 2 yds. 0 ft. 6 In. and 2 poles ; 

(viii) 2 p. 1 yd. ard 4 jp. 3 ^ds. 2 ft. 
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THE SIDES OF H 


RIGHT-ANGLED TRIANGLE. 
/> 




- •- f * ,, ,, 

#. Find the rymafhing siae of & light-angled triangle 1 in 
® ydijick the hypotenuse ancHone of the sides including the right 
angle ^retrospectively f ” 

,, (»i) ' 29 feet and 20 fe^t,; 
t \n) $5 inches acid 3|3 inches ; 

(iii) 5 ft. 5 in. and 4 ft. 8 in. ; 


(ivj 32 yds. 1 ft and 24 yds. ; 

(v) 2 chains 41 links and 1 cha 

%. V 

(vi) 10 chains 90 links and 0 chains ; 

(vii) 2^p. 5 yds. *2 ft. and 2 p. 5 yds. 

\ * 

3. A la(Jd£r wlioso foot is placed on the ground 36 feet from 

* the front of a house reaches to a window at a height of 48 feet : 
•what is the length of the ladder 7 + ' 

. 4. If a ship sajjs 168.miles due North and then 95 miles due 
East, how far will it be from its starting pdint ? 

f * 

. ^ 5. A boat making 12 knots <141 hour steams for 3jiours due 

South and 4 hours dim \Yest. How far is jt then from ^starting 

• point ? 

* .** * * 

6. Find to two places of decimals the diagonal of a square 

whose side is 18 feet. * 

• * * ^ 1 

7. Find to tfie nearest link the diagonal of a square whose 

side is 5 chains 11 links. * f * 

. , . * * 

8. Two* ships Are otwerved*from a signal -station to bear 

respectively N*E., 15 miles distant, and N.W., 8 miles distant. 
How far are they apart ? 

% 

• 9. A ladder 29 feeLlong is placed so % as to reach a point in 

the<tfront of a house 21 feet above the ground : how far is its foot 
from tfce house ? • 

% • * 1 ^ 

10. A balloon at an altitude 1680 feet is 1930 feet distant 

from the pftint from wTiich it asceqdedi 4 How far has it 3 been 
drifted by thp wind ? ’» 

11. ABC is a triangle, and from A a ^perpendicular AD is drawn 

to the base^Bd. * 

If AD * 12 inches, BC = S$ inches, and BD» 9 inches : find the 
lengths of AB and AC. 
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[chap. 


icular AD'is d»wn 


Ifi. ABC is a tfiangl^ and froiti A a 
to the base BC. # . # 

Given AB = f> inches, BI^=3 iiyAies, and AC*=6§ inched Find 
the lengths of 4D aiftl DC. # • # * 

13 . A vessel on leaving port sa^s cftie North for 5 hoars at 
*the rate of 6 miles an hour, and then due East for 8 hours at the 

rate Ox* 5 miles anchour. How long would she take to return 
to port, if afev sailed in a direct lino at the rate of 10 miles an 
hour 1 

. t .• 

14 . A vessel making for a port 20 miles distant roaches it # in 
'"Amours by sailing for half this time kue East at the rate of 

8 miles per hour, anc^ for the rest due North. At vjmt sped! 
must she have sailed Northward I 


* EXAMPLES, ill. B. 

t * 

. On the Sjdks of a Right-Angled _ 

# [ Higher Course.}* * 

^$ide arHU diay&utl of a square.) 

• • 

# 1.*# Find to th0 nearest foot th§ diagonal of a square whose 
side is # p. 4ryds. 2 feet. • • 

2. hind in feet correct t§ two places of decimals the side of 
a square* whose^liagonal is lOOJfeet. f # •** 

3f.^ A ladder, 40 feet in length, •reache; to a Window which is 
asjaigh above the ground as the foot of the* ladder is distant 
% from the hofxse. Find the height of the window to the nearest 
inch. • * « 

4 . Find to the nearest link the sidqof a square#field whose 
* diagonal if 8*ohains 12 link;?. # 

• • • 

5 . A, man takes 3%ftinutes to walk round a square enclosure 
'at the rate of 4 miles ap hour. Find to the nearest fqot the 

length of the diagonal. • 

• • 

6. A man walks diagonally from corner to corner«of a square 
enclosure in 2^ minutes at the rate pf 3 miles an hour : find to 
the nearest inch the lenglfi of a* side. 
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% 2 {Geometrical* Questions.) ? 

. * 7 . A man travels 20 miles due North, then 15 miles due 
East, finely 28 miles due Soi^h ; what is the (^stance from his 
starting. point? ■* ** > 7 i 

• 

8* *A man travelled 10 miles due North, a certain distance*’ 
due East, and finally 31 mil&s due South. If his distance from 3 * 
home was then 29 miles, how far did he travel due East ? » 


9. ABC is a triangle, and from A a perpenduuhft’ *AD is drawn 
to the base BC. 

Given AB = 17 feet, AC = 2K feet, and AD= 15 feet. Find BC. 

I m * 

# 10 . ABC is a triangle, and from A a perpendicular AD is dra\?n 
to the bar? BC, ' 

• If AB - 37 feet, AC = 20 feet, and AD = 12 feftt ; find BC. 

• 11 . In the quadrilateral ABCD, the angles AB.^, ADC are right 
angles ; also AB - 1 2 feet, B C - 5 feet, and CD — 11 2 feet. Find AD. 

12 . A ladder 50 feet long is placed so tis to reach a window 
48 feet high, and on .Aiming |he ladder over to the other ’side of 

^ihe street, it reaches a point 14 foet high. Find the Jg^adth of 
the street. •* 

• 

13 . A ladder 85 feet long is placed s5 as to reach a window 
77 feet high. Find how high the ladder would ’reach on being 
turned over to the opposite s^de of the street, ithe breadth £f the 

9 street being 1 Id feet. , •> 

14 . A nlan walking 4 miles an hour" travels 12 lAiles due 

North, 10 mjl^s due East, and again 12 miles duo* North. If he 
returns J,o his starring potnt in .* direct line, how long wil^ the 
whole journey ttiko him ? • & 

15 . If it costs* £5. 12*. to fence in a square enclosure, nhd 
to the nearest penny thf cost of running fence from corner to 
coriftr (diagonally). 

16 . V a^uan walk fr#m corner to*corner*of a square, enclosure ** 

in 5-J minutes, find to thg nearest second how long he would take 
to walk roudd it. • • j * 

• (Questions requiring Algebraical Equations.) 

17. The h^wtenuse of a right-angfed triangle is 55 feet, and 
the length 9f one of the sides containing the right angle is £ of 
the otheg. Find the two sictes. 
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? 8 , The hypotenuse of a rfght-angled tnangle is 52 inches, 
and one df the sides is ^ of the other. Fina the two sides. 

19. In a right-aqglec^ tnangle bne of the sides containing the 
right angle is 6 inches, and the L, potenuee is double of th. other 
side. Find the length of this side in Ruches to <wo pCages of 

“■ decimals. * 

20. In ^ right-angled triangle one of the sides containing the 

right angle is 12 inches, and the hypotenuse is five times the 
other side. Find tho hypotenuse to the newest hundredth of 
an inch. * v J 

w-*° i f 

4) 21. The hypotenuse of a right-angled triangle is 13 feet, ar.d 
the sum of the sides containing the right angle is 11 feet : find 
the length of theke sides. 

22. The hypotenuse of a right-angled triangle is 17 feet, and 
the difference of the sides containing the right angle is 7 feet : 
find the length of th^se sides. 


CHAPTER TIL 

TH* AREA' OF THE RECTANGLE AND SQUARE. 

„ . SECTION I. 

<. * 

12 . If the number of linear mits in the u length of a 
redangle is multiplied by the number of linear units in its 
breadth, the product gives the number of 9 units of Q square 
measure in its area . u « 

For example, if a rectangle is 5 feet long and 4. feet 
wi8e, the area is 5 x idor 2p) stfuare feet. 
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III.] THE RECTANGLE AND SQUAFjE., 

reason of tjhis may be ’thus shdwn. 1 

- Let A BCD represent a rect- d 
angle whbpe Length AB is 'fe feet)> 

affd wfcose breadth BC is 4 itv l. 
n •> t 

Divide AB into five equal parts, 
and BC into four equal parts ; and 
through the points of division in 
each line draw straight lines parallel 
to the other. \ ^ 

*The rectangle ABCl) is now divided into a number eg * 
cotnpartm^ntsf each of which represents the square on a 
side of one fycit, that is, a square foot. Now in the whole 
rectangle there a re four r^ws each containing fivest^ these 
squares; hence the rectangle contains 5x4 p lr 20) square 

feet. * 

» 

Thus if there, art) a linear units in the, length oj a rect - 
^Sigle and b linear units in its hr tadth, then its area contains 
ab units of square measure. » • .4 

And if there are a linear mfits in tne, side of a. square, its 
area contains a x a, or a 2 , units of dtpiare measure . 

• • # > 

These stat^n£nts may be abridged by saving*that? 

• • * 

th* 9 %rea of a rectangle —length x breadth (i), 

# * * • 

thelirea of a sqrnre - (side)” ('*)> 

• > 

» 

* Example i. A rectangi^ar area is 5 yds. l^ft. long and 3 yds. 2 ft. 
broads find its area. 

Here • the lengtlf= f> yds. 1 ft. fc Hi feet, 

1 the breadth = 8 yds. 2 ft. « 11 fe#t; 

. ^ie area = 16 x 11 square feet 
= 176 square ftf 
= llfsq. ,\ds. 5 -q. it. 
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r Example ii. The side of a s<£fcre fieldfnealures 6 chains 75 links. 
Find its area in acres, roods, and polar;. * * 

Here e ach side = 6 chain%75 links = 6*75 chains , 

th#area= (6- 75)^^uare chains ^ ' » 

= 46*5625 s^uarefcehains = 4*55625 a€r$s 
— 4 ac. 2 r. 9 p. 

Example fii. A rectangular allotment of ground measurts 26 chains 
16 links in length, and its breadth is five-sixths of its length. Find to 
the nearest penny what rent shoulttee paid at tlfe rate of £2. 12#. 4 d. 
oriM 1 acre. ^ 

Here the length = 26 chains 16 links = 2616 links ^ 

the breadth = £ of 2616 links = 21 80 # lii*ks. 

^ the ai%a = 2616 x 2180 square links 

= 5702880 square link # s = 57*0288 acres. 

The rent of 57*0288 acres at £2. 12#. id. $n acre. 



£67*0288 

• 


• • t 

111*0576 

!##. = £$ 

28 5114 

2#. = l of 10#. < 

' 5*7020 

f 4 d.± l of 2#. 



£140*2254 = £110.^«.tn/. 


EXAMPLE?, 'ill. A. 

On € the Rectangle and Square. 

• % 

[Elementary Course .] 

s * • 

m (Given the length *md breadth* to find the afea.) 

• i 

• • « 

1. .Find the oft the following rectangles, giving the 

results in square feet : — * 

(i) Length 3 ydfj 2 ft., breadth 1 yar(f l^t. 

(ii) Length 6 yds? 1 ft., breadth 2 yds. 2 ft. • 

(iii) Length 6 yd% 2 ft. # 3 in*, breadth 2 yds. 1 f^ 6 in. 
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• # ^ 

2. ' ,i^ind the areas of *the following* rectangles, giving tlfb 

JPesultfj in acres : — * • 

( 1 ) • length 20 chains, broftdth 1 Tv chains. • 

• ' *. I * 

9 (ii)p Length $5 chains, bit* Hh 5 chains. 

(id) Length 20 chains, breadth 8 chains 2G liffks. 

(iv) Length 1 2 1.5 links, breadth 1040 links. 

(v) Length 90 yards, brcadtlg 4 chains 20 links* m 

3. Kind the areif^of the folh^ving square#: — • 

• (i) Length of eacl| side 4 ft. 3 in.- give the result in^ 
m square feet and square inches. 

(ii) Loni'tl# of each side 880 yards : givt; the result in 
• acres. # 

* (iii) Length of each side 11 ehains*30 linSw ; give the 

result in acres. * 

(iv) Length of *each side 225 links: fiv^ the result* in 
roods and poles. • 

# (v) Length of each side 21 chains 75 links; g.<KPthe 

• result in acres, roods and poles: ’ # 

4. A rectangular field is 23 chains hi length, aftd*it is one- 

fourth as widt as it is long : what is its acreage ?• • 

• 9 * • 

5. Kind the dfist? of paving a rectangular area, whdbc l^ligth 

is 40 yards and breadth 33 yards 1 foot, at«tl*? rate of 3a. per 
square foot. * • , 

* * • 

6. Find the cqst of painting a ceiling 20 ft. 3 in. long >y 
t 18 ft. 4 in. wide, at the rate of 1#. Cxt. per squar^yard. 

?. A rectangular tennis-ground is 110 yards lon^ and 53 
yards j^ide. Find the excuse of sowing it*with grass-seed, at 
the rate of bushels* to the acre, the price of the seed being 
£1. 1*. 4c/.*per<bushel. • • % • 

8. The perimeter of a fdpiare is 93 \ ardsf J foot : find itjs arfa 
in square yards and square feet* 


9. The perimeter of a square is 17 chains ; find its area in 
acres, roods and pfcles. J 

10. The perimeter of a square field is 100 chains ; what reitf, 
must be paw for it, at the rate of £Sk lOj.^for one acre ? 
s. e. m. < 
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e * 

(Contracted t Multiplication . Approximation. ) 

11 . Each side of a square measures 23 chains 7 links : find its 
area in acres ''roods, p^lfs and 1&e nearest square yard. 

tin,*- 

12 . Each side of a square measure 13 chains 28 Lnks : find 
its area in acres, roods, poles and the nearest square yard. 

13 . The breadth of a rectangular area is five-sevenths of its 
length, tf the length is 41 chains 23 links, find its atm in acres, 
roods, poles, and the nearest square yard. 

u 14 . The perimeter of a square field is 7 chains 21 links . find 
'* its area in roods, poles, and the nearest square yard. 

15 . A rectangular allotment of grout id is o9 chains 20 links 
in length, and its width is three-auartcrs of its length. Find to 
the nearest ’ 3nny v(hat rent should be paid for it, at the rat., of 
£1 an acre. 

16. Each side'of a square plot of ground measures 21 chains 
12 links. Fina its area to the nearest square yard ; also find (to 
the nearest penny) the rent at 10s. Gd. per acre. 


SECTION II. 

13 . Given the area of a, rectangle ami the length of one 
side to find the r ot/ier side. 

It has been shewn in ^he lagt section thht* 

the area of a rectangle ^ the length x the breadth. 

It follows that the length - ^-—-77 > 

* the breadth 


and similarly, 


the breadth =* 


the area 
the*length * 


but in applying these formulae care must be takeq that the 
linear units and the units of area correspond. Thus an 
area expressed in square feet must be divided by the breadth 
expressed in linear feet, the length so obtained being in 
linear feet. > t o 
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• • 

*• • • # • 1 

hsKunple i- A rectangular area contain* 222 sq. fds. 8 sq. ft., a«d 
•its breadth is 11 yards JL ft.: find its length. * 

* • 

Here • the area= 222 sq. yds^8 sq. ft*=2228 sq. yds , 

• • j • 

• fhe breadth «= 11yds. Iff.** - 11 1 yards; 

.? ^he length = 222$ ~ 1 l$<yards — 19 5 yards * 

— 19 yds. 2 ft. • 


Example ii. A rectangular area Contains lac. 2r. 9p., and its 
length is 12 chains Irinka; find i^ bread+8 

40 | 9‘0 pole s 
• 1 1 2* 225 roo ds 

^ 1 a^ 2 r. ( J p. = 4*5562.3 acres — 45 *5625 square chains 


breadth = 


45* 5625 

jfi*15~ 


chain s = 3 *75 chain s 1 

— 3 chains ^5 link- 3 . 


14. Given the, ar$a of a square, to find the length of its 

sitfe. * , 

* If there are a lineffl* units in the Side of a* square, it 
has been s#lewn that its area •ontainfi a 2 u^iits of square 
measure. Jlius if A denote the nuiftbcr of square units in 
# the aree * • • 

a- - A , 

.*. a — JA f 

Hencf the number of linear \inits in the, side is fovtid 
by taking the square root of the number of % square units in 
th* area. • 

m 1 • 

Example. Find td the nearest link the side of a square whose 

area is 6 jfb. 3 «. 4 p. 22 s'q. ^e. # % 

Express the^area in tern^ of Seres and the decimal of an acre.* fc 
Thus 6ac. 3r. 4p. 22 sq. y<Js.= 6’7f9545f... acres 

* • =67‘795454... square chains. 

Henoe the sid£= chains • 

=* 8*283... chains 

= 8 chains 23 linksi(to tb| nearest link). 


2-E-2 
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<i ' i 

SiAMPLEfJ. in. 3. ' 

^Flemenfiry Course .] ' ' 

u| f 4 * < ^ 

(Gwen the area of a rectangle anf the CengiJi of c r ie side , m 
the other' side. ' 

. Given the area of a square to find the length of its side.) 

r, t , . 

1. Find the lengths of flhe following rectangles, having given 

that , , ' 

(i) The area is 195 sq. feet, aqd the breadth is 13 feet. 

(ii) The area is 22*2 sq. ft., ami the breadth is 12 feet 

(iii) Thp area is 1000 sq. yds., and the \ddth is 75 feet. 

( >iv) The area is 3524 sq. yds. K sq. ft., and the breadtl) is 
r. r il yd* 1 ft. 

2. Find the r breadth <*f the follow, ng rectangular fields, 
having given that 

(i) The area is 34 a .‘res, and the length is 20 chains. < " 
(A) ’ The nrvA is 76i acres, and the length is 3600 links. # 

(iii) , J*hc acreage, is #/*6607, and the length is 23 chains 

45 links. «. 

3. I'hnd the sides of the following squares, having giveh 

that* f 

(i) The area is 28f) sq. ft. ('dive the result in feet.) 

(ii) The area is 154 sq. yds. 1 sq. ft. (Give the result 

in yards and feet.) 

(iii^ The Area is 2\ acres. (Give the result in yards.) , 

(iv) The aren't is 19| acres. (fave the result in yafds.) 

(v) The area is 3010 acres. ^Give the result in chains.) 

- (Vi) 1 The area is 656*1 acres. (Give the result in chains.) 

r . « « 

(vii) The ar(U is 33*124 aejm (Give the result in links.) 

4. The area of a square is 169 sq. ft. What is its perimeter 

in feet ? * f 

* 

, 5. The area of a square is «22£ acres : find its perimeter in 
chains. <• «. • 
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» • • 

.• | « • , , • 

6. '*Hovr long will it lake a man to walk rfmud a # squa»e 

.Sonjaiping 40 acres, at* the rat£ of four mile's an hour ? 

7. A\%a# will it cost to fencefyi a square teu-ac^e field at the 

rate* of £0.*12 s. 3 d. per 20 yard.^i , * * 

8. tfffe area of a rectangle is equal to tljga sflm of three 

squares whose si<les are 18 feet, 19 feet, 20 feet. If otic side of 
the rectangle is 31 ft., find the other side. * 

9 . A rectangular field is 3 ti niffs as long as it is wide, and 
its area is 7^ acres : dnid its length and breach in chains. 

10 .* A rectangular enclosure, 4 times as long as it is wide, 
contains 119*025 acres : fmd its length and breadth in chains® 
and links. % 

*11. Find the length of a rectangular figure whose breadth is 
49*yards, and whose area is efpial to that a sqimre on 9 side 
of 56 yards. • * 

12 . Find the length of a rectangular figui* whose breadth is 
4 yds. 1 ft. and whose a Jt?n is carnal to that of a Square on a side 
of 30 yds. 1 ft. . 

% 13. It costs £11. 15s. Off. to door a room^vith planking at 8 d. 
]>er square fcot : if the breadth outlie ro<#m is r7 ft. 3 in., find 
the length. • • • 

9 14 . The rent of a rectangular plot of grounci is MS. 
at the rate of 17$. 9d. per acre : if the length is 40 ckain£ find 
the breadth. ^ 

15 . The r&tt # of a .square ^illotment is £8. 3.9. A<7., at tlfb rate 
of 8.1. Ad. jlfer acre ^ fin<l in yard.^thS length of each side. ,# 

16 . The annual profits derived from a rectangular plot o£ 
ground are £185. 1 2.9. 6c/., this being at the rate of £t. 15.9. per 
acre. J^f its length is three fimes its breadth, And both dimensions 
in chains. 


(Approximation and* Contracted Division.) 9 • 

• * * « 

17 . The area of a rectangular enclosure i#3632 48137 sq. yds. 

and the Jireadtb is 51*2136 yds.: find the length in yards, feet, 
and inches, to the nearest inch. 

• • 

18 , A rectangular field has an area 6f 5 ac. 2 r. 18 p. 26 sq. 
yds., and its breadth is 7 chain§ 55 links : find the length to tje 
nearest link. 
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t ( • 

< , t ' « i i. 

*19. A squarh field’ contains 14 ac. 3 r. 17 21 sq.*yds.c find 

the length of its side m chains anft links, giving the result- true* , 
to the nearest link. ’ , , 

. ,* ^ 

20. A rectanginar plot of gwvind is valued at £58li>. cl3«. Cd,, 
at the rate qf £4(53. Is. 5 d. an aero. »lf the breadth itf'C chains 
43 links, find th^ length to the nearest link. 4 


SECTION IlL 

f‘ # 

Miscellaneous Examples on the HectanglR and Squabe. 

15. To fi.id the area of a square whose diagonal is given. 


Let A BCD be a square, of which ( D 
AC is a diagonal v 

^<et each side contain* a units of 
length, And the diagonal d units. Then 
ABC is a rightf-angleli triangle. 

Vac 3 - ab* + BC", (Art. 7) 

*or d* - a* + ad - 2« 2 .* 



But the firea of the square » a 2 = ^ . d 2 . * » 

V 4 , 4 # 

# Hence the area of a square is half the square on its 

ill*. * 


Example. The diagonal of a square is ucuains 50 link*; lind its" 
area. „ < 

i ♦ 

Here d—ft chains 50 lmtyB=i>*& cnams. 

o i* i * 

But the area of square=-d 2 =- x (fl*fi) 2 square cha iry 
=21*125 square chain* 


=b 2*1125 acres 
= J2ac. Or. 18 p. 
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J • % ‘ •* 

1^ ' Questions connected ^ith tlve fcarpeAing of roon*s 

&re # solved by remefnberingf that the a'rea of the floor is 
equal to # thp area of the strijj of carpet required to cover 
it. 


example, r ina the cost of cafpet, 30 inches widff, at 4a. 2d. a yard, 
for a room whose Length is 20 feet and breadth 18 feet. # 

The area # of the carpet =the area #f the floor 

% =20 x 1£ sq. ft. 

The width of the carpet 1 30 inches = 2\ feet. 

,\ the length of t^je caipet=20 x 18^ 2 J feet 

= 14^ & e: = 18 yards, 
the cost = 4{ 2d. x 48= £10* 

• » 

17. Another typ%of question deals with a rectangular 
sfyjce having a second rectangle .so placed within it as to 
leave a margin of unifor;n width between the two 

’ • . • • 

Example. A court-yard 50 feet long 42 feet broGcUcontains a 

rectangular l»vn surrounded by a gravel path of uniform width. If 
the width of the path is 6 feet, fi«d the dimension? andithe area o£ 
the lawn, and the of the path. • • 

• * 

Let ABQP represent the rectangula* court-yard agd EFGH the 
lawn. # 

• • 

Produce EF both ways to X and Y ; 
and produce HG to 2 and V. 

«hen XY = AB = 50 feet: 
but EXiand FY are each 6 feet ; 

#.*. ^F = 38 feet. ^ 

Similarly EH = 30 feet. • 
the area of tfle lawn 

=38 x 3# = 1140 eq. ft. * 

Now the path hi made up of the figures AY. ZC, XH, FV ; that is,, 
of twice the ngpre AY with twice the figure #(H ; hence its area is 

• 2 x 50 x 6 + 2 x 30 x 0«quare fee^^OCO^sg^ft. 


A 50 B 



• 




F 

# F 



H* 

• -.G 


. . 


• d# 1 e 
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f II 

, . ( f . t * i t 

* # 18j. We ‘will now consider a few examples of a some- 
what more difficult kind, some of them requiring the solution 
of algebraical equations. t * 1 

* \ «■ 

»• «. 

Example i. * The area of a rectangular field‘is acr^s, and its 
diagonal is 3&j chains. Find the length and breadth. ~ * 


Let a and b denote the length and breadth in chains. 
Then 6 2 = (diagonal) 2 =^32*5) s square chains 


, = 1056-25 square chains (i), 

and ab — area —374 acres • 

* f 

= 375 square chains... f (v). 

f 

Solving (i) and (ii) we have 1 f 

a + 5 = 42*5 chains: 

, «' a - 5 = 17*5 chuns. 

« 

Hence a = 30 chains, and 5= 12 chains 5!>hnk^. 

( * 


Example ii. *A square and a Rectangle 4 each have a perimeter of 
60 chains, and the difference between tlvdr areas is 10 acres. Find^he 
dimehsiitfis of the rectangle , 

‘ * 
The side of \he square is l.fyihains; therefore its ar€a is (15) a , or 
225 sq. chftnlfe. 1 

( 'het a 8i id b ‘denote the length and breadth of the rectangle iij 
'chains. # * * 

c , 

Then a» 1 - 1 = 30 Jthe semi-perimeter) ... (i), 

and « r 225 - ab = 100 sq. chainj, o« 

or* «6 = 125 ...*.. , « * (ji). 


# Solving (i) and* (ii) by the usual method, 
we have * % a = 25chain^ 

b— 5 chains. 

Exampk iii. A path Ji uniform wiSth runs rounS the interior of 
a court-yard 58 feet lopg by 48 feet*broad, and endows a lawn whose 
area is 222 sq. yds. 2fcq. ft# Find the width of the path. 

See the figure to Art. 17, p. 23. 


Let the path be x feet wide. 

r # 

Then the dimensions of the lawn are 58 - 2 x feet, and 48 - 2x feet. 

t * 

Hence the area of th* lawn^s (68 - 2x ) (48 - 2x) Bq. feet. 
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! • • 

. i • * ». • 

Blit by hypothesis the afea of the lawn is 222 sq.*yds. 2 so. ft., «r 
.’204^0 %i. ft. * * * 

•. (58 - 2x) (4£ - 2xf= 2000, 
or * 2 -r*V + 196=(f. 


, Hence 1 


x—\ feel* or 41) feet. 


Rejecting the last result, since the path cannot be w ider than the 
court-yard, wo conclude that the width of the court-yard is^ feet. 

*19. The are\ of an inclined plane iinay be. found by 
the«nethod illustrated i^i the following example. ' % 

'Example A fheet of galvauized iron 50 inches wide is placed 
against the top r>f*a wall 0 feet high, while the lower.edge is 5 ft. 5 in. 
from the foot of the wall : find ^he area of the sheet of iron. # 

The length of the sheet i 0 evidently the TiypotciiVse of a right- 
angled triangle whose sides aro6 feet and 5 ft. 5 m. 

Hence reducing to inch 's, * 

the lengths ^(T2) J +"(&“? =tVw09 = 97 inches. 

\ the area =97 x oO sq. in. —IW sq. if. €42 sq. in. 


• • EXAMPLES. III. C. 

MiscEi-LAftEpu^s Exercises on the* Rectangle *nd Square. 
\ElcinenUtry Course.] 

{Diagonals and Areas.) 

0 • 

1. Find in square feet the area of a square whose diagonal 

is 8 feet. * • • % # 

2. Find i*i square feet the area of a square whose diagonal 

is 7 yds. 1 ft. • 

3. ftnd in sq* poles, sq. yards, and sq. feet the area of a 
square whose diagonal is 6 p. 2 yds. 1 ft£ 

4 . The length of a rectangular area is 12 feet, and its diago®al 
is 15 feet? find its breadth and area. 
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V l * J , , 

< 5. One sidaof a 'rectangle 'is 72 feet, and its diagonals 97 
feet : find the other side and the aifea. * 

6. One side of a rectangulay lirea is 20 yards* and 'its 'diagonal 
is 36 yds. 1 ft! FiLd the cost o£ ♦paving it at the rate* of 4 \d. a 
square foot. 


{Perimeters and Areas.) 

7. ltMftk'H 12 minutes £o run round a square enclosure at 
the rateTif 5£ miles an hour : what is its aerugo ? 

, * « * 

^ 8. It costs £339. 7*. 0 d. to fence in a square enclosure at 

«S2. 1U 5 d. per 20 yards : what is its Acreage ( 

* f * 

9. How lonjg will it take a man to walk round a square field 
containing 624 acres at the rate of 3 miles an hou!*? # 

10. How ihuch will it cost to ft j ice in a square field of 14$ 
acres at the rate of £1. 5s. l^d. per hozen yards ! 

11. The perimeter of a rectangle is $6 feet : if the length is 

15 feet, find the area. f ^ 

12 . lXie cost of feit'eing in a rectangular field is £13. Is. 0 d. at # 

the rate of £l.«2s. 3<£*per 20 yards ; if the field is 84-yards long, 
find its widW. « 

♦ 

* {Qpverifig a rectangular area with tiles, twfsf planks, etc.) # 
t ^ { carpeting rooms.) 

13. <Ilow fnany tiles 6 inches long and 5 inches wide will t>e 
required to pave a rectangular are;!' which measures 20 feet by 
18 feet? 

' 14 . A fquare sheet contains 4800 postage stamps *8 incljes 
long and ’6 inches wide : what is the length of each side 1 

15 . If 64 planks, 6 ft. 3 in. long and 8$ in. wide, are re- 
quired t* floor a r<5om 25 feet lon^ ; what is its breadth ? 

16. Find the colt* of .paving a square room 'whose side is 

20 feet with bricks 9 inches long 'and 4 inches wide, the bricks 
being worth 9 d. a score. * 

17. A rectangular pl«t of ground 50 yards long, and 40 yards 
broad is to be laid with turfs 1$ feet long by 6 inches wide. Find 
the cost, if the turfs areovortlj 3 shillings a hundred. 
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|*6 * 

1ft « 6ow .many feet oft plankih^ 14 in. Wide will be required 
■for tl^e floor of a roonf 19 ft. 3*in. long and* 16 ft. 4 in. wide ? 

19. How* many yards of pappr 35 inches wide are needed to 
co^r a f wall 22'ft. 6 in. long by J( l2 ft. 3 ire broad ? • 


20. # Ffcr a rtiom 21 feet long by 15 feet wide $he length of 
* carjiet required is 46 yds. 2 ft. * What is the width of the carpet 
in inches? 


21. Find the cost of carpeting a, room 30 feet long -By 21 feet 
broad with carpet 4 t yard wide at 4s. (id. a yard. 

i t * * 

• . ( Rectangles surrounded by uniform margins.) 

20. A cpurt-yard 72 feet long by 56 feet broad contains a 
rectangular lawn<jSurrounded by a gravel path which is uniformly 
> feet wide : fiftd the length and breadth of the ldwn. 

23. A room is 22 ft. 6 in/ long, by 18 ft. 3 in.^wide. What 

must be the area of a carpet} if when placed it leaves a uniform 
margin of floor 2 ft. 6*in. wide ? ^ _ 

24. A court-yard 8® feet lqng and 64 feet broad contains 

a rectangular lawn whose length is 58 feet surrounded by a path 
of uniform width. Find the width of the yath and th® breadth 
^f the lawn. # , ‘ h ■ 

25. A carpet when placed in a room 30 feet long* and 24 ft. 

6 in. wide, leaves a uniform margin of floor uncovered. If the 
•length of the caqpe$ is 26 ft. 4lu., find the width of Yhe margin 
and breadth of the carpet. * 1 * 

26. Find in square yards the nfea of a patl^ 6 feet wide 

surrounding a* fawn whose length is 30 yards and breadth 24 
yards. ' . . * 

27. Find in square yards and square feet ihe area of a path 
4 foet wide surrounding a lawn 24 yds. 2 ft. long and 2fe yds. 1 ft. 

broad* ** * 

28. A* coiyt-yard whose length is 65 yds. 1 ft. and breadth 

33 yds. 1 ft. contains a rectangular latfn surrounded by a gravel 
path 8 feet wi<Je, Find the area of the lawn and of the pattern 
square yards and feet. t * ' 

29. A carpet is t to be provided for a room 24 ft. 4 in. long 
ai*d 17 ft. 6 in. wide so as to leave a .unif>rm margin 2 feet wida 
How many jpros of carpet 30 inches «wide will be required? 
And what will it cost to stain fche margin at the rate of 6j<f. jjer 
square yaojd 1 
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♦EXAMPLES. OLD. 

Miscellaneous IJxer^Aes os'thk Rectangle and, Square. 

[ Higher GgursE] 

1*. The diagonal of a square field is 14 chains 22 links : find 
its area iin^pres, roods, poles and the nearest square yard. 

2. On^ side of f, rectangular enclosure i% 13 chains 18 links, 

and the diagonal is 1!) chains 32 links: find the arcji to, the 
•nearest pole. I 

* , • 

3. If it takos a man a minutes to walkt round a square 

field at the rate' of h miles an hour, what is the aVea of the field 
in acnefc ? * V 

! 

•4. How many sovereigns will it’cost to fence in a square field 
containing a acres, t at the rate of h shilling* for c yards '( 

• _ » x 

5. If a planks, b feet long fold c inches wide, are requi^d 

for tlt»«floor of a room d yards long; what is its breadth in 
feet? * * 

* • 4 * 

6. It «*wts £1 to carpet a room a feet long and b feet broad, 

with carpet at s ^hillings a yard. What is tho width bf the carpet 
an irfbhes ? * 9 « 

• « 

7. It costs SJ to carpet a room a feet long with carpet 

o, inches wid$ at s shillings a yard: find the r ^eitdth of the 
room in feet, « 

(Quest by is leading to Algebraical Equations .) 

* 

8. The peri me Ur of a rectangle isf50 feet ami its arca % is 150 
square feet : find its length and breadth. * 

$. r fhS jierimeterAif H rectangular field is 56 chains, and its 
area is 19£ acres : find its length and ♦ireadth. 

• 

10 . The area of a rectangle is 120 sq. feet 4 anti its diagonal is 
17 feet : find its length |ind breadth. 

• 

11 . The area of a rectangular field is 6 acres, and its diagonal 
isAS chains ; find its length |nd breadth in chains. 
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Tim urea of a Rectangular field is Wf acres' and its diagonal 
. is $5<chains : how long would* it take to run round it at the rate 
of 6 mitos a,n hour ? , 

»« 1 n jjj ' 

13. } A square a/ id a reetang'lf each have a perimeter of HO feet, 
Tf thcfcdflfterene'e between^ the ,jireas of the two.figi ’res is 100 sq. 
foet, find the dimensions of the rectangle. 

14. A square and a rectangle each have a perimeter of 180 
chains. I? the difference between die areas of the two figures is 

acres, find the dimensions of flic rectangh) in chains. 

15 . A court- \ard 50 fleet long and 35 feet broad contains a,, 
law-n whosf^ are v is 1000 square fiet, surrounded by a path of 
uniform width. oFind the width of the path. 

• * 

16. A room 23 feet long 2>y 22 feet wide is furnished 1 jjvith a 

carpet which leaves a uniform margin Of fioormg all round. 
If 56 yards of carpet 30 inches wide wore used, what is the width 
of the margin 1 * 

J7. A path of uniform wi<fth r;ms round the interior of a 
quadrangle 48 ft. 6 in. lorig by 36 feet broad, and enclose a lawn 
•whose area is 126 yards. Find the cost of gflavel for the path at 
the rate of fid. a square yard. J 

* 

# ^ ( On inclkied planes.) " * « 

18. A plank 15 inches wide is placed agaary*t the top ofa wall 

8 feet high* while the other end rest* on the grouqd 6 feet from 
the wall. FflftP the area of Uie plank. 9 

19. A green-house covers a square area of 25 sq. yards, and 
has a lean-to roof inclined to the horizontal «Jt an ai^gle of 60°. 
Fftid the area of the roof,^md the number of panes of glass, each 
12 inches by 7 inches, required for it, allowing 30 sq. feet for 
wood-wo«k. 

* *• * \ ' • • 

20. A green-house covers a" square area’of 28 sq. yds. 4 sq.^ft. 

and has a lean-to roof inclined to the horizontal at an angle of 
45°. Fynl the«area of the roof to the nearest square foot. 

t 

21. A squar# sheot of galvanized iroij, each side being 18 feet, 
,insfr a wall, and is inclined 


rests against 

angle of 60° : what area of trreund wi 
rain ? 1 


lo the horizontal at an 

it fW.m «i 1 



CHAPTER l'V. 


ON TRIANGLES. 



20. In a triangle ABC it is usual to adopt the letters 
«j a, b, c to denote the lengths of t! e sides opposite to the 

vertices A, B, C. < 

Thus we suppose that BC con- 
tains' a unitf of length, CA b unVts, 
and AB c uriits. ^ 

The perpendicular AD, drawn 
from A to the opposite side pc, is 
called the altitude of the triangle 

relative to BC as* Ifase. 

« , 

. * 

21. To find the area of a triangle having given one side 
<and the ptrpendicular drawn At it from the opposite vertex. 

♦ « « • ‘ 
ft* ABC is ‘,a ‘triangle whose 
altityde is# AD, and if tBCF is a 
rectangle on the same h ase BC 
and of equal altitude, theft by 
Euclid I. 41 *' 

the area of triangle ABC t 

- - area of Rectangle EBCF 

. i ’ \ 

• BC x EB^ BC x AD. 1 

2 <u 1 

1 

That is, the area of a triangle — s bake x altitude.. . (i), 

• f * 

twice the aria 



the altitude of a trwmfie base " 


“)• 




IV.] triangles. 

2J.'' If the trianglqj ABC Is right-angled^ 
at C„then the side AC is evidently the> alti- 
tude relative to the base BC. 

*IIehce the are<} of a right-angled triangle 
is obtfkirfod, by taking half the product of the 
two sides forming the right-angle. 

Or, with the previous notation, 

. yea, = 1 ab. 



•Example i. Find the area of a triangle -whose base is 16 chains' 
15 links and whoai altitude is 2 chains 50 links. 

• * 

Area — £ base < altitude 

x 16 '15 x 2*5 square chains 

f 

= 20*1876 square chains 
--2*01875 acres=2ac. 0i*. 3p. 


Example ii. The area of a triangle is 4 ac. Or. 2 p. \& its base is 
3 chains 21 ffnks. Find the altitude. 


Now 


4ac.*0ft 2 p. = 4*0125 acres = 40*125 sq. chain 
twice area o* 

base 


altitude = - 


80*25, 
= 3*21 


•chains = 26 chains. 


Eixample iii. Find the^irea of a right-angled triangle ?n which the 
hypo^nuse and one .side forming the right*angle are lespectively 
185 feet %nd 153 feet. 

Here c = 185 ft., and 6 = 153 ft.: requ^d a. 

a a =c a - 6 a =(185) a - (153) a % 

. =#(185 + 153) (185 * 158) 

= 33^x32 = 169x64. 
a=f3x8 =104 feet. f 

area ab - ^ x 104 x«153 sq. ft. = 7956 sq. ft. B~ 



But 
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f Example iv. * In a' right-adgfed triaigle, the side^ formiitg the 
right angle are 24 feet and 46 feet; firfd the length of the perpendicular 
drawn from the right angle to the hypotenuse. r 

Here r j u=r24ft., 6 = 45 ft. 

c* = « a + b- =■ (24) 2 + (45) 2 = 26QJL . 

# r 

. c = 51 ft. 


Area yb — - x 24 x 45 sq. ft. 


And perpendicular on AB 


twice »ren 

~ AB 

2 1 x 45 • 

- ^ feet = 21-2 feet, ^learlf. 



B ^=24 C 


t «* 

2C. (rivj.n the three aide a of\ triangle , /o y/W the area. 

* 

The sum of ^he three side> < ;i triangle is called its 
perimeter. « 

i 

Tli£ letter 8 is used to denote the se mi-peri meter; *so 
that 2s (lenotes the'-periineter ; thus we have 

' t 

f 2s — a\b\-c. 


c <■ 1 * 

and f s ~ (a + b + c). * * 

The areaT of a triangle is denoted by the symbol A. 

r »■> 

We learn from Trigonometry that the area of a triangle 
in terms of its tlf. ee sides is given bg the formula 

A * Js . (s — a) is — b) (a — c). * 

ExanlpU i. Find tf : area of a triangle whose sides are 2C, 28, and 
30 jnches. <. ' « 

Here a = 26, 6 = 28, c = 30 ; ' fs- f / = 42-26 = l() c 

2« = 84 /. J#- 6 = 4^28 = 14 

.-. * = 42* [*~ c = 42- 4 30-12 

/. A = Vl 2 x 16 x U*xT2 = J 1 12896 = 336^q. inches. 
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» • * * . * , 

Not®. The labour of multiplication andtof finding the Bqugre ro<ft 
.of the product may ofteft be wholly or in part avoided by breaking up 
each of thg fo^r numbers into its factors, And so re-arranging them a^ 
to exhibit the square root. • • , • 

• • # •• 4 
For jntHance,*A = v /42 >#16 x J4 x -x 12 2 $4- # 

= 7 x 12 x 4 sq. in. 

= 336 sq. in. 


24. Given the three sides of a triangle , to fin$‘the per- 
pendicular from any vertex on the opposite side. t 

• % * 

# For examj^Je* in the triangle ABC, given Jblie values of 
a , b , and c, to find the perpendicular drawn from A oi:#JlC. 

First find the area of tla? triangle by the formula 

A = Je(8~a)^s-b)(s- r), 

• • 

and then apply the formula # • 

• , . . tujice aredt 0 

altitude — . •*» 

• 0(186 


Example. In th8 tKangle ABC, a — 15 chains 40 links, b ^»10 chains 
90 links, c = 8 chains 70 links. Find the perpendicular drawn from A 
on BC. 


X. 

Working in links, 


a =1540,* 

t 

6 = 1090, 
# c= 870, 
s = 1750. 


• •—X 5 

Now A =Js(8~a) (.s - b){8 *- c) =^1750^210 x 

* . ! . 

= x 7 a x 3 3 x ll 8 * 4 2 x 100 2 

= 4620dt) sq. links = 46*2 sq. chains ; 


660x8 


and perpendicular on BC; 


twice area 92-4 


chains 


S. H.M. 
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9 2& To jind the 'area of ait equilateral triangle, md the 

length of the perpendicular drawn from any vertex* to the 
opposite side. t, ^ 

For this purpose we might use the formula 
A = Js (s - a) (8 - b) (a - r), 

and proceed by the method of Art. 24; hut it is more 
instructive in this case ^o obtain what is required direct 


from a figure, v 

Let ABC be an equilateral tn- A • 

angle, and AD the perpendicular 
drawn from A on BC. . f 

Then D is the middle point of $ !g 

BC (Euc. i. 26). ( 7 jl 

Suppose the side of the equi- / j 
lateral triangle to contain 2 m units g — m q q 

of length; tlien BD contains in units. 

Required AD. c 

,J ^ a AD 2 - -AB-- BD- (Art. 0) 

. *= 4 m 2 - m 2 

- Ib?r; 

.•. ad — m (i). 


And int area of A ABC - - . BC x AD » “*- >l 
\ . 2 m . m J‘6 

U 

(ii). 

ftm. ^/3 = 1-7330-,.,.. 

f l 

Example. Find to the nearest pole the area of an equilateral 
triangle on a side of 20 chains. 1 

Here 2ni = 20 chains ; .*. m ~ 10 chains. 

c 

Now a — m 2 J 3 = 100 x 1 -73205 sq. chains 

=<17*3205 acres 
c «. 

= 17 ac. 1 r. 11 p. nearly. 




^ *27. We will now work tout an example requiring the. 
aid of Algebraic;fl Equations. ^ • • 

m x . • 

Example. perimeter of a trianglo is 42 mehes;^f one »de is 
15 inches, ajjd the area is 84 square incites, find the otlier two sides. 

• • 

Here « + 5 + c = 42, . * — 21, 

a *— 15 

6+c r 27 '- . \ - 

Also a - Js\* -«)('*- 5) {T~c)-~ sj 21 X 6 X (2*~ b) (21 - <■) = 84 ; * 
hence 21 x ^x (21 - b) (21 - c) - (84)-, 

i-e. * (21) 2 ~(b + c) 21 + be — 6(J 

from (i),* 5c =^182 (ii). • 

Solving (i) and (ii) we have b ^ 14 jnchea, c — 13 inches.* % 


3—2# 
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, ' , c ‘ * ‘ 

EXAMPLES. 1V.A. 

t On Triangles. c 

t ' , t • 

[ Elementary Course.] * f , 

(Right-angled Triangles.) * 

1. the areas of the right-angled triangles, in which the 
two sidesSncluding the right angle are 

(’)»- 5 feet 'and 8 feet ; ^ive the resv.lt in square feet. 

(ii) 7 yds. 1 ft. and 13 yds. 1 ft.; give the result ‘in sq. 

yds. and sq. ft. c , . 

(iii) 18 chains 75 links and 16 chains', give the result in 

acre? 

° ( 

2. Find the areas of the right-angled triangles in which the 
hypotenuse and one side containing tljo right angle measure 
respectively 

(i) 37 feet and 12 feet , givo the result in square fee[, 

(ii) 8 ydsi Mt. and 2 yds. 1 ft. ; give the result in sq. yds. 

and sq. ft. * • c 

(iii) 24 chains 10 links and 12 chains ; giv,e the result in 

acres. ( ' , 

{ t i i 

'3. in a right-angled triangle the area is half an acre and one 
of the sides containing tfc>e right angle is 44 yards ; find the other 
sidcoin yarhs. • , 

i , 

4. In a right-angled triangle, the area t is 16 p. 22 sq. yds. 

and one of the ^idcs containing the right angle is 4 p. 1 yd. ; find 
the oth< r side. . , 

5. Find the hypotenuse of a rigtit-angled triangle irh which 

j/i), The aiea fa 60 sq. ft. andione side containing the right 
angle is 8 feet. f • 

* / (ii) The aria is 2£ acres, /md one side containing the right 
angle is 8 chains. ' , 

, (Bate and altitude.) , 

L 

t 6. Find the area of the following triangles in which 

(i) The base i& 32 feet, and the altitude 17 feet; give tht 
result in*square feet. ,, 
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'(«) The base is 4 yds. 2 ft* and the altitude 3 yds. 1 ft.^ 
give # tb^ result in sq. yds. and sftp ft’. * 


(iii) • The base is 6 p. 3 yds.f^nd th# altitude is 12 p. 5 yds.; 
give ^he ^6/Ult in roods, poles, square yards?. « * 

(i^) *The laaso is If chains 50 links, a*#d Hie altitude 
*0 chains 84 links ; givo the result in acres. 


7. Find # the altitude and area of the isoaroles tyr*gles in 
which • 

(i) The base is* 20 feet, aiftl each of fhe equal* "sides 26 
feet. • # 

*(ii) Tljp bate is 6 chains 60 links, and each of the equal 
sides 6 chains 50 links. 

. • * 


8. Find the altitude of th^following triangles, having ^iven 

that J • 

(i) The area is sq. ft., an 1 the base is^lO feet. 

(ii) The area is 60 § acres, ^nd the base 14 chains 50 links. 

• • 

9. The area of a triangle is 12 p. 11 sq. ^ly., and its altitude 

i.« 12 p. 2 yds^: find its base. * t 

10. In the*following right-angled triangles, find tluT length of 

the perpendicular drawn from tl*? right angle to fflie hjipotenmse, 
when • • * - t * 

® w * 

(i) The sides forming the right ar^gle mca&ire 4 ft. and 3 ft. ; 

give the resufiS^Jfoet. • * 

(ii) The side# forming the* right angle measure 24 chains 
> and 7 chains; give the result in chains and links. 

• (iii) The hypotenuse is 29 feet, and one side fortiing the 
right angle is 7 yards ; giv® the insult in fee% true to one place 
of decimals. 

• V ■* . • 

(Given^he three sides.) ; 

11, Find the ^reas of the trtangles in which the three sides 
are respectively # 

^ ^ (i) 21 feet* 20 feet, 13 feet ; giv^f the result in square 

(ii) SU feet, 17 feet, 10 feet ;* giv» the result in square 

feet. 
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4 12. Find the areas s»f the triangles in which the thret sides 
are respectively * 0 c , 

(i) yds., 12 y«\s. 1 f/4; 6 yds. 2 ft. ; give f uhd result in 

square yards. < r t * r » 

(ii) ft yd* 2 ft., 8 yds. 1 ft*, 5 ytls. 2 ft. ; g|jve tife ucsult in 
square yards and square feet. % 

(in') 25 chains, 17 chains, 12 chains; give the result in 

acres. ' t- * 

(iv^ f 125 cl nuns, 85 chajns, 60 chuiqft ; give the result in 
acres. ,, 

(v) 150 links, 130 links, 140 links; giye the result, as a 

decimal of an acre. f J 

13/ In the triangle ABC, if 14 ft, ft- 15 H., c-13 ft. ; find 
the length o i the perpendicular frr.n A on BC. 

3.4. In the triangle ABC, if a = 2!) yds ,< ft = 36 yds., c - 25 yds. ; 
find the length of the peipcndicular from B on AC. 

« 4* 

15 . Jn the triangle ABC, if a ~ 1 25 yds., ft-- 37 yds., c = 132 
yds. ; find the length of the perpendicular from C on AB. i 

4 1 

16 . Find ihe areas of the following equilateral triangles: 

° (i) ‘Each side is 10 ft ; gtve the result in square feet tru^ 
to die decimal place. * * 

(ii) Each side is lBFoet; give the result in square feet true 

to onto decirAal place. * * ' 

< « 

(iii) Each side is 25 chain* ; give the reMilt in acres tme to 
two decimal plan's. 


* ( Isosceles Triahjle.s,) 

17 . t The perisnete^ o£ an isosceles* triangle is t>2 feet, and the 
base ia 12* feet ; find/the area. * 

< ' 1 

’ 18 . The perimeter of an isosceles triangle is 50 feet, and the 
base is 16 feet ; find the area. * . 

19 . The area of an isosceles triangle is 100 square feet, and 
its base is 14 feet ; finA its equal sides. 

t • 

20. The area of an 'Isosceles triangle is 60 square feet, and its 
base jp 10 feet ; find its equal sides. r 
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• • f • 

21. AfJC j.s a triangular fie^l right-angled at C. If AC 

measures 1# chains and BC 5 drifts, find • # • 

(ij ©the r#nt of the field at £5. Os. 8d. an ^crof 

(n) the cost of planting a hedge from A to B at the rate of 
half-a-crown a yard ; ^ • 

(in) Hie shortest distance, m ^irds, from C to /{&. 

22. ABC is a triangular field right-angled al C, whoftd rent, at 
the rate of £3. 105. an across £20. 85. If AC measures 24 chains, 
fiml^the lengths (jf the otfier sides in chains, and the shortest 
distance fro A C to AB in yards and the decimal of a yard. 

• * 

*23. ABC is a triangular enclosure, and its sides AB, B<#, CA, 
measure respectively 20 chain^ 37 chains, and 51 chains. Find 
the rent at £4. 35. 4 d. an aofe, and the perpendicular distance 
(in chains and links) fiym C to AB. # 


24. The sides of a tr?angular # field arc 25 chains, 17 chains, 
28 chains ; and its rent is £70. At what rate is this per acre ? 


^EXAMPLES. IV. B. 

o 

On Triangles. 

[Higher Course. ] 

• • 

1. What decinfal of an acre*is the triangle whose sides are 
1 281 links, 231 links, 160 links? , 

• 

2. jVhat decimal of a Square mile is tin? area of a triangle 
whose sides are 164 chains, 109 chains and 87 chains ? 

' • • • \ • • 

3. Find in acres, roods, poles and the nearest square yard, 

the area of a triangle whose*sides are • • .* 

(i) J.4 chains, 9 chains, 7 # chains. 

(ii) 11 chains, 10 chains, 9 chains. # 

4. The sides of a trianguly field are 21 chains, 16 chain*, 

and 11 chains. Find its rent to the nearest penny, at the rate 
of £1. 25. 8 d. per acre. ” * 



* , ' I « * 

« 5. In a trikngle* ABC the Bides B£, CA, AB measure respec- 
tively 1*8 yards, Kiyafds, and II yrfrds. Firtd, to the nearest inch, 
the length of the perpendicular ^rom C on AB. # # 

6. The lose if an isosceles triangle is 154 feet, da4 eaqh of 
its equal si&s is 85 feet. Find, to tie nearest inch, the side of 
a square of equal ami. 0 

Y. The aides of a triangle are 68 feet , 75 feet, and 77 feet. 
Find, teftho nearest inch, tl^e side of a square of equal area. 


(Equilateral Triangles.) 


\/3 = 1-73205, 


V: 


• 8. The perpendicular drawn i| : om a vertex of an equilateral 
triangle to the opposite side is 7 chains. ^Fitid the perimeter in 
yards and inches, xo the nearest inch. 

9. The perpendicular drawn from a vertex of an equilateral 
triangle? to the opposite side measures 12 chains ; find the area 
of the triangle* in acr^s to three decimal places. # * 

10 . Tim 'area of an equilateral triangle is 30 square yards ; 
find the perimeter to the nearest foot. 

* 4 « • • 

IF. Ttie side, of an equilateral triangle is 20 feet. Find, to 
the nearest inch, ‘the side {>f a square of equal area. 

f • *** 

12 . The sides of a triangle are 5 inches, 7 niches, 8 inches. 
Find the side of an equilateral irianglo of equal area. * Give your 
result in inches |orrect to two places of decimals. 

13 . ite difference between the yeas of a square and equi- 

lateral triangle described on the same base is acres. Find, to 
the nearest yard^the^ength of the common base. ^ « 

14 . An isosceles? triangle aifd an equilateral triangle are 

described on the same base of 1 6 feet : and the 'area of the first 
triangle is double that of the oilier. Find, to fhe nearest inch, 
the length of the equal sides. , • 

15 . On the sides ofV square ABCD, equilateral triangles AXB, 
ELYC, CZD, DVA, are described outside the square. Prove that 
the figure XYZV is a scyiare • and if AB measures 20 feet, find its 
area in square feet (to one place of decimals). 



16*.# The aides of an equiiatefaf triapglfc ABC are 6 feet jn 
length In AB a poitft Z is taken' 2 feet from A ; in BC*a point 
'X 2 feet from B ; and in CA a point Y fi feet from C. Shew that 
the triangle # XYZ is equilateral, Vid fiiMjits area tg the nearest 
sqiAre fticri. # • • • 

# (Questions to be solved algebraical Tg.) 


17. The sides of a triangle are proportional to 3, 4, aifll 5. 
If the perifbeter is 84 feet , find the gules and the area# 

18. The sides ofyi triauglo are proportional to the numbers 

7, 8, t 9. The cost of fencing it in at 7s. (id. per dozdn yards is 
J69. If) 5. Find the sides ilt yards. % 

]$. The*side * of a triangle are proportional to the numbers 
3.3, 20, 21. 1£ ftie area is 1134 square feet, iijid the sides in 

feet. jr #^ * 

20. The sides of a triangi^ar allotment are proportional to 13, 
12, 5. The taxes amount to £19. 13a. 9d., this being at the rate 
of 5s. 3d. an acre. Ffnd the sides in chains. • 

t 

^1. The perimeter of a rigfa-anyled triangle is 24 feet, and 
the area is 24 square feet ; find the sides. ^ 

* 22. Thejpenmeter of a right-angled triangle i^40feet, and its 
area is 60 square feet ; find the siefes. . 

23. The *perimeter of a triangle is 48 feet, if one side is 
*10 feet, and thc% ajea 84 square feet, find the tw<f remaining 

sides. . * • 

* * 

24. Tht -perimeter of a triangle ^s 54 feet : one side is 

21 feet, and the area 126 square feet, find the two renTaining 
sides. * • • 


(Area= | ab sin C.) 

25. • Two sides of a triangle are 12 feet and 15 feet respectively, 

and include an angle of 18°. Find the area in square feet to two 
decimal places. • • V *• • « 

• ♦ • 

26. Two sides of a triangle measure IJiadiains 50 links and 
24 chains 50 links and includt an angle of 60° : find the sid6 of 
an equilateral triangle of equal area. 

27. From a joint O within a triangle ABC, it is found that 
the three sides subtend equal angles. *If OA, OB, OC measure 
5, 12, and 20 chains respectively, find the area of the triangle.# 



CHAPTER .V. 


Quadrilaterals. 


SECTION I. 


THE PARALLELOGRAM. 

28. Definitions. A parallelogram is a Wr-s id ed tigurp 
whos(^ opposite sides are pa ruling 

. A rhombus is a parallelogram whose sides are all equal, 
and whose angles^ are not right-angles. « 

Of a parallelogram we know, froiii Euclid i. 34, that 
(i) the opposite sides** are equal ; 9 

(iij the oppOs&e angles are equal] • 

(iii) either diagonal di% ides the figure into two triangles 
equal in all respects. 

« * * 

U lnry a^so be shewn that 

(iv) the didfofads of a parallelogram bisect one another) 
^v) thi diagonals of a rhombus bisect* (fife* mother at 

right angles, 9 * « * 

(vi) the perpendiculars drawn from one pair of opposite 
vertices on the diagonal joining the other pair, <*re 
equal. * • 

Thus if ABCD m a parallelogram „ 
whose diagonals AC, BO ifitersect g,t 
I, and if BP, DQ arc** perpendiculars 
drawn from B and*0 to AC, then 

AI = IC; B I — I D ; and BP^DQ. 

The two triangles ABC, ADC are 
equal in all respects. The f^ur triangles 

AIB, BIC, CID, DIA are equal in area. 

* 
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THE PARALLELOGRAM. 

. . f . . 

2ft. To find the arecmof a jTarallelogrhm. v 

• fc s # 

(i) ffiuen tiro adjacent sides and a diagonal. 

£uppo*e the lengths of ^B* BC, aitd QA to* be known. 
Then tint area, of* the tyiangle ABC may be fcymd by the 
* formula Js (s- a)(s — b)(s — c). And the area of the whole 
parallelogram is double the area of this triangle. v 

c, . . , A 

(ii) Given- the, diagonal joitting ftm vertices and the 
perpendicular on it from one of the remaining vertices. 

Suppose the lengths vf AC and BP are given. 

• f ,4 

Then tne a^a of the triangle ABC is found from the 

• 1 * 1 

formula - base x altitude , f AC x BP: hence the iwett of 
the* whole parallelogram is4AC x BP 

(iii) Given the base and height. 

t bet ABCD be a paralltfiogpim 
and ABEF a rectangle on the same 
*)ase AB a^id of the same height 

BE: then 1 

, A B 

area of par 111 . ABCD a 

c i> 

-- area of rect. ABEF [Kuc. i. o') ] 

AB V ng* 

HencS the arm of a parallelogram — base x height. 

Example i. Find the area of ti parallelogram /ffeCD, having given 
th^l AB = 2G feet, BC = 28 fe^t, and the diagonal AC — 80 feet. 

Here triangle ABC = Js(s - a) (x -b)(f~ c) 

= J/42 *7 16x14 xT2 j- 380 sq. fe?t. ® . 

tho area f>f the whole parallelogram = 07 2Msq. feet. .* 

• 

Example ii. Find the acreage of a parallelogram ABCD, having 
given that tliediajional AC is 17 chains 50 li^iks and the perpendicular 
from B on AC is 0 chains 84 links. • 

Here thf area = AC x BP — 17 - ?> x 6^84 sq^ chains 

— 1 1 9*7 sq. chains= 1 1 -97 acres. 

• * 




ELEMENTARY MENSURATION. 


[CHAP. 


I . 


4 . The ar^a of a parallelogram is*l7'5 acres, and each of two 

parallel sides measures 21 chains: find to the nearest link the 
(perpendicular distance botween them. % 

5 . Find 1 ' the ^uva'of a rhombus on a sido of lOMnthcsj one 

diagonal bomg also 10 inches. , ' * ^ 

6. The diagonals of a rhombus arc 4 feet, and 1 ft. 2 in.; find 
the; sides and the area. 


[ 11 / yft er Cou rs<\ ] , * 

7 Two adjacent sides of a parallelogram are 231 ft. and 
k 120 ft. and the perpendicular distance betveen /he paiV of 
shorter sides is 77 feet : find the distance It a tween the other 
pair. ' 

k “ t V 

& In a ^parallelogram the perpendiculars between the two 
pairs of parallel .sides arc 65 ft. and 91 ft. If one side is 1 19 feet, 
fine) the adjacent ^uio. * 

9. A field is in the form ofi a rhombus whose diagonals are 
2870 links and 1850 links ; Vind to the nearest penny the rent at 
£4. lO^fid. an acre.* * 

• , t 

10 . ThQg/iagojials of a parallelogram are 34 feet and 24 feet, 
and one side is 25 feet . find its area. 1 

i , ' 1 « 

‘ lit Fyid the area of a parallelogram <ff tvhich one side is 
15 chains 40 links .hi length, and the diagonals arc 21 chains 
80 links, and 17 chains 40*links res]>cctively. t < * 

t 1 

12 . A rhombus is drawif or^a side of 1 ft^ 8 in., ohe angle of 

the figure being 75". Kind its area, and the perpendicular distance y 
between a pair oft parallel sides. • # 

13. Find the aita of a parallelogram of which two adjacent 
sides measure 2 ft. (> in. and 3 It. 4 in. and arc inclined at an 
angle of 52° 2G\ # Find ajso the perpendicular distance between 
its longtr sides, [siij 52° 26' = *79^044^5.] 

*14. The area of *a rhombus on a side of 18 inches is 162 sq. 
in. Find the angles of the figure, and the perpendicular distance 
between a pair of parallel sides. # 

15. The area of a parallelogram is 17 ’32 acres ; if the di- 
agonals measure respectively 25 chains and 16 chaii^, at what 
angle are tl^ey inclined to one another ? [\/ 3 = 1 *732.] 

% « • 
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SECTION II. 

*• i 

THE TRAPEZIUM. * 

• I 

* 33. Definition. A trapezium is a four-sided figure 

] laving one pair of opposite sides parallel. # 

34. To find the area of a trapezium. 

% * 

L^t ABCD l>e a trapezium, haVing 

the sides AB, CD parallel?* Join BD, 
and from £ ana D draw perpen- 
diculars CF, DE to AB. 

Let the paiallel sides Ab, CD A 
measure a and b units off length, • 

and let the height C£ contain h units. ^ 

# Then the area of ABCD AABD + A DBC 

1 ^ • 

- AB . DE + - DC ,CF 

2 • *2 



\«hd-tu 


• j 

That is, the area of a trapezia m ~ height * ( the sum of 

• - 1 
the parallel sides). 

\ * 

35. The special case yhen ttv'o 
right angles i* of much flnportance. 

In tfae adjoining figure the angles 
at A and D are fight angles, so that. 

AD is the height. Hence we have £ 

tl n area = i . AD (a f b). • • 
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ELEMENTARY MENSURATION. 


[CHAP. 

Example . 7?he parallel frizes of 1 a trapezium are .2344 lirrks and 
1156 links respectively; and the distance between them is 6 chains 
90 links. Find the area. 

Here a =2344,* ft- 1156' pnd h = 680 links. 

Area — g {a + 6 } ~ 340 x ."500 sq. links 
= 1190000 sq. links 
= 1 1 '9 acres 
- 11 a,c. 3 r. 24 p. 


EXAMPLES. V.B. 

The Tua<$zium. 

1 

[Elementary Course. 1 

1. Find the area of a trapezium whon 

(i) The two parallel sides are 6 ft. 2 in. and 7 ft. 4 in., and 
the perpendicular distance between them is 4 feet. 

(ii) The two parallel sides are 7 yds. 1 ft. ft in. and 4 yds. 
2 ft. 7 in., and the perpendicular distance between them is 6 
, yarns. * 

s* o . v " 

2. ABCD isva juadrilateral having the sides AD and BC 

parallel, am} the angle A3C a right angle. If BC, *D and AB 
measure respectively 2883 links, 2117 links and 1624 links, find 
the area in acres, rooefy and poles. 4 

3. ABCD is a quadrilateral having the sides AD and BC 
parallel, And the angle ABC a right angle. If BC, AD and AB 
measure respectively 32 chains 11 links, 29 chains 14 links, and 
24 chains 50 links ; find (in yards) the side of a, square which 
has on?r fifth the ‘area. * 

c 4. • The area oL a trapezium is 7 acres, and the two parallel 
sides are 8 chains 25 links, and 5 chains 75 Jinks: find the 
perpendicular distanoe between them. , ‘ 

5. If land costs $.500 an acre, find the cost of a quadri- 
lateral field which has two parallel sides measuring 1169 links 
afid 851 links, the perpendicular distance between tjhem being 
350 links. , 



v.] ANY QUADRILATERAL 1“ 

* « [ . » 

[Higher* Course, ( • 

' 6. A quadrilateral field has two parallel aides measuring* 
1346 links* add 1154 links, the jTorpenditqlar distance between 
then* b<fl*ig # 020 linkg. If the r«?r^ is £38. 15s* at what rate is 
this per^acwe ? • # $ • 

7. A quadrilateral field has two parallel sides measuring. 
17 chains 37 links and 15 chains 13 links. If the ren^ at *£% 
an acre is £55. 18*., find the distance between the two parallel 
sides. 

8. .The two parallel sidles of a trapezium measure 58 yards 
and 42 yards respectively ; Phe other sides are equal, each being 
17 yifhls. b>nd tire area. 

9. The two 'parallel sides o£ a trapezium measure 13 c^ai*i» 

60 links, and 6 chains 40 links*, the other sides are* equal, dheh 
being 8 chains 50 links. .Find tie area. * 

10. In the trapezium ABCD the angles at /£and D are right 
angles, and the angle BCLPis 1 20". # If DC= 40 feet, CB = 20feot, 
find Jho area in square feet to two decimal places. 


SECTION tir. 

. ^ANY QUADRILATERAL. 

* • 

36. Tl^s area of an irregular quadrilateral ig found by 
drawing a diagmtial, and calculating the areas of the*two 
triangles tihus forjned. Henc? any data from which we 
>ean find the areas of the two triangles, wilj enable us to 
determine the area of the quadrilateral. * 

Example i. ABCD ig a 'quadri- 
lateral in which the following measure- 
ments have f>een*taken : • 

AB=30hL, BC = 17in.f 
CD = 25 in., DA = 28 in., * 
and the diagonal BD=£6 in. 

Here the area of each of the triangles 
ABD, BCD is to be found by the formula 

• A = V«7»- «)(«-»)<»-*■:)• 



A • 30 


B. E. JL 


• ■ 


4 



BO 

( 

. The 
‘The 


- ELEMENTARY MENSURATION. [CHAP. 

. J , ]._ _! 

A AF D = 42»x 12 x l'\ x 16 =*\/7 a x 6 3 x 8 a =336 sq. hi. 

* * r v 

A B C D = Jsix'd x¥x^17 s= x /17 2 x 4 2 x 3* = 204 sq. in. 

i * 1 S 

the a^ea of the qua<Hlateral = 336 + 204 sq. m. r r 

= 640 sq. in. * 


' Example ii. A BCD is a quadrilateral in which the angles ABC, 
CDA are'.ight angles: alsc; AB = 36 chains, BC = 77* chains, and 
C D = 68 chains. Find the area. 

Here we have to find the area of tljo two right-angled trikngles 

< ABC, ADC. * 

First find the length of AD 
' ‘Ntw AC 3 = AB 2 +BC a =3G 2 + 77‘ 

, ’ ' =7226. > 

.-. AC = 85. 

And A D 2 = AC 2 - C D 2 = 85 2 - Os 2 

= (^ + &)(«5-«») 

c v , = 17 2 x 3 2 . 



1 * 

$ow tly? area? of a ABC-^ABt BC-1380 sq. chains. 

ir 

• • 1 

And the area of a ADC r-- AD. DC = 1734 sq. chains.* 

i c 2 

the area of the quad 1 = 3l2ftsq, chains « 

* 312 aqres. 


37. But the most convenient way of finding the area 
of a quadrilateral is }iy means <*f 
the diagonal joining one p&ir <^f 
Vertices, and tke perpendiculars 
drawn to it from the other pair. 

Such perpendiculars are called off- 
sets. Thus in the adjoining figure 
E^X and DY are said to be thp off- 
sets from AC to B and D. 0 
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ANY QUADRILATERAL. . f)l 

f • f 

H AC contains d uiyts* ofMlngtl^ a*id E*X, DY respec- 
tively p and q units,* • • 

the *irea*of the quad 1 . ABct>*~ A Afcc + A ADO 

• y 


- AC . BX + 9 - AC . DY 


1 ; 1 7 

% d P + 7) d( l 


~ 2 d (P 1 <i) 

that is to say, a • 

the area of a quadrilateral *- - diagonal x ( snm % of offsets). 

i - 

Example. Find tlu*sirea < f a quadrilate.al /'dBCD in which the 
diagonal AC measures ,>chams 25 links and the perpendiculars 
on from B and D are 3 chamf 72 # links and 4 chains 28 links 
respectively. * ^ f * 

Here d = 13*25 chains, p — 3*72 chains, r/=4*2tf chain*. 

o 

Jrea = 2 &(p+<]) - i x 5*25 x g sq. chains 

• • 

= 21 sq. chains — 2*1 acro^ ^ 

= 2ac.0r. 10 p. * 

• • 

• • 

Cor. 1. If the quadrilateral is such that its diagonals 
(d,j2') are at right angles to* one another , the area»is given 
by the^ formula • • 

• * a$ea - ? dd\ # # . # 

For by reference to the figure it will be^eeu that in this 
case the $um o# the oilsets from the diagonal d is the other 
diagonal d'. * 


:e area ^^d(p + q)~- dd 

# 1 4 
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, ELEMENTARY MENSURATION. 


[chap. 


*Cor. 2. i If the /liagon&ls are* inclined to. one another 

.1 f 

♦it an angle 1°, the area as ^ofc/'sinl. 

4 '* ' 

For with the” previous notation, ' 
p - BX - Bl sin I, 1 

' q = DY - D1 sin I. 

j t 

But area - -^dip + q) 

1 *’ 

— q d (Bl + Dl) s 1 *" 1 



--^dd' sin I. 


EXAMPLES. V. C. 

• < 

Any Quadrilaterals. 

) Elementary and Higher bourse. ] 

{Given a diagonal and offsets*.) 

1. ABCS' is a quadrilateral figure in which, tlie diagonal AC 
measures 18 inches, and the, perpendiculars on it froip B and D 
are 11 inches and 9 inches ; find the area in .vquare inches. 

2. In the quadrilateral ABCD, the diagonal AC measures 
850 links* and the perpendiculars oi^ it from B and D are *513 
links and 487 links respectively. Find the acreage. • 

3. t Tn,the quadrilateral ABCD, *he diagonal* AC measures 

4250 links, and the ^offsets from” it ^o B and D are 1763 links 
aVid 1117 links respectively : find the area in afcres, roods and 
poles. ' , 

4. Find the rent at £4. is. an acre, of a quadrilateral plot of 
ground of which the lifce joining two opposite vertices measures 
1 J chains, and the offsets from jt to the other vertices are re- 
spectively 11 chains 81 Jinks* and 8 chains 44 links. « 





ANT QUADRILATERAL. ' ^53 

. ((riven the and a diagonal.) * 

5. Find (in square inches) the area uf the quadrilateral A BCD' 
in which AbM.3 inches, BC = 20 Inches, CJp = 17 inches, DA = 10 
inches, ^id* the diagonal AC = 21* inches. • 

• • t 0 

• 6. ?n the quadrilateral A BCD the following measurements 

have been made: AB = 26 chains, BC = 17 chains, CD — 17 chains, 
DA = 12 chains, AC = 25 chains. Find the area in acres, rot>ds 
and poles, • , 

( Perpendicular, diagonals . ) • 

7. * The diagonals of thvpiadrilatcral A BCD are perpendicular 
to owe another, an 4 measure 5 yds. 1 ft and 2 ft. 3 in. respectively. 
Find the area in square yards. 

8. In the quadrilateral A BCD it is observed that # The 

diagonals AC and BD are perpendicular to one Another, and 
measure respectively 1(525 linKs and 2 4 so links. Find the area 
in acres, roods and poles. r 

• 

(Hides a net angles ) 

0 9. Kind (in square foot) the area of the tpiadri lateral* ABCD, 
in which tht^angles ABC and CDA^u-c right angle!, and AB = 15 
feet, BC = 20 feet, C D = 7 feet. * 

• 10. Find the area of the quadrilateral ABCD, in hvhich'the# 
following measurements have been ascertained. AB*=35 %et, 
BC = 12 feet, CD = 20 feet, DA = 5I feet. and*thfc angle ABC is a 
right angle* # . • # 

11. Tht? following measurements have been taken of a quadri- 
p lateral field ABCD. AB = 40 yards, BC = 75 yards, CD = 77 yards, 

and^the angles ABC, ADC arc* right angles, what i gould be 
the cost of turfing the fiel^ at the rate of 2jt per dozen square 
yards?* * 

12. Find tfie area (in licre.^, roods* poles, *and the tiearest 
square yard) of the quadrilateral figure AE*CD, given that th» 
angle ABC is a right angle, ayd that AB=^ chains 20 links, 
BC = 2 chains lOlinks, AD =6 chains, DC = 4 chains 50 links. 

13*. Find the acreage (correct to two decimal places) of the 
quadrilateral ABCD ; having given th^t the angle ABC is 60°, 
the angle ADC is a right angle; AB = 13 chains, BC = 13 chain* 
and CD = lfc chains. 
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, ' * c i ' f 

14*., Find Vlie a^ca r (in square f&et correct to two decimal 
.places) of tlie quadrilateral figure ABCD ‘ having given that the 
angle ABC is a right Jungle, tin angle ADC is (10 J f AW — 14 leet, 
BC = 48 feetf, and^CD — 50 feet^ , f f , 

15*. Tht diagonals of a quadrilateral are perpendicular to ( 
one another, and their lengths are in the ratio 3 : 5. If the area 
of the figure is | acre, find the length of each diagonal. 

16*. The two diagonals f ol’ a quadrilateral figure are inclined 
to one another aV an angle of 43°, and lpLasure 10 chains and 
21 chains' 25 links respectnely! Find the acreage correct to two 
t decimal places. •' 

17*. The area of a quadrilateral is one ( acre and the two 
diagonals measure 8 chains and 5 chains respectively. At what 
fniglcrare the diagonals inclined tc one another? 


CHAPTER VI 

THE CIRCLE. 

e> 

SUCTION I. 

« 

<yHE CJ RCUMFEIipNCK AND AREA. 

t 

38. If the circumference of Kny circle \vere measured, 

22 

its length would be found to be nearly of «the* length of 
ifs diameter. 

The real value of the ratio which the Circumference of 
a circle bears to its diameter, is incomihmmrabJv ; that is 
to say, it cannot beWic//y expressed in figures, though it 
may be found with any required degree of accuracy. For 
example, to seven decimal places its value is 3T415926... . 



VI.l THE CIRCUMFERENCE OF A CIRCLE. 55 

. . T % • 1 

The ratio of the circumiferehce of % ciVcle fcojts diameter 
js denoted in mathematics Ity the Greek* letter tt. Thus we 
have • • 

circmnfe'te'pce 

<Kame£er 

.'. circumference - 7 r x diameter. 

Or, if c demotes the length of tin* cireumferenoe^arfd r the 
radius, then 2 r demotes its diameter, 



where to n we may give thj| values 

•M416, or 3-1415926. 

according to the degree of accuracy required in the result. 

• • * 

• Example 4. Find the oil cumference of a # cirele ivhose radius is 

/ 22 \ 0 
4 yds. I ft. 5 1^). ^7r = y.J 

• Here r - - 4 yds. 1 ft* 5 iu. — 161 inches, 

and eiicuntference =. l 2irr~2 a y x 161 - 1^)12 inchA 

• • L 

• ^28 yds. 0 ft. I hi. 

Example ii. The driving whe^l of a locomotor engine, 6 ft. 3 in. 
in diameter, makes 110 revolutions a minute. Find the rat* at which 
it is travelling. # (it — 3T416.^ • 

Circumference of wheel = diameter x 7r I 6^6 16 | 

= 6 25* 3 1416 feet . * * 18*t49o| . 


Hence in one r^inute the engine travels 19*635 x 110 feet, 

. . in one hour lf)-635 x 110 x 60 feet 


21-54... mileB. 
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Example iii. If the drivirig-rrtie* l ol a bicycle makes 560 revolu- 

* ' 1 / 22 \ 
tions in travelling a irfile, what is it£ radius ?< . ( jr= y • j 

r , c * * * 

rru • * , 4l , „ 1760 X 8 , 06 , » , > 

The circumference of the whqef = — — fqet = y feet. r 


2 irr = 


66 

1' 


66 ' 

~~1 


2ir = 


66 




= 1 ft. 6 m. 


39. The a Tea of a circle is found by multiplying the 
squah of thf radius by 7 r. 4 

That is, area — ttv\ 


Example i. Find the area of a cireleVliose radius is 8 ft. 9 in. 

.. ' ' 


Here 


r=*8 ft. 9 in^8| ft. 


qrea = ir;- = 


22 


22 35 


x (8^) 2 sq. ft. 
35 

x . sq. ft. 

4 


= 240$ sq. ft. = 240 sq. ft. 90 sq'. in. 


Example ii. Find to the nearest square yard the area of a circle 
whose diameter is r 42 chains 10 links. (71- = 3* 1416.) 

t v ’ « 


Here r=2105 ch&ins. 1 

area=7rr 2 

r =?3-1416*x (21-05J-’ sq. ohaius 
= 1392*050$ sq. chains 
= 139*20508 acres 
= 139ac. Or. 32 p. 24’6sq. yds. 


21-06 r 
21-06 

<J 421-0 I 
21*06 
1-06261 


443 1026 
3-1416 


132915076 

44-3102 

17-7241 

-4481 


5 
0 

0 

6 


1392-0608 1 
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40 . Given the area ofi a ^irde'to Jvqd the radius. 


Since 


= area, 
;«r;ea 
1 * 


* /area 

V V 


Hence 4 o find the radian, diride the area btf 7 r and take 

the square root of thf result , . 

• * 

41. The connection between the area and the circum- 
ference may he illustrated by the following example. 

Example. The^irea of a circle is acres, find its circumference. 
Here the area being given, th^ ladius must first be found. 9 

7 rr~— 90-25 acrcg = 902-5 sq. chains. * f 

. . ?•- = 902-5 x? HI Mi-25 sq. chains, 

r _ -25-- 17 chains. 

22 , t • 

> Now circumfeience— 27rr=2 x x 17*5 chains = 2 120 yards. 

* 0 .* '• 

42. Th3 area of a plane circular rintj enclosed between 

Iwo concentric oir^les is found by taking the diftfcrencg be« 
Aveen the areas of the two circles. , • * 

Example i. find thr* aica of agiavcl walk 7 feet widl surroi^pding 
a circular ]5ond who»e diameter is *^B8 feet, y ir = ^ \ 

The radius of the inner circle is 119 ft. 

^The radius of the outer circle is 126 ft. 

The area of tbe outer circle - ir (120)- sq. ft. 

The area of the inner circle — ir (119)- s«[. ft. 

• . 

the area of the path • # 

= t (120) 2 -*r (119)“ sq. ft. 

* — 7r { (12G) 2 - (119) 2 } »q. ft. 

— 7r (120 + 119) (120 |19)sq. ft. 

= — x 245 >4 7 sq. ft. =5390 sq. ft. 
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* 1 t i < 

* Example v. The (internal' radius of a plane ciicular ring is 
114 feet, and its area ’is 74N0sq. fedt. Findithe width of the ring. 


Let the width of thefing hq £ feet. 

Then the external radius is ],l 1 -f v feot. , 

Area of butt*) circle = 7r (11 !+.»)? sq. feet. 

Area of inner circle ^ r ( 1 1 1) 2 sq. feet. 

.• 7r { (114 q .r) 2 - (1 1 1) 2 } — hi ea of ring. 

r =74R0sq. feet. 

* 7 

• (1 14 + .r) 2 - (1 1 4) 3 =_ 7 l NO x = 2380 sq. ft., 

or, ( 111 + ; r ) 2 = 12906 -i 2380 ^15376 sq. ft. 

Taking the square root, 4 , 

I H -f .r — 1 2 1 feet 
{ j — 10 feet. 


*43. The area of a circle .can bu found if we know the 
length of two tangents jlr.iVn from an external point, *and 
the angle which, t^ey make with one another. 


In solving such questions it must be remembered that 

c (i) the tangents drawn, from an external point to a 
’ cirque are equal; * Eac. hi. 17. (Jor. 

(ii) a line drawn from the centre to the point of con- 
tacts perpendicular to the tangent. * * Euc. in. 18. 


Example, Two tangents diawn fiom an ex- 
ternal point to aoucle aie 21 inches m length, 
and malfj an angle of GO" with one another. 
Find the area of thu-cncle. 1 

In the adjoining figure AP — 21 inches, and 
the angle PAQ = 60°- the angle PA0 — 30°. 


I 

And PO — PA ta* 30' 
Area of circle — 7rr 2 — 


inches. 


22 / 21\ 2 • , 
fi<1 ' " ,l ' t,cs 

22 21 x 21 



=402 sq. inches. 
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EXAMPLES. VI. A! 

jAf •Circumference anS Are.# of a Circle. 

* [Eleyienta/y* Course.] 

( Circumferences . ) 

Take 7 r-- 2 A. 

• - 

1. Kind the lun of the circumference of the circles whose 

radii yrc respectively * 

. (i) 7 inches. • (v) 1 yd. 1 ft. 1 ill. 

(h) iH i lilies (yi) 1 ]>. 5 yds. 

(in) 1 ft. 9 in. . (vji) 7 chains 2tf links. 

(iv) 1 yds. 2 ft g (vni) 1 chain 5 linljs. 

2. Find the radii. of the circles whose circumferences are 

respectively # • 

# (l) 2h4 inches. # (iii^ 1 fur. 24 poles. 

m (u) 73 yds. 1 ft '4v) 7 clunim 92 links.- 

3. A wife may he bent into t^e form t>f a curie of radius 

35 inches. I^the same wire were bent into the form of a square, 
what would be the length of its ^de '{ * • 

9 • • 0 * 

4. A wire may be so bent, as to enclose square whose Area 

is 121 square inches. If the same wir# were bent into the form 
of a circle, wlute tomld its radius be ? • * 

• 

^ 5. A fountain has a circular*basin of radius 21 feet. What 

would be the cost of enclosing ij with iron palings at the rate of 
1 3** Ad. a yard ? • 

6. A thin gold wire evenly coiled goes 48 times round a reel. 

If the valfte of the wire at*U. tV/. a foot is <£7.-14*. , what is the 
diameter of the reel ( . . * • 

• • . 

7. llow far lias a bicycle gravelled, wheft its driving wheel, 
30 inehe^in di alkie ter, has made G3')0 revolutions ? 

• 

8. A threc-aiile race is to be run on a circular track 
whose radius is 84 yards ; how many Rules must the winner 
i unround? 
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9. How many revolutions are made by the driving wheel of 
a tricycle, 36 inches in diameter, in travelling 5 miles? 

10. Tho t driving vdiecl of- a locomotive engine, 7 feet in 
diameter, makes 120 revolution a minute. At what rate is the 
train traveling? 

11. The driving wheel of a locomotive engine, 5 feet in 
dir meter, makes 168 revolutions a minute. At what rate is the 
train ti availing? 

(Areas.) 

Take n — 

L' 

(Given the radius, to find the < rea.) 

x 2. Find tho areas of the circles whose radii are respectively 

(i) 7 inches. (\ • 1 yd. I ft. 1 in. 

(ii) 3£ inches. (\i) J p. 5 ^ ds. 

(iii) 1 ft. 9 in. (vii) 3 chains 50 links. 

{iv) 4 yds 2 ft. * (viii) 1 chain 5 links. 

13. Find Lhe cost of paving a circular court whose diameter 
is 42 feet, at the rate of 5*. fid. a square yard. 

14. Find the value of a circdlar plot of ground whose diamc 
ter,<s 770 yards, at the rate of £*56. 16s. an acre. 

. * (Given the area , to find the radio,. .) 

15. Find the radii of tho circles whose areas are respectively 

(i) lf>4 sq. in. ' (iii) 68 sq. yds. 4 sq. ft. 

(ii) 3850 sq. ft. (iv y 15'4 acres 

16. A circular plate of metal costs £1. 13s. fy/., this being 
at the, rate of a square inch ; what is the radius of the 
pl&tc ? 

T7. The rent of a circular plot of ground is £82. Kk, this 
being at the rate of 10 guineas an acre. Find the radius in 
chains. 

/ 

18. Find the radius of a circle eaual in area to the sum of 
two circles whose radii are 4 yards ana 11 yards 2 fe^t. 
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19. * Find the radius of a cfrcltf equal ^n Urea £o the sum of 
three circles whose radii are 8 inches, 9 inches, 12 inches. 

* 

20. Th§ radius of a circle is 5 Relies. $ What is the radius of 

another %irc$e whose area is nine dimes that* of tlie first ! 

■ % 


(Area and Circumference.) 

21. FincLthe area of the circles whose circumferences are 

(i) 22 inches. 

(ii) 1 10 feet. 

22. Find the circumferences of the circles whose areas are 

(i) «lf sq. in. 

(ii) 86-625 sq. ft. # 

(Circular ring*.) 

23. Find the area of a*plane circular ring whose external ana 
internal radii arc 11 and 4 inches respectively. 

•24. Find the aroa of a plane circular ring^vfiose external and 
internal dianUters are 3 ft. 8 in. ani^2 ft. 0 ifi. respectively. 

25. A circiflar lawn 220 yards in diameter is surrounded by 
a* path 12 feet in width. Fmd^he area of tlio ‘path <in aqi&re # 
yards. * * • *• 

. 26. A circular plate of metal, whos® diameter is 13 inches, is 
enclosed in a wdbaep frame of uniform width. If tne width of 
the frame is one inch, what is its ^rea? 


(. Miscellaneous .) 

27. From a square sheet of metal a circular portion is cut. 

If the side* of «the square ie 9 feet and # the railjus of^the circle 
3 ft. 6 in.; find the value of the •remainder a$ the rate of Is. 2 d. 
per square foot. • . * 

28. Fr<am a Octangular garden 88 feet long by 65 feet wide, 
five circular flower-bfds are cut. The central bed has a diameter 
of 30 feet, and eaeft of the other four a dia|ieter of 20 feet. Find 
the cost of turfing the rest of the garden at 2a. 7 \d. for 5 square 
yards. 
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29 . Find in acres, roocfa,rpol£s ^nd the nearest sq. yd. tho 
area of a circle who#e 'diameter i;-, 8 chains 40 links. 

30 . Finjl to the newest outice the pressure on a" circular plate 

of metal, whose pdiameter is ^ ‘inches, at ttye rate of fd Ibis, per 
square inch. s * ,r , 


EXAMPLES. VI. T. 

On the (Circumference anlFArea of a Circle. 

•? 

[Higher Course.] 

( C ire it infix u ence,s.) 

Take tt -3*1 41b. 

i 

1. The equatorial diameter of the earth being given as 
792bT) miles, calcinate the h*ngth of the e<piator, (l) taking 
as (li) takflng ir an 3T410 f Find the difference fro the nearest 
mile m the^two results. ( 

• ' ' t 

° 3. Find in yards, to three decimal places, the radius of a 

circle wliose circumference is equal to the perimeter of a square 
containing acres. ' 

* 

3. If tho driving wheel of a bicycle, 32 inches in diameter, 
makes 1000 revolutions in travelling 2792$ yards, calculate the ' 
value of r 7 t to three decimal places. 

4 . The earth’s orbit is nearly circular. Jf the uy&n radius 
is taken 92,700,000 miles, find approximately (in miles per 
second) the velocity with which tin? earth describes her orbit. 
[A year— 365 j day i.] 

« 

5. The circumference of the larger wheel of a bicycle is to 
that of the smaller wheel as 45 : 11, and the smaller wheel 
revolves 272 times more than the other in going a quarter of a 
dsile. Find the circumference of each wheel 
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9 JA feat,) * 

Take 7r — i y i . 

• • » i 

6. \hsl is the acreage of a circular plot of grouifd if it cost 
£247? 105. to fence it»in, at the rati of £2. 55. amliain ? 

. • * , l * 

• 7. If it costs £264 to fence in a circular plot of ground at 

the rate of five guineas a chain, what is the land worth at, 
£101. 105. an acre? 

* ♦ * 

8. How many dngss of metal each one incl^in diameter may 
be laid on a plank 2(T inches long by 14 inches wide ;»and how 
many Square inches of plaijk remain uncovered ? 

• • • 

. Take tt-314 16. 

9. Find in inches, to two places of decimals? the side^pw 
square whose area is equal to tjiat of a circle of radius 5 inches.^ 

10. Find in chains and links (to the nearest link) the radius 

of a circle whose areals equal to that of a scfiare on a sido'of 
250 links. * 0 

• • 

11. A circular disc of metal 20 inches in § diameter is beaten 

into a square plate of the same thickness as the disc. If the side 
of the plate iff found to be 1 7 ‘72 1 inches, calculate t*ie value of tt 
to three decimal places. s 

{Circular rhujs.) 

T akc tt — . 

12. A fountain kas a circular* basin 31 feet in diameter sur- 
i rounded by a paved walk 4 feet wide Find the cost of laying 

down pavement at the rate of l£ (!</. a square y;ftvl. 0 

13. <Phe bull’* eye of. a circular target is 16 ftiches in diameter, 

and is summnded by a red band 5 inches wide. The red band 
is surrounded By a blue band 4 inches wile. Cccnpar^tlif areas 
of the red and blue bands. , • * 

•. • 

14. A ring enclosed between two concentric circles has all 
area of 13£0 square inches, and the outer circle has a diameter 
of 44 inches : find^tlfe radius of the inner circle. 

15. The external radius of a plane circular ring is 1 foot, and 
the area of the ring is 34f square inches : find its width. • 
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16. The internal radius* of a iplagie circular ring is 20 inches, 
and the area of the ring is 264 square inches : find its width. 

17. The external rrdius of 'h plane circular ring- is 5 yds. 1 ft. 
and its area is 39 sq/yds. 1 sq. f t. : find the width of tl.i rLg. 

18. The external diameter of a plane circular ring is 10 yards, 
and its area is 56 sq. yds. 2 sq. ft. : find the width of the ring. 

fTanyents.) 

19. F lOin an external point A a tangent AP is drawn to a 
circle whose centre is 0. If AO and. AP measure respectively 25 
and 24 inches, find the area of the circle. 

20. The circumference of a circle of which O is the centre is 
2C? ;r iches, and A is an external point. If AO is 37 inches, find 
the 'length of the tangent drawn %nn A to the circle. 

21. Two tangents drawn from an external point to a circle 
are 1’75 inches m length and make an angle of 120° with one 
another. Find the area of the circle. 

22. Two tangents drawn from an external point to a circle 

are at right angles to one another, and measure If in. in length . 
find the area of the circle. 1 


(Miscellaneous.) 

<v „ 5f 

23. From a .-quire sheet of metfl whose side is 15 inches 

nine equal circular piet.es are removed : if the area of the 
remainder is 71 square inches, what is the radius of each of the 
parts removed ? ' * 

24. How ma.Vy circular discs each 8 inches in diameter must 
be laid on a rectangular board 88 inches by 16 inches to leave an 
area of 352 square inches uncovered t 

25. a ,T\y,o concentric circles are described so that the area of 
the ring enclosed liet/wcen them is equal to the area of the smaller 
circle. Compare the two radii. If the radius of the outer circle 
is 100 inches, find the radius of the other. 

26. Of three concentric circles the radii *of, the greatest and 
least are 10 inches arfil 8 inches respectively. What must be 
tjie radius of the middle circle if it divides the ring enclosed 
between the greatest and the least into two equal parts ? 
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SECTION III. * • 

• OUCHES AND SQUARES : CIRCLES AN3> TRIANGlfES. 

INSCRIBED* AND*CIRCUM^CRIBED CIRCLES. 

• • 9 9 

*44. The following questions are designed to illustrate . 
the principles of Euclid’s Fourth Book. 

t 0 

Example i. Find tkl^side of a squaio inscribe^ in a circle whose 
circumference is 132 inches. Ji r = ^ 

Here 2*t = 132 inches. 

» 

• l 7 

.*. r = 132 x £ x ^ =21 inches. 

Then from the right-angled isosclles triangle 

AOB, , * 

AB-=r *72 = 21x1-114 . 

• • 

= 29*70 inches nearly. 



Example ii. The difference betweefi the aieas of a circle and its 
inscribed square is 504 feet. Find tjio radius of the circle. ^7r=-^. ^ 

• *» 

Here the area of circle = irr 2 ; the area of square/; (r \/2) a -=2r a . 

^ .*. - 2^ r 2 =504 sq. feet, 


1 so that 


r = 21 feet. 


Example iii. JFind the area of a circle 
insoribea in an equilateral triangle whose 
side is 14 infthe% # 

In the adjoining figure BCV=7 inches. 

And r = BD tan 36° = 7. — inches. 

* . 

• 22 1 
.*. area of circle = vr 3 — — x 49 x - 


= 51£ sq. inches. 


3. E. M. 
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*45. The following forn,Msj give the lengths of the 
inscribed and circumscribed circles of any triangle. 

If a y 'by r den©t c e the 'lengths of the sides,, s }he semi- 
peri meter, A the area of the triangle, and r, li the inscribed 
and circumscribed radii, t 1 , 


tnen 


A abc 

i' Ia’ 


^EXAMPLES. VI. D. 

ii 

* Circles and Squares. Circles and Thianuleb. 

[Higher * Course. ] 

* Take = 1 ’41421 

• , ( Circles and Squares ) 

1. Find (in inches to.* two places of decimals) the circum- 
ference oi the circle (ij inscribed in, (ii) circumscribed about a 
square qn a side of 16 inches, r 

* 2. 'Find (jp square inches to two ]>laoes of decimals) the 
area of the ciicle ( 1 ) inscribed in, (ii) circumscribed about a 
square on'a side of 12 inches. < « 

3. A square field has an 'area of 2i acres. Find the circum- 

ference of its inscribed circle (in yards), and the area of its 
circumscribed circle (in acres). * ^ 

4 . Find the side of a square (i) inscribed in,' (ii) circumscribed 
about a circle whose area is 3850 square inches. Gi/e the result 
in inlheL. 

5 . Find the 'hide of a square if the difference lie tween the 
circumference of its circumscrilied and inscribed circles is 44 
inches. 

6. The different between the areas of a square and its 
(inscribed circle is 1050 square inches. Find the side of the 

square. • *■ 
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(I Circles and J'Jq^laterai THamjlcs.f 
\/3 =1-73205. 

• • ® . * 

7? Mud the arq^i of the eircle (i) inscribed m, (n) circum- 
scribed # ab*ut an equilateral triangle whose side i # 42 inches. 

8. Find the side of an equilateral triangle (i) msmlied m, 
(ii) circmnseribcd about a circle of area 402 square inches. • 

9. A square and an equilateral* triangle are drawn on the 
same base, and the difference between the arcs# of theiv # inscnhed 
circles* is 924 square inches. Find the common base. 

If* A square *md an equilateral triangle have the same 
perimeter. Filial «the ratio of the areas (i) of their inscribed 
circles, (ii) of their circumscribed circles. - 

{Circles a%d Trianghs ) 

11. In the tnanglePABC, right-angled at C,«lind the radii of 
the inscribed and circumscribed circles who" 

• (j) a =15 inches, b — 8 inches#. 

• (ii) a =35 inches, 6 = 12 inches. 

12. In the triangle ABC find t.pLe values of r and R, having 

given * # . 

• (i) « = 21 iwclfes, 6— 20 inches, <*-*13 inches. * 

(ii) a = 51 feet, 6 = 37 feet, c=«0/eot. 

• 9 

13. The are/l of a right-angh d triangle, is 84 square iifbhes, 
and the raflius of it* circumscribed cm le is 12*5 inches : find the 

t sides. 

• 

14. In a triangle, whoso area is 84 square inches, it*is given 
that /?-« 8| inches, r = 4 incfies, c = 15 inches :*find a and b. 

15. In *th# case of th# triangle w^ose sides aij£ ^0 feet, 
25 feet, and 17 feet, show t^at *tho radius of. the inscribed circle 

is equal to P 1 P 2 P 3 where />., are the perpen- 

v P 2 P 3 P$Pi *F P\Pi * V, 

diculars from the vertices on the opposite sides. 


' 6-tf 
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*■ * 

U ON, CHORDS AND ARCS OF CIRCLES. r 
*’ c •> 

SECTION I. 

CHORDS. 

46. Definitions, (i) The straight line joining any 
two points on the circumference of a circle is called a .chord 
of the circle. ' ’ 

(ii) The chord of an arc is the straight line joining 
its extreraitiec. 

Let ACB. be a circle whose centre 
is O, and let A B be a chord in it! 

From O draV OD perpendicular to 
AB, and produce OD to meet the cir- 
cumference at C >f . Join AC. Then we 
learn from IJuclid^Dook hi., that 

(i) D is the middle point of AB ; 

<*■ (ii) Pj is ‘the middle point of the 
arc 'ACB* 

Let th^ chord AB be 2a units in length; so that AD = a: 
let CD, the height of the arc, - h: , 
let AC, the chord’of half the arc, ~b\ 
let jjhe radius OA - r, and the perpendicular OD ~p. 

If the chord '^nd height of the arg ACB are knocvn, the 
chord of half the arc is found by Euc. i. 47, 

' ■ ' b* - a* K l ' (i). 

' If the chord and height of the arc ACB are known, the 
radius of the circle is found thus: * 

r* - a a + p* = a 2 + (r - h)* 

& *a 3 + r 2 - 2rh + K 1 ', 

* 2rh~a i + h 2 (ii). . 




CHAP. VII.] ^ CHORDS (JF A CIRCLE. # 69 

• . I * * 

' Combining the results of*(i)^mfl (ii) vie have » 

' * W-Zrh (iii). • 

. *• 

47. Jfei solving the «questk!hs which fofhjw, # we recom- 
mend tile student to draw a figure in eacli ease, and work 
out each example independently, instead of mechanically 
using the formulae just proved. 

Example i. Find tile ehord of an arc whose height is 3*2 inches in 
a oircle of radius 65 inches. • 

Inferring jto the Jast figure we have 

AO=f)C = 65 ; and CD = 3*2; . OD=33. 

Hence AD = JbO* - O CM v /65 a - 33- - ^98 x*32 = 56 in m 
\ the chord = 112 inches, • 


Example ii. The clford of an arc is ‘24 inches and its height is 
8 inches : find the diametei*of the circle. 

£et r denote the radius : then wo hafe . 

• * 

• AD -12; OA=r; OD = OC - DC = r - 8. 

And' OA 2 — AD--) Ot)-, 

or r 3 = 144 + (r - 8) 2 — 144 + r 2 lfir + 61. • 

* * 1 fir =208. 


* *Hence the diameter =26 inches. 

• • 

Example iii. The height of an arc is 2 inches and the radius is 
9 inches : find the chord of half the aro. • 


Her%we may jiae the Jfornfhla ft 2 = 2 rh 

= 2x9x2. 

• • 

.*. 5=?6inohes; 

or working direct from the figure, we have 

# *OD = OC- DC = 7; and OA = 9. 
* \*. AD» = 9 2 - 7 2 =32. 

But AC 3 = A D 2 + DC 2 = 82 + 4 = 36 . 

* .* AC, the chord of half the arc, inohes. 
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' I , • 

EXAMPiEf/ VII. A. 

* 

Chords o’* 1 a Circle. 

[filamentary ami Higher Course,'} 

1. In a circle whose radius is 37 inches, a chord is drawn' 
70 finches in length : find its distance from the centre. 

2. In ?■ circle of radius, 85 feet there are two parallel chords 

whose lengths art^ 72 feet and 102 feet respectively find their 
distance apart. ' 

3. Find the chord of an arc uli.iso height is 2 ft. 1 in. in a 

circle of radius 8 ft. '1 in. • • 

,4. In a ciir.de of diameter 4*82 inches, the chord of an arc is 
4’ in inches: find the height of the arc. 

5. The chord of an arc is 4$ inches, and its height is 18 
inches : find the Radius of the circle. 

6. The chord of an arc is f^ds. 1 ft., and its height is 2 feet : 
find the diameter of the circle. 

14 t 

7. In a pircle of radius 27 inches, the height^ of an arc fs 
1^ inches: ,find + he chord ofthalf the arc. 

•3. Ii\,a circle of diameter t 4 ft. 2 in., the height of an arc is 
1 4£ i®ehe^ : find the chord of half the arc. < ♦ * 

9. The height oi an ip’e is 7 inches, and the ehord (J of half the 
arc v 1 2 ft. 11 in. : find the diameter of the circle, 

10. The chord of an arc w 4 feet, and the chord of half the 

arc is 2 ft. 1 ii^. : find the radius of the circle to the nearest 5 
hundredth of an inch. * 

11. In a circle of radius 9 inches 1 , the- chord of half flSii arc is 

12 inches, find the chord of the whole arc in i richer correct to 
two decimal plates. ' . ' 

12. In a circle <jf diameter 3 ft. 9 in., the chord of half an arc 

is 1 ft. 3 in. : find the chord of the whole arc in, inches correct to 
two places of decimals. , ' 

*13. Find the height of an arc which subtends an angle of 
%2° 14' at the centre of a circle of diameter 200 inches. 

[Given coc IT T == ’9812366.] 
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sacT^ow II. 

t « 

ARCS OF A CIRCLE. 

•, ft 

% * * * * 

48. Definition. An ire (jf a circle i» a part of the 

circumference. 4 # • . 

If ABC is a circle of which 0 is the centre, then the. 
angle AOB may be called the central angle of the arc AB* 

• • 

49. It is Kuelid vi. 33 that i% any circle a res 

are proportional to their central angles. 

Thus in «the adjoining figure 
the arc AB : the* ate AC : : the l AOB 
: the l AOC. 

Now the central angle cf respond- 
ing to the whole circumference is four 
right angles, or 360°: he Ace, if D denote 
the •number of degrees in tlx? aijgle 
AOB, we have 

the ar& AB : the whole circuyfe react * :: D° ?300 o , 

’ arc AB D 

or - • — 

• • circumference 360 

arc = x circumference. 

• • 300 




= 177*1 feet. 



72 ^ ELEMENTARY iJENSURATION. [CHAP. - 

Example ii. Tfra radius ot*& c/rcly, is 100 inches: what angle is 
subtended at tfie cent r e by an arc T>j inches in length? (tt =8*1416!) 


Let D denote the nujnber of degrees in the required angle : then 
D __ , arc t f * 

iWO circumference 


D = “~x360° 

2irr 

75x360 , „ 
“Sx>141#xloS d ' ,< "“ 
'* — 42*9717 degrees 

= 42° 58' 18" nearly. 


•9747 degrees 
60 

58*302 minutes 
60 ' 

18*12 seoogds 


Example iii.,. The length of an arc of a oiicle is 5.43 inches, and its 
CtT2T. . al angle is 9° 6'. Find the radius. 

Here ' D = 9*1 degrees, 5 


and 


2 irf _ 360 

arc ~ D * r 

• ,360 x arc 360 x 143 x 7 . , 

‘ i - rN . — - inches 

t D x 2r 9*1 x2x22 

€1 

= 900 inches. 


>*50., If 6 denotes the circular measure of the central 
angle (that is, Sits measure in terms of a radian ), it is 
proved in trigonometry that o , 


<*arc 
radius ’ 


arc ~ rd. 


51 e The leeigth of- the arc of fi circle may also be found 
approximately from the following (formula, 

86 - 2a 

ore = 3 ’ ■ ■ 1 

I 

r 

where 2a is the chord of the arc, and 6 the chord of half 
the arc. 
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J • * | . • 

• . I * • 

* No*k. This formula give% th| leagth of $he fere slightly less than 
it should be, the error being very «mall, if the central Single of the arc 
is small. * 1 » 

If the central angle of th$ are is f 5°, the fifijnula gives#ts length to 
withih -o0005 of its jreal value : anjl the length ^>f a semi-circum- 
ference js given to within -Of of its true length. Hen^e if^he required 
•arc is greater than a semi-circumference the length of the correspond- 
ing minor arc must be found, and subtracted from the whole circum- 
ference. • 


Example. In a ci^le of radius 87 inches find the length of the 
minor arc who^-e chorcWs 24 inches. * t 

In the accompanying figifse 

* O A =? OC — 87 inches ; q 

A t) = 12 inches ^ a. fa 

• ^49 *25 
— 85 inches. 

.. CD^2iftche.s. • 

• 

, /. AC= > /ia* + 2*= N /lt< 

= 12-165 . inches = b. t • 

• — 24-41 inched (nearly). 



EXAMPLES. VII. B. 

Arcs of a Circle. 

[. Elementary Course .] 

Take 

• . • • 

1. The radius of a circle is 21 inches: find the length of an 
arc which ‘subtends an angje of 60° at tljfe contre. ^ 

2. The radius of a circle is 9 ft. 4 in. : And the length of ap 
arc which subtends an angle of 11° 15' at the*centre. 

3. The radius *>f a circle is 56 inches : what angle is sub- 
tended at the centre by an arc 33 inches ^n length 1 

4. The radius of a circle is 45 inches : what angle is at- 
tended at the centre by an arc 39-6 inches in length ? 
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' / ' I ' * • 

5 . The length r of , an artp of/i a «pircle is 55 inchos, and it 
subtends an angle 30" at the' ’centre : Jind the radius of the 
rcircle. 

i t «' * t 

6. The? length of an arc' of a cii'cle is 51 yds. *1 f>. ;yid it 
subtends an anglb of 5° 37' 30^: find the radius of tha circle. 

* < , * . 

[Higher Course.] 

Take Tr^PUUi. 

7 . The driving wheel of a bicycle 3 2 if.ehes in diameter has 
made 35 revolutions. Find to the nearest degree through what 
angle it must now be turned to complete a journey of 100 yards. 

8. A knot (or nautical mile) is the length of one minute of 

arc at the equator, (liven that the equatorial f diameter of the 
cnr 11 '. is 7925’f) miles, find to the nearest, mile the length of 500 
knots. f - 

9 . A ship steams due south at tlie rate of 1 1 miles an hour. 
Through how mf.ny degrees of latitude will she have passed in 
three days, given that the cartji’s mean din meter is 7912 miles '! 

10 . In a circle of rad if is 10 feet an arc 8 inches in length 
subtends an angle o' 3° 49' 11". Calculate the value of tt to thre< 
decimal places. 


11. Ti’ie chord of an arc is 48 inches, ami the chord of half 
the arc is 27 inches*, find approximately the length of the arc. 

12r The*ohord of an arc is 48 inches, ard its height is 7 inches : 
find approximately the length of the arc. , 

13 . In a circle of diameter £0 ft. 2 in., find to the nearest 
inch ther length of the minor arc whose chord is 20 feet. < 

* .<* , * 

14 . In a circle of radius 32 inches, find to the nearest 

hundredth of an inch the length of an are whqse height is 9 

inches.® * * * 

•• o 

15 . In a circle bf diameter 72 inches, find approximately the 
length of an arc whose height is 8 inches. • 

16 . Apply the formula to find approximately the length of an 
arc of 120° in a circle of radius 10 inches; and express as a 
decimal (correct to the first significant figure) the ratio of the 
error to the true value. < 


Arc* 


Hb-2a 

3 



OHAJTERVVUL* 


ShCTOltS AND KKGMKNTS OK CIRCLKs. 


SUCTION T. 

£ti(TORB OF CIKCI.Kn. 

• 

52. * Dkfimtions. (h A sector of a circle is a figure 

bounded by % au a$c and the two radii drawn to its ex- 
tremities. ^ • 

(ii)The angle of a sector is the angle intruded byji-* 
two radii. 

53. From Euclid yi 33, we learn that the areas of sectors 
of the same circle are proportional to their angles. 

• < 

'J*hat is to say, in the figure givtti below^ 

•the, sector AOB : the sictor AOC :: the i_ A&B : the l AOC. 

• • 

Now the whole circle may fro re- 
garded as a iStector whose angle is four 
right angles, or HgO* Hence if D de- 
notes the number of degrees in the 
angle AOB, .we have • 

sector AOB : area of circle :: D° : 300°, 

• . , . . area of sector D 
that is, J - 



area of circle 360 ’• 


or * ared of sector ~ v. area of circle (i). 

* * • * * 

Similarly we deduce fiym*Eue. vi. 33,, 

area of sector : area of circle :: arc of sector * circumference 

• * area of sector arc 

or • _ 

• 7 rr* 27rr 


1 ' 


area of sector — ^ arc x radius (ii). < 
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' ' ' , 

12. The minutb-hand of wcltfckfjs 5 feet long: m how many 

minutes will ?t have swept over an area yf 942 ‘48 sq. in. I 

13. Find the area *T the greatest sector that c?<n 1>c cut from 

an equilateral triangfie on a side of fo inches, the dbnlfre t»f tho 
sector beiy+. if vertex of thG triangle. * « f 

14. Find approi ornately the area of a sector of a circle of 

•rajlius 241 inches, tho chord of the arc being 210 inches. [Use 
the formula of Art. 51.1 * 

t ■' • 


H MOTION II. 

SEGMENTS OF CIRCLES. 

«*^5. Definition. A segment of a 

bounded by an arc and its eho(d. 

In the accompanying figure O m 
the centre of the circle of f which ACB 
is an arc. OC bisect^ AB at right 
angles, so that'Q is the middle point 
of the arc ACB [Egic. in. 30]. 

Then area of segment ACB 

, = sector 0 ACB - triangle OAB.* 

Example. FiVid the arfa of a segment cut from a circle of radius 
42 inches, if the chord subtends at the centre an tAigle of 120°. 

120 * 

Area of the sector = of aria of the circle * 

^ 1 21! * c 

* 3 X 7 X b< h inches = 1848 sq. inches. 

And the triangle *OD i» half an equilateral triangle : f so Chat since 

* ‘ # OD = 2 Finches, AD = 21 Jii inches. 

* t 

•. area of the triangle AOB =21 x 21 ^3 sq. inches 
= 763-8 sq. inches, nearly. 

C 

Area of the segment = sector - triangle c 
^ ~ 1848 - 763-8 sq. inches 
- lfl84*2sq. inches . 




Y 1 1 1 1 SEGMENTS OF A CIRCLE. 79 

. . * • 1 

1 ' 56. The following ex*mtole* will i(Justrat^ a method of 

finding approximately the area of a segment, 

(i) wh#n the chord and rmlius outlie circle^are given; 
^ii^ wlien the ^/tord^ind height of the segment are given. 

Exabyte i. Find approximately the area of a seffmoiil .cut off by 
a el mrd whose length is 14 inches from a circle of radius 25 inches. 

In the figure of the last article we see that 
* O D = sj 25 a - 7 2 - 2# inches, 


. 4he triangle AOB AB . OD 

1 •• 


- x 14 - 2t - 168 *q. filches. 
Tfiie areatif the Sector will be found by the formula 


* sector — ^ a rc x rad ius, 

the length of the arc having fipt been afproxiinately#found by the 
formula 

8b - -'2a 


afc — - 


3 . 


[Ait. 51]. 


ftow 


fcnd 


ffhus 


Now 


h - OC 0 D -- 25 - 24 - 1 i ucIl 

% 

lr AD 2 -1 DC J ~49-f 1 - 50 inches. 

• • 

6- 5^2 inches “7-0711 inches. 

8b - 2a 49 >’5688 - 1 4 
t he % ar£ ~ g -= 3 

14*1896 inches. * 

• • 1 

the sector — , arc x radius 

• 2 • 


. x 14*1896 x 25 sip inches# 

- 177*37 sq. inches. 

Finally* lh& segment — sector -Jnangle # * 

= 17^37- 168 sq. inche« 

— 9 *37 sq. inches. # 

[Norn* The area «f the segment thus given is approximate because 
the formula for th. length of the are is approximate. lor the degree 
of aecuraoysee Art. 51. If the required segnlnt is greater than a semi- 
circle, find the area of the covjvgate segment, and subtract it from t*e 
area of (he ^hole circle.] 
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Example ii. JFifid approximat^y j)ie area of a segment 'whose ' 
chord is 14 indies, and height 1 incli. 

Here we must first fi^d the radius. 

5 2 = 7 2 + 1 2 = 50 sq.. inches. 

( 1 ■»’ 5=5 J2 inches. 

And since b^-2hr [Art. 40], r~ 25. 

From this point proceed as in the last Example. 


*57. If 0 is the circular measure )f the angle AOB, it 
will l>e seen from Arts. 54, 26, that 

area of s> <ior ~ r'B, . 


area of triangle ~ ~ r~ sin 6 ) 


.‘. ana of segment ~ sector - triangle 
o ^ r l B — ~r 2 sin 0 

' --- ~r 2 (0 - sin 0). ‘ 


, " EXAMPLES. VIII. B. 

The Area of Segments of Circle, s. 

[. Elementary and Higher Course.] 

t. 

. O-yO 

( > 

1. Find the aPea of a segment of a circle whose chord, 
7 inches in length, subtends a right angle at the centre. 

2. The chord of a segment is 10| inchep long, anu subtends 
an angle of 60° at the centre. Find the area of the segment. 

c 3. Find the area of a segment cut from a circle of radius 
3'5 inches, if the chord sub* ends an angle of 120* at the centre. 
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• * • {Mf>thx)£ of Art. 56.) ^ 

4. Find the area of a, segment whose chord is fd inches and 
radius 25 ii^h^s. 

5. *A % segment is i#it oft’^from a circle of diameter 482 inches 
hv a chyrd*whose length is 24ty niches • find thl aria of the 
segment. 

• 

6. Find Jhe area of a segment, whose cltord is 30 inches and 

height is 8 inches. * * 

7. Find the area of a segment whose chord is 24 inches and 

height 5 inches. ^ * 

lnih'u of xpyment — (0 - sm O'.) 


it = 3* 1410. # 

8.* Find the area of a segment of a circle of radius 10 inches, 
the chord subtending aUthe centre an angle of 7f£. 

9* Find the area of a segment* of a circle of radius 8 inches, 
he chord subtending at the centre an angle of' . , > IW 25'. 

• [sm 38* 25' — *6214.] 


tlie 


10. * Find tFe area of the minor segment cut from a circle of 

radius 1 ft. 3 in. by a chord which subtends at *the centre <m 
affgle of 23 5 4( >' . [sin £3 U 40' = '401 4.] # • 

• / 

11. * A regular pentagon is inscribed in a circle-, of radius 
10 inches : find fhe area of the minor segment cut oft from«the 
circle hy oiffe of the s’des. [sin 72°*= *95 1 1 .] 

12. * ABCD is a square on a stde of 1 inch, anfl from A^and C 
ceTitresn with AB, CB as r^dii, two ares are described from B 
D : find the aFea of the curvilinear figure included l >e tween 


as 
to 

tho two areif. 
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' *SECTlbtf* III. 

PROBLEMS Ojf' CIRCLES, SECTORS, AND SEGMENTS. 

, 58. -The following examples are intended Uriefly as a 

geometrical exercise. Some of the questions require the 
•solution of an algebraical equation and a little work in 
elementary Trigonometry: all will be found t? depend on 
principles proved in Euclid’s Third Rook. 

Example i. Find the area of a circle in- 
scribed in a sector whose angle is 1^0°, and 
whose radius is 10 inches. 

In the adjoining figure C is the centre of 
( .h .inscribed circle, which touches the radii of 
the sector at P and Q, and the arc ^t R. 

Let r be the radius of the inscribed circle. 

Then OR«iOC + CR, 
that is, 10 = C P cosec 60° r r, 

or, 10 -t; cosec t>0° 4 r. 

This equation determines r; hence the area 
of the circle is found. * 

c Exam(4e ii.‘ AB is a line 20 inches in length, and C is its mid^e 
c point. ( On AB, AC and CB semicircles aro described. Find the 
radius of the circle inscribed in the space enclosed by the three semi- 
circles. * 

in the accompanying figure O is 
the centre of the inscribed circle which w p 

touches the thiee semicircles at P, 

6 and ft. 

Then OQ passes through E, the' 
centre of the semicircle AC. 

( , r Euc. hi. 12.] 

Let r be the radius of the inscribed^ 

' oircle. ' 

Then CP = OP + CO = OP+y61»~EC i! ] 

/. 10 = r + 5) a - 

Hence (1 J- r) 8 » (r + 5)? - 5*. 

*From which' inohes, 





VIII.] 


PROBLEMS. 


83 


♦EXAlfPLteS* vni! 0.' 

. * 

pROfti.ffMtf on Circles, Sectors, /|ni> Sk<i 

« • I • 


[{Higher Course.] 

Note. 7T = 3-1416; V2 = 1*4142; a/3 -= 1 '7:120. 

1. A regular hexagon is inscribed in a circle of radius *10 

inches : find (in squaijp inches correct to two decimal places) the 
area of one of the segments lying between tUc circle and the 
hexagon. * 

2. * Fron^the angular points of a square as centres four circles 

are described. Jf «tho side of the square is 8 inches, and the 
radius of eacli circle is 4 inches, find the area of the curvilinear 
figure- included between the circles. ***' * 

3 S Two equal circles each of radius 9 inches toucti each other 
externally, and a common tangent (direct) is # drawn to them. 
Find the area of the space included fietween the circles and the 
tangent. • 

• 4. Three circles of radius 1 foot are priced so that each 
touches the •ther two. Find (to the nearest squire inch) tiie 
area of the euivilinear figure includtil between them. 

# 5. From the angular points »f a regular hexagon ,^s centres 
six equal circles ate ’described. If the side of the hexagon is* 
10 inches and the ra 1ms of each circle is 5 yields, find # the area 
of the figure enclosed between the circles. 

6 * * . • 

6. Tw» equal circles of radius 5 inches are describe?! so 

% that the centre of each is on the circumference of the other. 
Find the area of the curvilinear figure intercepted between 
the two circumferences. • 

7. 'fwo equal circles of radius 5 inches 'intersect so that 

their comrfion* chord is eqyal to their itulius; find (in square 
inches to two decimal places) the area 5f the cfirvilifteai* figure 
intercepted between the twef circumfercm es. * # • 

8. Fiyd the circumference of a circle inscribed in a quadrant 

of a circle whose radius is 8 inches, (live the result in inches, 
eorreet to two places of decimals. ^ 

■ 9. Find the area of a circle inscribed in a sector whose angle 
is (SO 0 and whose radius is 15 inches. * 
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10 . Two equal circles of rtwlipj 2,6 inches touch one another 

externally and a direct common tangent is drawn. Find the 
area of the circle inscribed between the two given circles and 
the tangent. 1 * f 1 , 

11 . Twfj tangbnts at right angles t«. one another aye drawn to 
a circle of radius 14 niches : finh the area of the figure Enclosed, 
lietween the tangents and the circumference. 

12 . Two tangents making an angle 60° with one* another are 
drawn to it circle of radius'll inches : find Jjhe area of the figure 
enclosed between Vhe tangents and the circumference. 

13 . An arc of 90° is cut off from s: circle by a chord 16 inches 

in length. Find the area of the greatest circle tha u can bh in- 
scribed in the segment so formed. < , 

c 'bL', An arc of 60° is cut off by a chord from a circle of radius 
7 inches. Find the circnlnferem^of the greatest circle that can 
be inscribed in the segment so formed. 

15 . Two tangents perpendicular to one another are drawn to 

a circle of radius 10 inches. 'Find the radii of the two circles 
which touch the given circle and the tangents; and find the area 
of the smaller of thbse two circles. r 

c « 1 

16 . If the two tangents Sn Question In were inclined at an 
angle of 120° to one another, find the radii of the two circles 
whibh may be drawn to touch the given circle and the tangents, t 

17 . I^wo equ^ circles of diameter 9 inches touch one another, 
and from tfje point of contact as centre a thirjl t circle of radius 
9 indues is drawn. Find the radius and the area of the circle 
inscribed in either of the two spaces enclosed by the three given 
circles. 

( ( 

18 . T hree equal circles of radius 10 inches are drawn so that 
each touches the \>ther two. Find the radius ^i) of the circle 
circumscribed about thj three given circles, and (p) of the circle 
inscribed in the apace lietween them.' 



• r.ttAPTEtt IX. 


SI MIL Vlt FICl'HKS 


59. Similar fibres may be de.scribed#us figures of the 
same shape, but. not. necessarily of the same she. • 

Thus circles all sizes are similar figures. 

Sectors of fifties whose radii include equal angles are 
similar. *• 

Again the irregularly cifr\ ed boundary' of ;* county and 
its representation oi^a map are similar figures. 

60. Rectilineal figures air similar, or of the same 
shape, when corresponding angles are espial, and corre- 
sponding lines proportional. 


C 



For instance the figures AE)CD, XYZV amsimilar if 

(i) the angles at A, B, C, D are equal* respectively to 

the arises at X, Y, Z, V ; # and if ^ 

(ii) $B : XY BC : YZ - CD : ZV t DA : VX. 

9 * • • • . • • 

61. Thus similarity ^in rectilineal figures includes two 

distinct properties. Two rectilineal figift’es of more than 
three siejes might possess one of these properties and not 
the other, but they would not then be of the same shape. 
In the case of *trianyles } however, Euclid shews [vi. 4, 5] 
that if one element of similarity exists, the other mqpt 
necessarily exist also. 
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That is to say, in the tidangles ABC, XYZ if the angles’ at 
A, B, C are respectively equal to the angles at X, Y, Z, then 


AB : XY BC : YZ 1 - CA : ZX. [jEuc. VI. 4.] 

i 

^ And if the triangles are such that 

AB : XY= BC : YZ = CA : ZX, 


then the angles at A, B, C are respectively equal to the 
angles at X, Y, Z. [Rue. vi f 5.] 


62. The adjoining figure illus- 
trates a case of frequent occurrence. 

Jlere^ABC* is a triangle a*id XY 
•is drawn parallel to the bast; BC. 

Then it is cfiear thatf, the angles 
of the triangle ABC are severally 
equal to those of the triangle AXY 
[Euc. I. 29]; 



hence * AB : AX - BC : XY =*-- AC : AY. # [Eu^ VI.” 4.] 


i t « 

63^ Another imjtortant proportion arises from the 
fc figure of the las j ‘article. Euclitl proves [vi. 2] that a 
straight line drawn parallel to a side of a triangle divides 
the other two sides proportionally. That is *to say*, 

fX : XB - AY : YC. 

Also AB ; px =- AC : CY, 
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64. We will now sh<*v \\o$ these pi^ncii^les may be 
applied. * 

Example i* In the figure If Art. 62, the sid£s of the triangle ABC 
are known. ^AB=51 iiflches,£C = 20 inches, CA - 3F7 inAies. If AX 
Treasures' 34 inches, find the other tides of the triangle ¥ AXT v 

XY : BC = AX : AB, 

XY _ 3 1 # 

2° ~ :>I ‘ 

im hes -131 inches. 

51 


We ha\" 


Again, 


AY : AC--: AX ; AB, 


or 


AY _ 34 
37 * 61- 


AY — ^ y -- — 243 inches. 


• Example ii. A man, wishing to asceitain tile height of a tower, 
fixes a staff vertically in the ground at a distance of 27*feet fiom the 
tower. Then, retiring 3 feet fartliei fr&m the tower ho sees the lop of 
the staff in lifle with the top of the tower. If the observer's eye 
Mid the top of the staff are respectively 5 ft. 4 in. aiTd 12 feet above 
the ground, find the’ height of the tower. , < 


In the adjoining figure AB represen ts # thc 
tower, EF the skiff, and CD the olverver in 
his final position. # # 

DQH is a horizontal line drawn from the 
observer’s eye. • 

Then# DQ=GE= HA ±5$ feet; 

• HD = r.0feft; FG=G$feet; 

GD = 3 ftet. * • 

And BH : HD = FG * GD, 



. 1 1 1 

•C E A 


or 


BH__C| 
30 “ 3 * 


BH = 66$feet. 

Hence tile height of the tower = 66§*f 5^=72 feet. 
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1 i * , 

65. The areas of similar] rectilineal figures are propor- 
tional to the squares of corresponding sides. Euc. vr. 20. 


The areas of siiuilar curvilinear figures are proportional 
to the squares ^/* any corresponding liner that may he \ drawn 
in them. { ,r ( 


For example, the areas of circles are proportional to 
the squares of their diameters. , 

Example i. The sides of a triangle a f XB 21 inches, 20 inches, 
and 13 inches. Find the area of a similar triangle whose sides are 
to the corresponding sides of the fiistip the ratio 25 : 3. 

Area of given triangle — J s (.>, - a) (/? h) ( s - c) = J'fi x G x 7 x 14 
= 9 x2 x 7 s j. inches. 4 


required triangle given trianqle — 'i’A : 3 '-’. 

. required triangle — x given triangle 

_ 25 x 2o ^ x .jx7 sq. inches 

1 4 = 8750 sq. inches. ( 

Example*) li. In Vt survey (pap an estate of 144 acre's is represented 
by a quadrilateral A BCD. If the diagonal AC is G, inches, and the 
perpendiculars, from B and D tl on AC are 1*8 inches and *9 inch 
k respectively, on what scale was the map drawn?, 1 

Area of plan\\B\JD- * AC x (sum of offsets) 

• - •. «. 

i> l 

= x fi 2*7 sq. in. — -ft’,1 sq. in. 


Hence 8 # 1 h<j* inches represent! 1440 sq. chains. 

* H48 1G00 . 

1 sq. lhch represents ^ sq. chains. 

4 . . . \ *, 40' . 1760* . 

1 hnea r, inch represents chains — yards. 

4 

That is, the scale is six inches to the mile. 


* Example iii. Witl/.n a given regular hexagon, drawn on a side of 
40 inches, a second hexagon is inscribed by joining the middle points 
of the sides taken in order. «Find the ai*a of the inscribed figure. 
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In the diagram, AB, AC ar^consedhtive 
sides of a hexagon, and EF the sine ol the 
inscribed hexagon obtainA by joining E, F 
the middle points of AB, ACJ 

EF 2. EG* EG. 


Then 


A% 2.AE AE 


\-sin<iO 


And 


x/3 

2 * 

inscribed hexaj^pn /EF\- :> 

given hexagorA \AB/ t 



But the area of the givm*l*ex.igon, being six times the area of an 
equilateral triangle the same side, may be found by Art. 25 to be 
259-81 sq. inches.^ • 


the area of the i numbed hesauon — ' x 259 -Hi sq. inches 

1 • 

« 

= 194*85 sq. inches 


EXAMPLES.® IX. 

O.N S I M 1 1 j A K* Kl ( U T R KS. 

[AY ementartf and fla/her ('om'sei [ 

* * {Sides and Lines.) 

• - 

1. The triangle* ABC is right-angled at C; and from P, a 
point in the hypotenuse AB, PQ»is drawn parallel to BC. 

(i) ^ If AP — 21 inches^ PB — inches, ayd AQ— 18 i n olios : 

find QC. * 

(ii) *tf^Q=]-2f) indies, AP = 2 W5 mcl»s, ayd fcC -10 

inches : find PB. • • 

(iii) Jf AC = 8*75 inches, PB 2*25 nn-fies, and GtC= 1 *75 
inches : fyid AP* 

(iv) If AB r T7*G inches, AC- 14*4 inches, and QC = 5*4 

inches : find AP. % 

(v) If BC = 12i inches, AC = 30 inches, and PQ— 5 inched: 

find AQ and AP. * 
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(vi) If BC = 12.inches,QCp 2f* inches, and PQ= 2*4 inches : 
find AQ and AB. 0 

(vii) If BC = 7 '.nches, PB =20 inches, and PQ— 14 inches : 

find AP arid AC. * Vt " ' «. 

(viii N r F #C — 12 inches' AQ = 7 inches, and QC«'-28 inches : 
find PB. 

(ix) If AP = 5ft. 8 in., PB = 11 ft. 4 in., and PQ=2ft. 8 in.: 
find QC. 

2. A man, wishing to ascertain tho with of an impassable 
canal, takes two rods 3 feet and 5 feet in length. The shorter 
he fixes vertically on ono bank, and* then retires at right angles 
to the canal, until on resting the other rol vertically oil’ tho 
ground, he sees the ends of the two rods m a hue with the remote 
bank. The distance between the rods he finds to be 60 feet. 
What is the width of the canal 1 

3. A man, wishing to ascertain the height of a tower, fixes 
a rod 11 feet in length vertically m the h round at a distance of 
80 feet from tlie tower. On retiring 10 feet further from the 
tower, he sees the top of the' rod in a line with the top of the 
tower. If the observer’s eye is f>£ feet above tho ground, find 
the height of the tbwer. 

4. A man whose heiglft is 6 feet, standing 32 feet from a 
lamp-post, observes that his shadow’ cast by tho light at the top 
is 8 feet*. in length. How higVi is the ligfrt above the ground, 

‘ and* how long would be tho shadow of a boy 5 feet in height 
standing 20 feeWroiii the post ! 

& A man 6 feet in height, standing 15 feet fro t m a lamp- 
post, observes that his shadow cast by th<$ light at tho top is 
6 feet in length : how long would his shadow be if he were to 
approaejh 8 feet biearer to the post ? , 

* 0 v 

6. The triangle ABC is right-angled at C ; and CA' is drawn 
perpendicular to AB , A C' is drawn ffom A' perpendicular to BC. 
If AC A: 5 kichetf, ami B6 = G§ inches ; find CA' and A'C'. 

* » 

* # 7. In'the triangle ABC, AB = 9 inchos, BC = 8 inches, and 
C*A— 7 inches. In AB a point P is taken 2 infches from A, and 
PQ is drawn parallel to EC. Find tho lengths of PQ and QC. 
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• I 1 • 

• * 8. *ln a triangle ABC, is the perpendicular from A on 
■ BC ; and through X, a point in* AD, a line is dra^n parallel to 
BC meeting the other s4des in P, Q. If BC- 9 inches, AD = 8« 
inches and DX?=3 inches. (Kind tl?e lengtlf of PQ. , 

• • * * ‘ 4 

9. In tl*B triangle ABC® AD is the perpendicular diawn from 
A to BC; and through X, a point*in AD, a line is drawn ’parallel 
to BC, meeting the other sides in P, Q. If AB = 13 inches, BC = 14 
inches, CA — 15 inches, and DX— 3 inches, find the sides of the 
triangle APQff « • 

t i 

10. With the figure? of Question 9, if AB — 29 inches* BC — 36 
inches, A = 25 inches, and,pX = 4 inches, find the sides of the 
triangle APQ, # 

11. * A persofl standing due South of a light-house observes 

that his shadow, cast by the light at the top, is 24 feet lsag.' 
On walking 300 feet due East, (je finds li» shadow tq be 30 feet 
Supposing him to be 6 feet high, find the height of the light 
above the ground. • * 

12. * A person standing due Scftith of a light-house observes 
that his shadow, cast by the light a? the toj)* is 23 feet long. 
On walking 240 feet due East he finds his snadow to be 28 ft. 
9 in. SuppoSIng his height to be T^ft. 9 in.® find the height of 
the light abovq the ground. 


(Areas.) 

13. The area of an equilateral triangje on "a iCise of 10 inches 
is approximately 43 3 square inches; find the area 8f an equi- 
lateral triangle on a base of 2 inches. 

14. The area of a regular hexagon on a sid^ of 12 inches is 

appipximately 374T2 square inches; find the area of a. similar 
figure on*a base gf 2 inches. • • 

15. The# sides of a triangle are 25 fe#t, 17 feet and 12 feet. 

Find the area of another triangle whosi sides #re respectively 
one-third of those of the fir.ft. * * 

16. ABC and # XYZ are two similar triangles whose areas 
are respectively 245 and 5 square inches. If AB = 21 inches, 
find XY. 
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17. ABC is a triangle rigfit-angljd at C ; and from X, a point 
in AB, XY is r drawn parallel to BC. If AB = 17 inches, BC — 15 

‘ inches, and AY = 2 implies, fin^i the area' of the trie.ng’o AXY. 

18. ABC is a triangle right-angled at C, ; and from X, a point 
in AB, XY i^ cVrawn parallel to BC'. If AC = 7 infdies, BC--24 
inches, and AX = 5 inches, find the area of the triangle AXY. 

, 19. In the triangle ABC, AB = 29 inches, BC^-36 inches, 
CA — 25 inches. From i\ point X in AB a line’XY is drawn 
parallel to BC. If AX — 5’8 inches, find the area of the triangle 
AXY. f , * 4 

20. In the triangle ABC, AB^-'21 chains, BC-17 chains, 

CA — 10 chains. From a point X in AB produced* a line XY is 
drawn parallel to BC to meet AC produced' at Y. If AX = 105 

.chains, find the acreage of the triangle AXY. 

(Plans and >S rains.) 

21. The ground-plan of a house drawn to a scale of one inch 
to 15 feet is represented l>)'-a rectangle 8 inches by 6 inches. 

What area is cowered bv the basement of the house? 

( * » 

22. Tn the plan of an estate drawn to the scald of six inches 

to the mile, a field is represented by a square op a side of *75 

inch. Find the acreage of the field. 

« % * * < 

1 23. What is the perimeter of a field if m the ordnance survey 

map of 25 inoly\s .to the mile it is represented by a square con- 
taining 6*^5 square inchts* , 4 

24. In a plan, drawn to the scale of 2,2 inches tt) the mile, 
a plot of ground is represented by a quadrilateral A BCD. If AC" 
is 1 1 inches, and the }>erpendici.lars drawn from B and D on AC 

' are reflectively 6 inches and 5 inches, find the re^»t of the 
ground at £2. 1 (W. an acre. 

25. # A Jield «of 9 acijes is represented in a plan by a triangle 
whose sides are 25,47 and 12 incne.% On what scale is the plan 

• drawn, and what length will be represented by 80 inches ? 

26. In a survey map an estate of 512 acres is represented by 

a quadrilateral A BCD. If AC is 20 inches, and, the perpendiculars 
from B and D on AC .fc 24 and 26 inches respectively, on what 
^palc was the map drawn? Give the result in inches to the 
mile. * * 
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• 9 • • 

27. A trtangle ABC is divnied into two equStl jjhrts by' a • 

straight lino XY drawn parallel to the baso BC. If AB = 100 
Jiiolios, find AX. ^ > 

28. A tritingle ABC is divided in%> three equal pants by two 
lines XX' and YY' dr;»wn parallel to BC. If.AB = l(X) inches, 

find AX and AY. * * 

• 

29. . In the triangle A^d, AB = 13 inches, BC=14 inches, 
AC = 1 f> inclies. Pd is drawn parallel to BC, cutting the other 
sides at P and (ft. * If the perpendicular distance between PQ 
and BC is 3 inches, find the area of the triangle APQ. 

30. In the triangle ABC, A® = 25 feet, BC -29 fret, AC = 30 
feet, XY is drawn parallel to AC cutting the other sides at X 
and Y. If the perpendicular distance between* XY and AC is 
4 foot, find the area of the triangleJBXY. 

31. In a given square, a. square is inscribed by joining in 

of-der the misfile points of the sides. In the inscribed square 
another square is inscribed in a similar way, and so on. If the 
side of the given square is 16 inches, lind the area of the first 
inscribed square, also of the eighth inscribed squaft. • * 

32. In a given triangle a similar triangjo inscribed by 
joining the middle ] mints of the sides. In tins inscribed triangle 
another similar <i1angle is inscribed in like manner, *and s<*on. 
What fraction of tl|e given triaijglo is the area of the sixth 

^inscribed triangle l 

i • 

33* In a circle of radius 32 inches an equilateral triangle is 
inscribed^Rnd in. this triangle a circle. In tl»s circle an equi- 
lateral triaygle is again inscribed, and ii^ the triangle a circle. 
If this process is continued, find the agea of tl^e fo^rth^circle 
(counting from the given oqp),*and find which of the circles has 
an area of 31 square inches. • 

34. Tn»a circle of radius 16 inches, a regular hexagon is 
inscrilied, and in fjJiiS hexagon a circlo. In this circle a regular 
hexagon is again inscrilied, and in the he^igon a circle. If this 
process is continued, find the area of the fifth circle (counting 
from the giv^n one), and of the fourty hexagon. 
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ON HK< illicit POLYGONS. 

. 66. Definitions : 

(i) A polygon is a rectilineal iigu,yo of more than four 
sides. 


A polygon of tire sides is 

yelled a Pentagon, 

,, star sides 

,, 

Hjxagon, 

,, seven sides 

,, 

Heptagon, 

r \, eight sides 

,, 

Octagon, 

,, vote sides 

,, 

Nonagon, 

„ ten sides 


Decagon, 

,, eleven sides 


Undecagon, 

„ twelve sides 

„ 

Dodecagon, 

,, j fifteen sides 

„ 

Quindecagon. 


(ii) A^polygon is said to he regular when its sides aie 
all equal, and its hngles sve all equal. 

(iii) A circle is said to be circumscribed about a 
polygon when the circumference of the circle passes 
through the apgqlar points of the polygon. 

(iv) A circle is said to be inscribed in p polygon .when 
the circumference touches each side of the polygon. 

67. By the method of Euc. tv. 13 it may be shewn 
that ^ 

(i) the bisectors of the angles of a regular polygon meet 

at a p nnt * * - k 

(ii) the perpendiculars drawn from this point to the 
sides are all equal; and the lines joining this point to the 
Vertices are all equal : 

(iii) hence the pfint at which the bisectors of the angles 

intersect is the centre both of the inscribed and circumscribed 
circles , 4 
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# It I 1 

* ) 

• * For example, let AB, |C, CD, 

DE be consecutive sides of a 
regular pojy&on of n* sides; aqd 
let tie length of Jits side, 

and r, R the rod a of* the in- 
scribed ana circumscribed circles : 
then 

(i) the .bisectors of the angles 

at A, B, C, D, ... meet # at a point O. 

% 

(ii) # OA OB - OC --- ... R. 

(iy) OPjThe }^‘rp r . from O on AB) OQ ... ?- r. 

(iv) The tryuigles AOB, BOC, .. are all equal. 

(v) Each of the angles AOB, BOC tl»e pirt-of 

four right angles, or ’ ^ ^ 

° ° ’ n 

• 

68. To find the area of a ^ reijular poly <) on oj n sides, 

having given the length of the side and of the, per pert licular 
from the central point on a side. • 

The are? of the polygon - n x^iroa of *AOBC* 
nx\ BC . OQ 

y side x perpendicular. 

69. To firtd'the area of a regular polygon oj* from *5 to 

12 sides, taring given • 

(i) the length (a) of one ty.de ; i 

or (!i) jhe radius (r) of tjie inscri/n d circ/g ; 
or (iii) tty radius (R ) of the circumscribed circle. 

In the Table of the next article *refe # r td the* nufnbers 
corresponding to the assisted type of polygon. 

The ajea of the polygon is found by multiplying 
d 2 by tjie* number given in column (i), 

■»* > («). 
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Example. Find the area of ij regular octagon on a side of 10 inches. 

The number corresponding to an octaqon in column (i) of the 
Table is 4-82843. < 

• area of octagon = 10 2 , 4*82843 

,v= 482-843 sq. inches. 


*70. To find for muhe for the. arm. of a regular polygon 
of n sides in terms of (i) a side , (ii) the radius of the inscribed 
circle , (iii) the radius of the circumscribe l circle. 

With the figure and notation of Art. 66, wo have 

OQ — BQ rot BOQ, 

a ISO" 

or r - - cot 

„ 2 n 


(i) The a»-ea of the polygon u . 1, BC . OQ 


. a . ; cot 


180° 


n 1 So 
& a \ cot , 

I tv 


r (ii) The area of the polygon u . JOQ . BC 


t . r '2r*tan 

2 ISO' 

= r x n tan 


' 180“ 


(iii) The area of jhe polygon — n . A BOC 0 

, -n . JOB . OC sin BOC 


n 2 . 360° 

= »■ R ■ «»»* 

A 


„ n . 360° 
= R x - sin 

z 


n 
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. * \ 

The values of the muftipljertf ' 

n 180°, x 180” n *36(/ 

• f cot , V\ tan — | — , f In, — 

* , 4 n 9 n 2 r n 

• * i * 

are tabule^ed beloW fo* regular polygons Af,fi*oiji 5 to 12 
sides inclusive. * 


Table for calculating the area of a regular polygon, having gitfen 
(i) a side, (ii) the radius of the inscribed* circle, (iii) the radius of the 
circumscribed circle. * , 


• 


( P. 

(h) 

(«i) 

• 

Name of 
Polygon 

No. 
c t 1 

sides 

n 

Multiply a 3 by 

n 180° 

. cot 

4 n 

. _ 

Multiply r 2 by 

. 180° 
n tan - 

n 

Multiply E a by 

n . 300° 

* - sin - - 

2 # n 

Pentagon 

5 

.1-72048 

3-63271 

2-37764 

Hexagon 

6 

2-59808 

| 3-46410 * 

2-59808 

Heptagon 

7 

3-63391 

f 3-37100 

2-73641 

Octagon 

8 

4-82843 

• 3-31371 t 

2-82843 

Nonagon 

9 

0-18182 * 

3-2757C* 

2-89254 

Decagon J 

10 

7-09421 

3-2492^ 

'• 2-93893 

Undecagon 

11 

. 9-36504 

• 3-22994 

2-97352 

Dodecagon 

•12 

11-19015 

» 

3-21539 

3-00000 

r j • 


• t 

71. The following example will illustrate the method 
of Art. 68. 

• I 

Example, Find the area of the circle inscribed in a regular 
decagon whose side is 14 inches. % 

ftefer<iing to tjie figure of Art. 67, 

OQ=BQcot BOQ. 

or, r~ 7 fcot 18°. 

t 

22 • 

Area of inscribed circle = irx? = -- x 7 a cot 3 18 


= 22 x 7 x 


5 +J5 


3 - 

g=22x7 x (5 + 2*/6) = 1458-jfl sq. inches nearly. 



98 ELEMENTARY MENSURATION. [CHA1*. 

EXAMPLES. X. 

Ov Regular Polygons. 

[Elementary Course.] 

1. rind the area of a regular pentagon on a side of ft inches, 
giving the result in square inches true to the second decimal 
place. 

2. Fi: d the area of a , regular decagon on a side" of 8 inches. 
Give the result t' the nearest hundredth < .7 a square inch. 

3. f ind the area of a regular heptagon inscribed in a circle 
of radius 6 inchos. 

4 . Find the value (to the nearest penny) of a regular 
hexagonal sheet of metal on a side of 4 tee*,, at the rate of 
12a. 3 d. a square yard. 

5 . If it costs £16. 13s. 47. o fence m a regular octagonal 
enclosure at the rate of 12s. (if/, a yard, what would it cost to 
pave it at 3s. 47. a square foot ? 

6. Find to the nearest hundredth of an inch the radius of a 
circle whose area, is equal »/> that of a regular hexagon on a side 
of 11 indies, (ir — ty.) 


[Ihy/trr Course.]* 

( ' 7 . Kind to the nearest hundredth of an inch the perpen- 
dicular distance between the opposite sides of a regular hexagon 
whose side is Id in dies. 

8 . A Regular octagon is formed by cutting cff the corners of 
a square whose side is 8 inches. Find the side of the octagon. 

9. Find to the nearest hundredth of an inch the side of a 
dodecagon inscribed in a circle of radius 12 inches. 

10 . Find the area of a circle circumscribed about a regular 
octagon on a sido of 7 inches, (n = i y i .) 

ll.i The area of a dodecagon is 300 square inches ; find the 
radius of the circle" circumscribed about it. 

12 . Find the area of the circular ring bounded by the inscribed 
and circumscribed ciicles of a regular hexagon, the length of 
whose side is 20 inches. («■ *= 3*1416.) £ 

And shew that the area of the circular ring bounded by the 
(inscribed and circumscribed circles of a regular polygon on a 
given side is the same whatever be the number of sides. 
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13. About a hexagonal enclosure whose side isjj4 feet runs a 
I>i>th of uniform width. If the width of tho path is 3 feet, find # 
its area. 1 


14. Tho basin of a fouiitain is a regulatf polygon of n sides, 
each side bging a feet in length ; find round it? runs gx path of 
liniform width. Find a trigonometrical expression to give the 
area of the path, ft' its width is b feet. 

15. In a circle of radius 7 inches a regular octagon is in- 
scribed, and a circle is inscribed in tile octagon. Find tho area 
of the inscribed circle %> the nearest hundredth «of a square inch. 
{rr=T-) 

16. The dilference between a regular dodecagon and a hexagon 
on the same base is f l 13'4 square inches. Find the length of the 
base. [Take \/^~V732.] 

17. The difference between the ai eas of a regular octagon and 
a square inscrilied in the same circle is 82*8 square inches. Find 
the radius of the circle.^ [Tako s/'i = 1 *41 4.] 

18. Calculate the area of the square formed by joining the 
middle points of the alternate sidedof a regular octagon on a side 

of 8 inches. . * * 

e 

19. Calcq^ite the area of the equilateral triangle formed by 
joining the middle poyits of the alternate sides of a regular 
hexagon whos* side is 40 inches. 

t * 

o20. A regular polygon of u sides is formed by joftiing the m 
middle points of alternate sides of a polygon of 2 n sides. If the 
side of the latter polygon is <t inches, find an* expression to give 
(i) the side of former polygon, (n) its area, (iii) the ar^i of 
its inscribe circle. 

• 21. In a circle of radius 10 inches, a regular hexagon is 
inscribed, and a circle is inscribed m the hexago*. Within this 
circle a second hexagon is tjrnwn, and in the hexagon a circle. 
If this p/ocess i:t continued, ad infinitum, find the sum of tho 
areas of all ihe^hexagons so drawn. • 

22. In a circle of radius r,* a regular po\ygo?i of *n sicles is 
inscribed, and a circle is inscribed in the polygon. In this circle 
a second regular polygon is drawn, and in the polygon a circle. 
If this process is continued, ad infinitum* find the sum of the 
areas of all the circles. 
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CHAPTER Xl 

1 IRREGULAR RECTILINEAL FIGURES.*' THE FJEI^O-BOOK. 

1 i 1 * 

HE'O'flON 1. 

AREAS. 

72. Rectilineal figures may always be divided into 
triangles and quadrilaterals whose am can be separately 
found by the methods of Chapters lv. and v. The sum of 
the results so obtained will be the area of the given figure. 

Example i. Calculate the aiea of the figure ABODE from the 
following data. The angles at B and D are right uigles : 

A B— 12 inches, DE = 1) inches, 

BC = 5’ inches, EA = 14 inched} 

CD = 12 inches. 

Here AC = Jw t- 5 2 = 13 inches ; 
and C E = Jl 2 2 -Ml 2 = 15 inches. 

(i) The aABC = *. ABxBC 

« • i. 

4 1 

= . 12 x 5 = 110 sq. in. 

“So 

<ii) The a CDE= * . CD x DE = i . 12 x 9 = 54 Sip in. 

(iii) The a ACE = n /» (* -a) (« ~ b) (s -c) = 84 sq. in. » 

the area #f the figure ABODE = 168 sq. inches. 

73. In practice irregular rectilineal figures are most 
commonly sub-divided by means # of a base-Jine (or chain’ 
line) 1 and off&ts,from it. The diagram given below will 
illustrate the method. 

Two vertices (A aniiD in the figure) are chosen as stations, and 
joined by a line called the base-line. From the remainirig vertioes of 
the figure perpendiculars (known as offsets) "are drawn to the base- 
line. The figure is th^fc divided into right-angled triangles and right - 
Wangled trapezium , whose areas may be separately found if we know 
the lengths of the offsets an<J of the various seotions of the base-line. 





(ii) Twice triangle AQB AQ x Q£- 1040 x 200 sq. links 

^-*208000 sq,*links. 

DR AD AR- 175 links. ° # 

(iii) Twice triangle DfRE DR x RE — 475 x 250 sq. links 

# • = 1 18760 sq. lihks. , 

DS - AD - AS = 295 links 

* * 

(iv) Twice trpnigle DSC = DS x SC —205 x 500 sq. lir^s 

9 # — 147500 sq. links, 

PR - AR - AP- 300 links. 

• i 

^r) Tjyice trapezium PRE£ - PR (PF + RE) = 300 x 1100 sq. links 
- 330000 sq. links * 

QS = AS-£Q = 340 links. 

• • 

(vi) Twice trapezium QSCB-QS (QB + SC)«fc340 x 700sq. links 
= 238000 sq# links. 

By addition, taice the whole figure* 1807250 sq. links; 
the required area *903625 sq. link < l=*9 , 03025 acres 
= 9ae Or. 6p. nearly. 
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74 . When the given figure approximates in shape to 4 
triangle or (^adri lateral, more than one chain-line is intro- 
duced; and insets, V s we ^ a,s offsets, dre used, yi £he manner 
illustrated by the figure given below. • . 

Here the if regular ligu'I , e > ABCC/EF approxin^ ites to tlie 
form or a right-angled triangle EAC, tli€j area of whic-h 
must first be calculated. From this area the triangles 
derived from the inxuts XB, ZD must be subtracted; and 
the triarfgle derived frdm the offset Y f F must be added to 
the result. r ' 

Example. Calculate the area of 4 the enclosure ABCDEF from 
the accompanying plan, having given the following measurements : 

the angle ACE is o right angle; 

„ AC -050 links, 

CE= 720 links, 

BX ==. 90 links, 

DZ = 50 links, 

FY = 120 links. 

Here E A - JCW + C E- 

= N /(650) a H-(7‘i6) ii 

‘ • -970 links. 

(i) Twice trvngte ACE = AC x CE=650 x 720 sq. links 
t = 468000 s<£. |inks. 

(li) Twice triangle ABC = AQ x BX =650 x 90 sq. links' 

= 58500 sq. links. 

(iii) Twice triangle C D E = C E x D Z = 720 x 60 sq. links 
< =36000 sq. links. ' 

(iv| Twice triangle EFA = EA x FY =970 x 120 sq. r lin , Ks 
• *—116400 sq. links. 

tt 

Hence adding the results of (i) and (iv), and tubtracting the results 
of (ii) and (iii) we have * *■ t 

twice required figure = 489900 sq. link/=4 ’899 acres; 

.•. required area = 2-4495 acres 

= 2ac. ir. 32 p. nearly. 


E 



X..] 


IRREGULAR RECTILINEAL F^IGURKtt. 


EXAMPLES. XI. 

t * 


V 


Irregular* Rectilineal Figures 


[ Elementary and Higher (W/x] 

1, In I he irregular hexagon 
ABCDEF, it is given that the 
angles at B, C» and F are right 
angles, and 

AB = 35 feet, DE — 1G fetf, 

BC-- 12 feet, E&=24 feet, 

CD — 12 feet, FA— 45 feet # 

Find the area in square feet.. 


2. Calculate t^e area of t?»o figure 
ABODE from the following data. 

AB = 12 in. ; the L ABC a right angle ; 
BC = 5 in., 

CD = 14 # in* 

AD = 15 in. ; the L ADE & right angle ; 
DE = 8 in. , 

• • 

(live the result in square feet and 
square inches. 
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Vi 

3. Calculate the Jtl'e a of the figurtj ABODE 
from the following measurements : r 

. mB== 13 ft., EA = l f , ft., 

BC = 51 ft., AD = 21 ft., 

CD = 37 ft., BD---20 ft., 

DE = 10,ft. 

Give tli<i result in square yards and feet 



4. Calculate the acreage « >f the figure 
ABODE from the following measurements : 

AB = 290 links,' E A = 3(50 links, 

BC = 300 links, BE = 250 links, • 

, CD =280 links, BD = 260 links, 

DE = 170 links. 



" 5. Calculate the ajea of the figure 
ABODE, from the following measurements, 
where XE, VB, ZD ar.5 oft-sets from Ap. 

AX = 6 yds., XE = 4yds.,* 

XZ =8 yds., YB = 8 yds., 

ZC = 2yds., ZD«=4yds, 
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• 6. Calculate the area of 1 the figure 

ABCDEF from the measurements given 
below ; XF, YB f YE and 2?D Veing onsets 
from AC. • » 


AC = 18\>yds., 
AX = 50 yds.,* 
XY = 70 yds., 
YZ =30 yds., 
ZC — 30 yds. 


' XF=G0 yd#.,* 
YE =40 yds., 

YB = 50 yds., 

= 80 yds., * 

i 



A 


7 . Find in square # yards the are* 
the figure ABCDE, having given 

AB = 13 yards, 

BD = 14 yards, ' 
DA=15 y^trds, 

CX = 2 yards, 

EY= 2^ards. 



8. Cficulate^the area of a fiold, of 
Which the adjoining diagram is a plan, 
from the fallowing measurements. J 

AC = 2900 links, BX = 100 links, 
CE=.2500 lir\ks, DY = 400’links, t 

EA = 3600 links,* FZ =950 links. 

Give the result in acres, roods, and** 
the nearest pole. 

• • 
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9. Calculate the area of* the figure 
ABCDEFGHv f rom t the following data : 

* the angles ABE, AH ^ are righ,t angles ; 

t AB- 7 yards, ' 

i BE -24 yards, 1 . 

** • EH ~ 20 yards, 

, HA 15 yards; * 

p and q «are the middle points of BE 
and EH ; i* 



CX — DY, and FZ - GV. 


E •< 


SECTION If. 


Til?’ FIELD- HOOK.* 


*75. On?: of the most important practical uses to which 
the mensuration of plane figures is put is the survey o£ 
land and thecalculation of areas from ascertained measure- 
ments. From the examples of, the preceding section the 
student will haVe learned how a simple plot of ground with 
rectijjneal boundaries may he sub-divided for tnis purpose 
into triangles ami quadrilateValty; and what measurements 
are likely to be^ieeded. Without entering upon the man- 
ner in which these measurements are actually made in 
practice (as knowledge of this kind is«most readily gained 
in the field), we will^explain how the surveyor records them 
^n his Field-Book ;* and the beginner will find it a useful 
introduction to his pr^tical work to draw « plans from 
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Seld-book notes in a few H’jnple cases, and to calculate the 
area of the ground represented. 


76. We will first cculsider a plot of ground] surveyed 
hy a single ihain-line ana oft'seis 'from it. * * 

Example 1 . Draw a plan # and calculate tire area of a field from tha 
following notes : » 


The Field-Bootf, 



Links 

• • 


to J)% 

1676 

» 


1380 

500 to C 

• 

to E 250 

1200 



1040 

200 to P> 

to F 860 

^900 


From 

A 

go North 

! » 


tThe Blau. 

D 



The field-book is to be read upicards, beginning rft the lowest line, 
which tells us i* frhis case that the selected chain-lint# runs from 
a station .^due North. • 

• The centro column of the field-book refers to measurements made 
from A along the chain-line to the points from fhich the offsets 
spriifg: the columns on the right and left refer to the lengths of 
offsets to tne righlf and left of Die chain-line. * 

Thus to ^ra#v a plan from the field-boolf, we first lay down the 
chain-line AT) to represent a direction due* No\;th itom 51 . In AD 
we take AP of sufficient lengtfi to represent 900 Unks on some fixed 
scale. From P wo draw an offffot.PF to the left of such length as will 
represent 8£0 links on the same scale. The* offsets QB , RE, SG are 
to be drawn in a similar manner : and then the point I) is determined 
bo that AD may represent 1675 links. The boundary AFEDCBA is 
now filled in, and the plan is complete. *• 

For the calculation of the area, see \rt. 73, Ex. 1. 
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77 . When a field is surveyed by means of a triangle, 
as in the eiiunple given below, three chain-lines are used, 
and the offsets fiom each are (recorded ir the manner 
already explained. 

✓ 

Example. Draw a plan of a field from the following notes ; 

The Field-Book. The Plan. 


Dinks 1 


to A 



2500 



1800 

250 

0 

1450 


300 

1100 « 


From 

C 

range to A 


to G 



2900 



2450 

450 


''00 

450 

r 



From 

B 

turn left to G 


to B 



3600 


280 

2650 



2220 

0 


1720 

320 

From 

L'v 

go East 

JL. 



The horizontal lines in the 
field-book separate the notes refer- 
ring to the several chain-lines. 
Thus the field-book shews three 
chain-lines AB , BC, CA, which 
must first be drawn : their lengths 
are to represent respectively 8600 
links, 2900 links and. 2500 links. 
This triangle is drawn by the method 
of Euc. Bk. i. Prop. 22 ; and the 
entry “from B turn left to G” 
shews that the triangle • ; s to be on 
the left of AB, looking from A to B. 

The offsets from the chain-lines 
hre now to be laid down as explained 
in .the last Example, it being ob- 
served that the entry 0 (as an offset) 
indicates a point at which the 
boundary crosses the chain-line. 

. The area of the figure may now 
be calculated in the manner ex- 
plained in Art. 74. v 
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EXAMPLES XI. B 

‘ i , 

The Field-Book. , 

* 1 * • 

l/Clcmentarif aud'Hiyher <'onr*>.] 


1. Draw the plan am* calculate tin 

area of a field from tjie 

following notes : 

t 

Links 

• 


to B | 



5 20 


to K 80 

'440 


# 

220 

110 to C * 


■* 


to D 120 

150 » 

* 

From i 

1 *i 

go Noj-th • 


. 

• * 

• 

2. Draw the plan, ami < 

raleulate the area of a field from thft 

following notes : 

Links 

• 



to B 


* 

■ 550 



! . 500 • 

A0 to I) • 


’ . H10 

1 i6o tor 

to E 200 

• 

| 180 


From 

i a 

j — 

gft N.E. 



no 
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3. Draw th£ plan, and calculate tlie area of 
following notes : 

V 

( 

“Links ' 



to B 

H 


1200 

r 

" 

1(K)0 

| 200 

HO 

825 


0 

000 

■ f 

40 

350 

220 

From 

J 

B" *)' 

4. Draw the, plan, and ■ 
following field-hoo?- , 

calculate the area of 


‘ Links 


1 

to D 



720 

n 


-650 

400 tc G 

♦ to/s’30 

025 


' . 0 

120 * 


( 

! 

250 |' 

20 to F 

425 to li 


0 

0 “ 

From j 

A 1 

go N.W. 


^ 1 
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• 5 . Draw the plan, and calculate the area of field from the 
following notes ; ^ 


» jLitiks 


, 

.'to© . 


45 

1 mf 

1100 


810 


45 

500 

V*' 

\o 

240 


45 

t 0 

1 100 

•From 

i » 

oi 

range North to 0 

6 . Draw a plan and calculate the area of a field, surveyed by 
a right-angled triangle A B( \ one side of wh/tli, CA, is a boundary, 
of the held. The tield-book is as follows • 

# 

Links 

0 


to A * | 

. 


1700 ; 

i 

Frwn 

' :• 

range to A 

• 

to <7* j 



800 1 


• 

400 

05 

lfr< >m 

n . j 

go North 


to B 



* 1500 



1100 1 

180 1 



24(5 * 

From 

• A 

go Fast* 

• 

1 

• 


Note. The line,/^ need not theoietically be measured, as the 
angle ABC is a right angle; but it is usuai f to measure more lines 
than are absolutely neoessary to serve as a check ou the accuracy o£ 
previous metymrements and calculation^ 
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7. Praw a plait, and calculate the area of a field, surveyed 
by means of a triangle ABC, from the following notes : 

Links 



to A 



370 



300 

40 


120 

35 

• From 

C 

range to A 


to C 


U ' ; 

200 

\ 

i 

128 

45 

From 

B 

I 

turn left 


1 

to B 



510 



301 

22 


250 

0 


157 

24 

From 

A 

go N.E. 



¥ 

PART* 'IT. 

j 

THE MENSURATION OF SOLID FKHFRES. 


CHAPTER XIT 

INTRODUCTORY. 

78. Definitions. 1. Parallel planes are such as do 
not meet though produced. , 

The floor and ceiling of a loom 'are parallel planes ; so are each 
pair of opposed sides. , * 

2. A straight line is said to be perpendicular to a plane, 
\^ien it makes right angles with every straight liiw which 
meets it in that plane. 

The meaning of this definition 
becomes clear, if Ve imagine a rod 
PQ fixed in the ground, and a 
plumber of straight lines such as 
QA, QB, QC, &c. } drawn from the, 
foot of the rod in various directions 
on the groi/hd. Thus for PQ tib be 
perpendioular to the ground, the 
angles PQA, IPQB, PQC, &o., must 
be all right angles. * 

3. A solid figure, or solid, is that wlfich has length, 

breadth, apd thickness. • 

4. A solid is*b$unded by one or more surfaces. 

If the surfaces bounding a solid are plane* they are called faces** 
and the bounding lines of the faces are called edges. 

5. E. M. 
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5. A cube is a solid boundtfi by six equal square faces 
c ( 

Ti _ L 

It will fie seen from the figure that^. opposite 
faces of a cube are parallel, autlj that a cube lias 
twelve equal edges. 


6. A cub**, of which each edge ii one inch in length, 
is called a cubic inch. Similarly, if each edge of a cube 
measures one foot, or one yard* it is called a cubic foot, or 
cubic yard. 

7. The^volume, or content, of a solid figure is the 
space contained within its bounding surfaces. 

The volume of a solid is* measured by the number of 
times it cent ins some specified cubic unit, such as a cubic 
inch, or a cubic foot f 

Tahles. 

79. The following Abies are thdse chiefly used in the 
Afensujatioh of Solid Figu i*es. 

I. 1728 4or«12 3 ) cubic inches - 1 cubic foot, 

• 27 (or 3 s ) cubic feet ~ 1 cubic. yard. 

II. A cubic foot of pure water weighs nearly 100Q, 
ounces Avoiit, or more near’y 62 J lbs. 

The actual wqiglit of a cubic foot' of water (correct to the nearest 
thousandth of an ounce) is 097* 1<J7 ounces. 

III. ' A' gallon c holds TO lbs. Avoir, of pure water. 
Hence it may be calculated that 

(i) 1 gallon Contains nearly 277| cubic inches, 

(ii) 1 cubic foot contains nearly 6 ^'gallons. 

* The actual content of 1 gallon (correct to the nearest thousandth 
of a cubic inch) is 277*274 cubic inches. [See Prefatory Note.] 
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* * * The Metric System. 

, In the Metric System the unit of length is tbf approximately 

39-3708 inches* ' • , f 

A de Amelia, centimetre , millimetre are respectively A, , 10 > os 
of a metre. , * 1 . * * * . 

• The unit of *qhime is the cubic metre. 

The unit of capacity is the litre, or Vubic decimetre. The unit (if 
weight is the gramme, naihely the weight of a cubic centimetre *ol 
pure water. $ # 

Note. Since 1 metr# — 39*3708 inches, it may l/b found that 
(i)» 1 cubic metre = 35 *31 cubic feet = 220*1 gallons * 

(p) 1 li^re=61j027 cubic inches = *2201 gallons. 

And remembering that the weight of one gallon of water is 10 lbs. 
Avoir., or 70,000 grains; it may be calculated that tho weight of one 
cubic centimetre of water, i.e. the gramme , is 1.5*432 grains. 


Cube JJoot. 


80. As certain questions ir. Solid Mensuration require 
the extraction of a cube root, an •example, of the method, 
fully worked out, is given beloV for refer^ice. 

Find the cube root of*38l078T25 • 


720 x 5 x 3 = 

• 5’“ = 



313 

14700 

420 

4 

38078 

15124 

30«118 

1555200 

10800 

V 

7830125 

• 

1506025 

| 7830125 


• . | 

Note. The periods, each consisting oT three digits? are to be 
marked off from the decimal floint each way. Tl^is to find the cube 
root of 19*02073, 0520, *000(/t)0045, we begin by marking off the 
periods as, follows:— 19-026 730, T152 600, • 000 000 015. Observe 
that each period furni«hes one digit to the cube root. 

If more than three significant digits ar£*equired in the result, it 
is generally better to work the example by the Table of Logarithms, tfti 
illustrated ii} Chapter xxm. • 
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Find t ( he cube rooYs of , < 

1. , lb -974593. 2. -000012167! 

.3. -000000125. '* 4. 3j. , ' ’ 

b. 18f r 6. 1 50 ,J2. 


CHAPTER X1U. 

THE REOTANHULAtt SOLID AND CUBE. 

81. Definition. A recuangular solid is a body 
bounded by , six rectangular faces, opposite faces being 
equal and parallel. 


Fig. i. Fig. ii. 

E 



A a B 


Fig. i. represents a rectangular solid, of which AB m the length, 
AC tho breadth, i.nd AD the height. It is bounded by six rectangular 
faces, of which the opposite faces ABGD, CHEF art equal and 
parallel: sj also are the opposite faces ABHC and DGEF; and 
similarly the face ACFD is equal and parallel to the opposite face 
BHEG. 

A rectangular solid ' which has its length, breadth, -and height 
equal {as in fig. ii) is a cube. 

. 

Note. The name cioold has lately been applied to a rectangular 
i*olid whose length, breadth and height are not all equal. 

V [Hayward’s Solid Geometry.] 
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• ' 82: To find the who^ surface of a rectangular solid, 
tve must tidd together the areas of the six rectangular faces. 

Thus if* the length *AB*- a units, the breadth ACJ = b , ancf 
the height AD = c, ^ ^ 

then each cr^he faces ABHC, Dfc^F contains ah square unify; 

Similarly ASGD, CHEF each contain ac square uftits; 
and ACFD, BHEG each *ontain be square units. 

Hence (i) the whole surface of ike rectangular solid 
-*2 ab 4- lac 4 2 be sq. units % 

-- 2 [yh *F ac + be) sq. units. 

it each*edge ftf the cube = a units, then each of its six 
faces contains A 2 Square units ; 

hence (ii) the whole surface of a cube - h? 2 squat e limits. 

If a room is a feet long, i) feet wide, and c feet high, it 
follows that , 

the area of the four walls == 'lac 4 - Ibc square feet 

Is (a 4 b) square feet. 

* • 

Exempt ^ Find in square feet the whole surface of p. rectangular 
block of stone ’whose length is 2 yds $2 ft., brtMth 1 yd. 1 ft. , and 
height 9 inches. 

m Here a = 8 feet, b — i feet, and c = £ foot. 

Surface of rectangular block — '2 (ab + ac + bc) 

. = 2 (8 x 4 4- 8 x £ 1*4 >f£) sq. feet 

• * -2 (32 4 - (>4-3) sq. ft. =82 Iq. feet r 

Example ii. HoW many yards* of paper 22 inches wide are 
required for the walls of a room 15 ft. 4 in. long, 14 ft. 8 in. wide, and 
11 ffcet high? * # 

Here # * . a = l5$ft.,!>.= 14& ft., c = ll ft.# 

Area of four walls — 2 c (a 4- ft) • 

= 2 x 11#(15l4- 14$ sq.Jfeet* - 

* 22 x 18 

= 22 * 3,0 sq. ft. -- — -- sq. yards. 

But width of paper = 22 inches *=H yard. 

length of paper required^* area gf paper-i-width 

22 x id 11 , , # 

= yds- =* 120 yards . 9 
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Example iii. The whole surface of f cube is 6 sq. ft. 6 sq. in. ; find 
he length of e^ch edge. 

The surface of the kibe = 6a 2 „ ( 

*■ . 6d 2 — 720 sq. inches, 

' a 2 ^=121 sq. in. ; so| hat a = Vl2i = lJ infhes. 

* Example iv. The area cf the floor of a room' is 210 square feet, 
and the area of the four walls is 609 square feet. If the height is 
10 ft. 6 in., find the length and breadth. 

Here c = 10^ ft/, and it is required to find *t and b. 

6iven the area of floor = 210 sq. ft. ; ab = 210 ... < .. (i) 

and area of four walls- 609 sq. ft.;’ 2c (a, + b) -009 , (ii). 

Substituting in (ii) the value of c, we have 
, a + b - 29, 

and ‘ v - «/>=210. 

Hence a ~ 15 feet, » = 1 4 feet. 

83. To find the volume of a rectangular solid , multiply 
together the number of linear units in the length , breadth , 
and height , and tfie result mill be the number of cubic units 
in the volupie. ^ t t 

For example, if a rectangular solid is 5 feet long, 4 feet wide, and 
3 fe£t high, the volume is 5 x 4 x 3=60 cubic feet. 

The reason of this may be thus explaine 1. ' 


Fig. i. Fig. ii. 



Let A BCD he f rectangular solid, whose length AB is 6 feet, 
breadth AC 4 feet, and height AD 3 feet: then by reference to fig. i, 
it will be seen that the \solid may be divided into three eflual slices , 
each one foot thick. And each slice may be subdivided (as in fig. ii. ) 
into cubical blocks, whos^iedger, are one foot, that' Is, into cubic feet. 

o Now the number of cubic feet in one slice is 5x4: so that the 
number of cubic feet in the whole solid is 5 x 4 x 3, or 60 t , 
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* ’ Thus if a rectangular %olid measures a *units in length, 
b units in breadth , and c units in height, its volume contains 
abc cubic units. * » . * 

And'\f there, are* a linear units in the* edge of a cube, its 
volume conti ims a x a \ a, or a *)pdbic units. * » 

These stateiifents may bo thus ^bridged : ' ‘ 

the volume of a rectangular solid - length x breadth x height »; 
the, volume o f a cube --- (edge) 3 . ,, , 

Example. A rectangular tank measures internally 8 feet m length, 

6 feet in"breadth, and 2 ft. 4 ly. in depth : how many gallons will it 
hold, sppposin^ 1 cubic foot Contains gallons’ 

The volume of t^ie Jank — length x Ineadth x depth 
8 x (5 x 2 J cubic feet. 

,\ the capacity of the tank = 8 x 6 x V 0£ gallons • 

• -700 gallons. * 

84. Given the volume of a rectangular solid and two 
of its dimensums, to find the th ird, dimension. 

It was shewn in the hist Article, that * 
the volume of*a rectai^/ular solid § length >* breadth x height. 


I [once the he i (fid - 


length x breadth area of base 


Example i. 'Find the height of a rectangular solid whose volume 
is 7 c. ft. 864 c. ill.,* length 4 feet, and breadth 1 ft. 3 in. * 4 

Here tfie volume —7 c. ft. 864 c. ifi. = 7^ c ft. 

4>t /^/-«= r . *■ nin - 

, • length x breadth 4x1^ 

« • 

Example ^i. A rectangular tank holds tons of water: if it is 
32 feet long an?l 4 feet wide, fin£ its depth ; supposing c. rfoot of 
water weighs 1000 oz. • 

Total weight of water— 12^ !ons— 448000 oz. 

the volume of the tank = 448000—1000 c. ft. 

• * =448 c. ft. 

B»t d< P tk=, -T7 „ =4^*‘o‘= 3(t - 6iti - 

r lengthy, breadth d‘? k x4 
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85. Suppose a closed box, fvhich measures externally 

a inches long b ipches wide, and c inches high, is made of 
wood k inches thick. , * ' , , 

(i) 'J'hen the internal dimensions are as follows : — 

length = a -- 2k ; bread tk - b — 2k ; height - 2k. 

Hence the interned surface may be found by the formula 
of Art. 82. 

(ii) 'The number of cubic inches the capacity of the 
box = (a - 2k) (t> - 2k) (c - 2k). 

(iii) The number of cubic 'inches of material used in 
the construction of the box - abc- (a - 2k) (b - 2k) (c - 2k). 

* Example. ■ A zinc cistern (open at the top) measures externally 
3 ft. 3 ir . long, 2 ft>* in. broad, and 2ft. 1 in. deep, and its capacity 
is 75 gallons If the bottom of tly' cistern is 1 inch thick, find the 
thickness of the sides. (Given 1 c. foot-fij gallons.) 

Let x be tne required thickness, expressed as the fraction of a 
foot. Then the internal dimensions are respectively (3| - 2x) feet, 

- 2x ) feet, an<L2 feet. 

Hence the capacity is (3| - 2x) (2| - 2x) x 2 cubic fee|, 
or \3£ - 2a?) (>^ - 2x) 2 x gallons. 

Hence (3£ - 2x) (2| - 2x) 2 x 6* = 75, 

or,' (13 -8x)(9-8x)=9& 

Solving this quadratic, and selecting the positive root, we have 
8x = l; hence foot- H inch. 

86. Given the volume of a cube, to find the length of its 
edge . 

If there are a linear units in the edge of a c]ube, it has 
been shewn that its volume contains a s units of solid 
measure. Thus if $ denotes the number of cubic units 
in the volume, 

a 8 * V L 



Hence the number of linear units in the %dge is found by 
poking the cube rooc of the number of cubic units in the 
volume. 
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* Example . Find (to the nearest inch) the edge of a cubical cistern 
'capable of containing 1000 gallons, supposing 1 gallon^ 277*274 oubic 

i j * 

r 

lay 274 000 

w 


indies. 

* i 

Here V = 2f 7*274 x 1000 c. jn. 

= 277274 c. in. * 
And <i = ^/v*> 

= v^277274 in. * 

= 65 in. nearly. 


10800 

(60)XfiX.S- 000 

* 5*= 20 

11725 

(«5pO)*x3- 1267600 


58625 

2^49000 


*87* To find the diagonal of a rectangular solid when 
the diniensions are (five n. * 1 



Let AGF he a rectangular solid, whose length, breadth, 
f^id height are respectively a, B and c units. ‘ • * 

It is required to find the length of tlu^ diagonal AE. 

The A ABN* is* right-angled at B, * r 

.*. AH 8 =r AB 2 +feH a 6 2 (i), 

and .the A AH E is right-angled* at H, # 

.'. # AE* = AH* + EH* - a^-b' + c* (ii), 

• •_ 

*. the diagonal AE - Ja' 2 **- b\+ c 2 * • * 

Note. In a cube the length,, breadth and* h&ght are all equal; 
hence if the length of each edge is a units, . 

the diagonal = «/a 2 + a 2 + a 2 * V 3a? = aVs. 
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6V Kectanchtlab Solids. 


[ Elemnjtary Course.]* 
(Surfaces.) 


, 1. Find the number of square fe<5t m the surface of a rect- 
angular sqjid whose length is 20 feet, breadth 15 feet, height 
10 feet. < , ‘‘ 


2 . Find in square feet the surface of a cube whose edges 

measure 4 feet. " „ 

3. Find the surface of a rectangular so(id» whose length is 
12 feet, breadth 5 ft. 4 in., height 5 ft. 3 in. 

4. Find, in square feet the ^surface of a cubo whose edges 
measure 4 ft. 6 in. 

5 . Find tlie cost of painting the outside of a chest whose 
length is 7 ft. 6 in., breadth (>°ft. 8 in., and height 6 feet, at the 
rate of Ad. a square yard. 

6. Find the surface (iu square yards and squartf xeot) of the 
four walls of a room 20 feet ibng, 12 feet wide, 10 feet high. 


7. Find the cost of papering tiie four vails of a room whos# 
length is 20 ft. 0 in., breadth 15 ft. 6 in., and height 11 ft. 3 in., 
at 8 d. a square yird 

8 A room 20 feet long, Hi feet wide, and 1C) feet high, con- 
tains a door 8 feet high and 4 feet wide, and two ''windows 
each measuring f> feet by 3 feet : what area of paper will be 
required to covd* the walls? 

9 . How many yards of paper 2 ft. 4 in. wide are required 
for the walls of a roojn 23 ft. 3 in. long, 18 ft. 9 im. wide, and 
14 feetrhiglj? , 

10 . Find the dost of papering a, mom 17 ft. 4 in. long, 12 feet 
8 in. broad, and 12 feet high, with paper 2 feet wide at 7 \d. a 
yard. 

11 . It costs 19s. 9kd. to fiaper the walls of^a room 19 ft. 4 in.- 
l^ng, 10 ft. 8 in. wide, and 9 ft. 6 in. high. Tf the paper is 2 feet 
wide, what is its price per yard ? 
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6 12 . ’A cubical chest, each ,jdge of which measures externally 
5 feet 5 in., is made of deal one inch thick. What,are its inner 
dimensions ? Find its inner surface in squarf/feetf. 

13 . A 1 cl it's t whose external length, breadth, and height are 
respectively 5 ft. 9 in., 4 4 ft* 3 in , ^nd 3 ft. 3 in., is mftdp of deal 
1| inches thick.'VAVhat are its inner dimensions? Find the cost* 
of lining it with tntn metal ;lt the rate of 8 d. per square foot.' 

14 . The external dimensions of a chest are 4 ft. (1 in.*, 

3 ft. 8 in. and 4 ft. 2 jn. : if the wood of which it if/ made is 

one inch thick, find the* cost, of painting it insula at the rate of 
8c/. per dozen square feet. * 

15 . ■ A rodni 20 feet long by IG broad is to be panelled to a 
height of G feet, *iiy>wmg f> feet for the width of a door and 

4 ft. 6 in. for a fireplace. How many panels a yard long and 15 

inches wide will be required? . * * 

16 . What is the length of *tho edge of a cube whose Bur- 

face is • ^ 

(l) 9 sq. ft. 54 sq. in t 

(ii) 15 sq. yds. 0 sq. ft. 54 sq. in. » 

17 . It U. H<7. to paint the surface of a cy.be at the 
rate of 3*. for 13 square .feet. Find t>e length # of each edgo. 


( Volumes.) 

♦ * 

((trmn 4/tt'. dimension . «, to find the volume.) 

* i 

i 18. Find the volume of the rectangular solids in which 

(i) the length is 8 feofy the breadth f> feet, and the 
height 5 ft^ik, 

(ii) i^he length is 6 ft. 8 in., the bjeadtfi 5 ft. 3 in., and 

the height 2 feet. * * • # * 

19. Find the volume of the cubes in which each edge 
measures 

(f) 6 ft. 6 in., (ii) 3 yds. ^2 ft. 3 in. 

20. Find the value of a rectangular Jdock of metal whose 
dimensions are 8 feet, 5 feet and 3 feet, at tie rate of 17.*. 6a?. per* 
cubic foot, « 
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21. How many gallons are contained in a cubical vessel 
which measles internally 4 feet in length, breadth and depth, 
supposing 1 cuoic'f <ot to contain 6£ gallons? , , 

22. A rectangular tank is 16'«feet long, 8 feet wide, and 

7 feet deep : how many tons d * water will it hold > [1 cubic foot 
of water weighs 1000 oz.] „ / 

23. How long will it take to dig a trench 180 yards long, 
10 feet wide, and 14 feet deep, if 30 tons of earth are removed in 
a day? [1 cubic foot of earth weighs 021 lbs.] 

24 . “A brick (with mortar) occupies a space 9 inches long, 
44 inches broad, and 3 inches high. How many bricks will 
lie required for a wall 30 yards long, 6 feet high, and 13| 
inches thick? 

25. ” The dimelh’ons of a cistern are— length 5 ft. 4 in., 
breadth 4 ft. 6 in., depth 1 yard. How many gallons of water is 
it capable of containing? [1 cubic foot contains 6J- gallons.] 

(Given the volume and two dimensions , to Jind the third.) 

26. Find the height of the rectangular solid in,^ 7 hioh 

(i) the volume is 792 cubic iuchcn, the length 11 inches, 
and the breadth 9 inches, 

(iiy the volume is 3 c. ft. 1296 c.’in., the length 2 feet, 
and the breadth 1 ft. 6 in., 

(iii) the volume is 50 cubic feet, and tljp area of the base 
9 sq. ft. 54 sq. in. 

27. What must be the depth of a tank whose base is a 
square on a sido of 1 yard, if it holds as much water as a second 
tank of which the dimensions are 4 ft. 6 in., 2 ft* 3 in., and 
lft. 4 in.? 

28 A rectangular block of metal whose dimensions are 
1 ft. 6 in., 1 foot, and 10 inches, is + hrown into a cistern partly 
full of water : if 'the cistern stands on a base 2 ft. 6 in. bv 
1 ft. 4 in. and the block is completely immersed, how high will 
it cause the surface of the water to rise? 

29. A tank, the () :rea bf whose base is 9J square feet, is 
capable of containing 60 gallons of water : fina its depth to the 
nearest inch. [1 gallon = 277^ cubio inches nearly.] 
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EXAMPLES. XIII. B. 

On RacTiNGULA^R SolidI" 

' [ Higher (Hoy.rse.\ 

{Surfaces.), 

1. Find the edge of a cube having a surface equal to the sum 

of the surfac&s of two cubes whose edges are 120 irjches and 
209 inches. * , > 

2. 1*110 sides of a box* are $ inch thick, and the lid and 
bottom are oijc iuch £hiek. If the outer dimensions are length 
4 ft. 7 in., breadth ^ ft. 5 in., height 3 ft. 2 in., find the interior 
surface in square Tect. 

3. A cubical chest, measuring extern" 1 !*/ < 2 ft. 7 ii/. along 
each edge, is built of wood of ^uniform thickuess. *If its total 
inner surface is 37J sq. ft., what is the thickness of the wood! 

4. A closed box is made of wood of uniform thickness. Its 

external dimensions are 11 inches, ft inches apd 7 inches, and 
its inner surface is 286 square intdies ; find th£ thickness of the 
wood. , 

, # 

5. A room is 12^ feet high, and it is half as long again 
m it is broad. If th£ area of the four walls is 875 sqiyire feet, 
find the length and breadth. 

6. A rooifi is 20 ft. 3 in. long by J5 ft* 9 in. wide; if the 
cost of painting its four walls at the rate of 3d. per s<5uare $ird 
is £1. 7$. /find the height of the room. 

7 . The dimensions of a rectangular solid sfQ proportional 

to 3* 4, aqd,5. If the whole surface contains 2350 square inches, 
find the length, breadth, and* height. » 

* *. * 

8. The surface of a rectangular solid is lj>00»squ$re inches ; 

if its length and breadth are* respectively 1 ft. 3 in. and 1 ft. 2 in., 
find its height. * , > 

9. Th*e whole surface of a rectangular solid contains 1224 

square feet, and *the four vertical .faces together contain 744 
square feet. If the height is 12 feet£#find the length and 
breadth. * 
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10 . A rectangular solid stands on a square base, and its . 
whole surface, contains 1292 square feet; if the height is 10 ft. 

6 in., find the i erofoUbung dimension;?. « , , 

11 . The wholfc surface of a rectangular solid contains 724 
square feet; t}<o area of thcf base is 132 square feet, and one 
.of the .vertical faces contains J 10 square feet y mid the length, 
breadCh, and height. 

( Volumes.) 

Note. In Ike following examples supuosc 1 cubic foot of water 
weighs 1000 oz.; 1 gallon — 277 ‘27) cubic inches. 

12 . What must be the depth of a tank whose internal length 

and breadth are 5 ft. 4 in. and 5 ft. 3 in., in order that it may 
hold a ton of water? ■’ • 

13 . A cLteruwith vertical sides stands upon a rectangular 
base measuring inuh sally 6 ft. 8 in. long, 3 ft. 9 in. broad, and 2 
feet deep /find to the nearest second in what time it will be 
filled by a pipe which admits 10 gallons -a minute. 

14 . A thousand gallons, are poured into a cistern whose base 
is a square, filling it to a depth of 18 inches. Find (to the 
nearest inch) theqlength and breadth of the cistern. 

15 . Water fit ws mto^a rectangular tank ‘through a pipe 
which admits 15 gallons per minute. ’Find approximately at 
wfyat rate (m inches per hour) the water will rise in the tank, 
if the dimensions of its base are 24 feet ai'Al 18 feet. 

16 . A closed box, whose external dimensions are 4 ft. 8 in., 

4 ft. 2 in r and 2 ft. 6 in., is made of deal one inch thick. Find 
tli# weight of the box given that 1 cubic foot of deal weighs 912 
ounces. 

17 . A rectangular zinc cistern (open at the top) measures 
externally 2 ft. 8 in. long, 1 ft. 9 in. broad, and 1 ft. 4k in. deep. 
If the metal is h inch thick, find the weight of the cistern 
(to the nearest pound), and find also its total wejgh* when filled 
withevatef. [1 c\ibic foot of zinc weighs 7215 oz.'] 

18 . A cubical block of ice, each edge of which is 3 feet, 
is placed in an empty tank, and when the ice has melted it 
is found that the water is 15 inches deep. If the tank stands 
upon a square base, find (to the nearest hundredth of an inch) 
its length and breadth* [N.U. The volume of ice is greater than 
<the volume of the same weight of water; suppose 1 cubic foot 
of ice weighs 930 oz. and 1 cubic foot of water weighs 1000 oz.] 
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Questions involving ike extraction of cube roots. 

' 19 . Find the edge of a <;ube equal in vfltnnftPfo a rectangular 
solid whose klAncnsions are 6 ft. 3 >n., 2 ft. G^m., and 1 foot. 

20 . Find (in square Tcet awUinches) the yurfiSbe of a cube 
whose volutndSe 4 c. ft. 1088 c. in. 

^ * 

21 . The edges of a ^rectangular block of granite are pro- 

portional to 2, 3, and f), and its volume is 101 c. ft. 432 c. fn. 
Find its dimensions. * >' 

22 . „ Find (to the nearest tenth of an inch) the dimensions of 
a cubical cistern capable of (ontaining 800 gallons. 

23 . Find (to the nearest hundredth of an inch) the edge 
of a cubical bldbk* of lead weighing one ton, having given that 

1 c. foot of lead weighs 7091 lbs. ... - 

24 . Find the edge of a cubical mass of brass, \Vhose weight 
is equal to that of a rectangular block of iron measuring 2 ft. 3 in. 
long, 1 ft. 4 in. broad, and 12 inches thick. [J cuftfc foot of brass 
weighs 8000 ounces, 1 c. foot of irm weighs 7788 ounces.] 

^ ^ ( Diagonals .) * 

25 . Find the surface and volume ol* a cube, in which the 

diagonal of each face is 1 ft. 3 in. i 

<0 , * 

26 . The volume of a cubo is 4 c. ft. 1088 c. in. ; find the 

length of its diagonal. * 

, * * 

27 . Find trie surface and volume of a cubo whoso diagonal is 

2 ft. 6 iif. 

28 . Find the length and -breadth of a rectangular solid, 
ha\fing &h;en that the diagonal is 13 niches, the height 3 inches, 
and the area of the base is 48 square inches. * 

* • 

29 . The Tliagonal of a rectangular# sola] is, 29 jncLes, and 

its volume is 4032 cubic in»hes; if the thickness is one foot, find 
the length and breadth. * * 

30. The diagonal of a rectangular sotid is 37 inches, and the 

whole surface is ,2352 square inches; shew that the sum of the 
edges is 61 inches. # • - 



CHAPTER X1Y. 


TH’fi PRISM. 

, 88. definition. A prism is a solid boused by plane 

faces of which two, called the ends, are siinilar, equal, and 
parallel figures, .and the other faces are parallelograms. 




Thus in 'the pr’sms represented in the diagram*, the* two faces 
ABODE, abede are the ends ; tue remaining faces, such as AB6a, BC cb, 
<fec., are seen to be parallelograms. The ends of the prisms here repre- 
sented ar§ pentagons, but a prism may have ,for its ends .any recti' 
’ineal figure whatever. Either end, on which the prism may be 
supposed to stand, is called the base. 

The prrm is right , when the edges which *oip corresponding 
vertices of the ends are perpendicular to the ends: if otherwise the 
prism is oblique. Thus jf A a, 3b , Cc, <fcc. are perpendicular to the 
ends the prism is right, and the faces AB ba, BC cb f &o. are rectangles. 
It will be seen thut the edges A a, C b, Cc, &c. are all equal. 

89. To find* the surface and volume of alright prism. 

In the above figifre let AB = a units of length, BC - 6, 
CD = c, <kc.; ahd ret the height ka~h. Let the area of 
the base contain 1 E square units.; and let the perimeter of 
the base -p. 

Then the area of the rectangle AB ba t= ah square units ; 
and the area of the^maming rectangles are respectively 
bhj ch, tfcc. 
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‘ Hence (i) the lateral svjface of prism 

— ah + bh + ch + . . . ^ jps 

' * ~(a + b + c + h square units. / 

~-v (perimeter, J o f base) x height. • 

The whole of prism -lateral surface + area of the eti4s . 

-* =ph + 2E. 

(ii) the volume of prism (area of base ) \X height 
• — Eh cubi<5 units. 

Thus if V denotes the volum'o of the prism, we have 
V = E/i. 


Hence 

That is to say, 


V V 

h — =: and E = — . 

E h 


volume . * . . volume 

height tote ’ arm 0flm ' = height ' 

Example i. The base of a right prism is a triangle whose sides are 
lft. 9 in., 1ft. 8 in., and 1ft. lin.l if the heighi is 8 feet, find the 
whole surfa^aijd volume. 

Here a = 21 inches, hi 20 inches, c = 13 inches. 

,\ the perimeter of the base = 54 inches = 4^ feet. J 

(i) Now lateral surface of prism -{perimeter of base) x height 

• = 4*5x8sq. ft. =&6sq. ft. 

, » __ * , 

Again, # the area of the base — fs .{s- a) (s ~b)(s- c) Arif. 28. 

= s]Wx B~x7 X 14 sq. in. 

- 7 * 

= 126 sq. in. = 5 sq. ft. 

* O ^ 

Hence tbewjwte surface = lateral surface -,'area of two ends^ 

= 36 + 7 sq. ft. = 37| sq. ft/ 

t 4 * § 

(ii) TbjB volume of prim = {area of base) :♦ height 

= |sq. ft.* 8 ft. 

8 # 

=7 cubic feet. 


ft. S. H. 
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Example ii. !The end.s of a granite column are regular hexagoif.-i 
on a side of 5 inches. If the vertical surface is 13 sq. ft. 108 sq. m., 
find the height. ,<« 

Here tlja perimeter — 5 x 6 inches — ‘2 '5 feet/ 

And x ertical surface — [jicrnfa'er of base) x heirjltt 

that.’"- ; 13^ sq. ft. - ~ x height ^ 

Hence, the height — 1 3^ — ]- — ft ft. (5 in. 

Example iii. ’ Water Hows at the rate of 0 inches per second 
through a wooden pipe, whose cross-section is an equilateral triangle. 
If 6 tons of water are passed through’ the pipe in 20 minutes, find the 
dimensions of its section. [1 c. foot of water wC.ghs 1000 oz.] 

Let each side of the equilateral section he 2 in feet; then its 

, ^rea = m 2 N /3 sq. ft. Art. 23. 

In 20 minutes, at the rate of • inches per second, a column of 
water 600 feet in length will have passed ; 

the column of water passed = w B x 600 c. ft. 

. , a . . 4 6x20x112,, 16 t , 

And 6 tons of water - - - ^ c. ft. = 2 15 -0 i c. ft 

" • nr Jh x 600 = 2 1 5-04, * 

it 

« •*. w a = —‘2060... sq. ft • )/i— »/'2069 : '- ‘45 ft. 

^3x600 <. V 

each side of section, or 2 m, - ,( J ft. —10 ‘8 inches. 

«90. A parallelepiped, is a solid bounded by six faces, 
which are all parallelograms, opposite faces being parallel 
and equal. 

t l K- >• Fig. n. 




c It will be seen from the figures that a parallelepiped is a prism of 
which the end* (as well as the lateral faces) are parallelograms. 




* H'HK rillSM. 
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• • A parallelepiped ihay be rectangular, as in fig. »i, or oblique as in * 
. -fig, ii. Methods of finding thl surface and volume of a rectangular 
parallelepiped (or rectangular solid) have already given. 

*91, Rrisms on the same \ase , and between *the same 
parallel planes ha vs eqVtal vohimes. % •** 


That is to -ay, the, volume of an oblique prism i^s-equal 
to that of a right prism on the same base and of the sainv 
height (measured at rigid, angles to the base): 

or, the volume of an % oblique prism ( area of base )* height. 

* ‘ * 

Notk. It may here bt‘ noticed, in anticipation* of what 
follows, that a similar * theorem holds good of cylinders, 
pyramids , and cones. For example* - -The volume of an 
oblique pyramid i& equal to that of a right pyramid on the 
same base and of the same perpendicular .height. % 

Example. Find the volume *>f an oblique parallelepiped, whose 
perpendicular height is feet, the side's of the base being a feet and 
b feet, inclined at an angle A°. ** 

In fig. ii, let AB = u, AC ~b, and ilie peip. height D E — h. 

Then the area of the base — ubsinCAB — uftsiq A. Art. 31. 

And voltonetof parallelepiped — (area^of base) 'tperp. height. 

* - hub sin A. 

» 

m *92. The accompanying figure represents a solid formed 
by cutting a right triangular prism by # 
a plane abc, whjcli is not parallel to the t a. 

base ABC. ’ /A 

The volume of such a figure (called / ! \ 

the oblique frustum of a triaifgular prism) * / ^r\ 

is given by the following formula. % \ 

Volume «= (yrea of base) * # | 

x {the, mean of the lateral edges) Gi. 

1 * . * 

= (arm of base) x -- (A a + B& + Cc) » A B 


* 9—^5 
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"EXAMPLES.- XIV. 

On jPrism^' 

[Elementary Course.'] 

(Surfaces.) 

1. The base of a right prism, 1 ft. 8 ui. high, is an equilateral 

triangle bn a side of ] foot ; find, the area of its rectangular 
faces. ’ 1 {) „ 

2. The base cf a right prism, 2 ft. 3 inc high, is a regular 

pentagon whose side is 1 ft. 4 in. ; find the area of its lateral 
surface. . 

3. Find the cost of polishing the vertical surface of a 
granite colunv^JO feet high, standing on an octagonal base whose 
side is 8 inches, at the rate ofj 1& \tyl. per square foot. 

, (. Surfaces and Volumes.) 

4. The base of a right {'•ism is a right-angled triangle, whose 
sides containing the right angle are 3 inches and 4 inches. If 
the height of the prism is 8 inches, find the volume and the 
whole surface. 

5. A right prism stands upon a triangular base, whose sides 
are f3, 14^ and 15 inches. If the height is 10< inches, find its 
volifine and whole surface, j 

6 . Find the weight of a right prism of silver 5 inches long, 
the ends being trianglos whose sides are 2 ’6 inches, 2-5 inches, and 
1*7 inches. [Gi\en one cubic inch of silver weighs 6*08 ounces.] 

7. A right prism, o inches high, stands upon quadrilateral 
base ABCC. Find’ Its volume and whole surface, if AB=>7 inches, 
BC = 5 inches, CD -4 inches, DA = 4 inches, and the angles at A 
and D are right angles. 

8. The base of a right prism is a trapezium whose parallel 
sides are 11 inches and 7 inches respectively, the distance 
between them being 6 inches ; if the height of the prism is 1 foot, 
find the volume in cubic feet. 
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'^HE 

♦ * 

* '9. 'A trench measures V* feet across the lop, and 11 feet 
* across the bottom, and it has a uniform depth of ; «5 feet. If its 
length is 40 feet, how many gallons of water Vilm hold ? [Given* 
1 cubic foot gallons.] * t • 

• . , * 

10. A tr '^jck has a uniform'* depth of 7 feel, and *it« widtty 

across the top * 8 feet greater than across the bottom'^HT ^ts 
width across the top is 20 feet, ana* its length 16 yards, ho*T 
many tons of water will il hold ? [Given 1 cubic foot of watAr 
weighs 1000 oz.] ^ » • 

11 . .The cost of polishing the vertical surface of a granite 
column is £f). 4a., this being iJt the rate of la. 4 d. per square foot. 
If the cross-section* of the column is a regular nonagon on a 
side of 8 inches, its height. 

12 . The volume of a prism standing on a ,fl £riangula« base is 
3 c. ft. 1116 c. in. If the sides o^the base a/e 3 ft. 1 in*, 2 ft. 11 in., 
and 1 foot, find the height of the prism. 

13 . The weight of a brass prism standing on a triangular 

base is 875 lbs. If the sides of the base are 25 inches, 24 inches, 
and 7 inches, find the height of thb prism, supposing that 1 cubic 
foot of braifr weighs 8000 ounces. » 


• [Higher Course .] , 

(In the following Examples suppose 1 cubic foot % of water weighs 
1000 9z., 1 gallon^ 277 ’25 cubic inches.) * ^ 

I i 

% 14 . The cross-section of a right prism is a quadrilateral 

figure ABCD, in which , i 

AB = 7 inches, BC = 20 inches, CD = 15 inches, JDA= 24 inches, 

and the angles at A and C are right angles. If the height of tho 
prism is 18 inches, find its whole surface hnd toluene. * 1 

15 . The cross-section of' a. right prism is a quadrilateral 
figure ABC*D, in which * 

AB = 9 inches, B®=«*14 inches, 00^13 inches, DA = 12 inches, 

and the angle at A is a right angle. If the # volume is 2070 cubie 
inches, find Jhe height and the surface. 
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1SLEM ENVAKY '.IKNSU RATION. 

16 . A railway cutting, 140 yafJs in length, has a uniform 
depth of 12 fcV t . an^ its dimensions across the top and bottom 
are respectively 84 feet and l;l feet.'’ Fi?id the cost^o/ excavation 
at the rale of half-amrown per ton of earth removed* hav;ug given 
one cubic fiot of earth weighs 92^ IbSf * 

. 17 . ' The whole surface ol a nglif prism obtains 9jr square 
feet, the ends being triangles whose sii^es are 4 ft. 3 in., 3 ft. 1 m., 
ahd 1 ft. 8 in. . lind the height. 

18. The surface of a right prism con tuns 720 square inches, 
and its transverse section is a triangle whose sides are 2, ft. 1 in., 
1 ft. 5 in. ami 1 foot; find the volui'.ie* 

19. A granite pillar whose ends are regular hexagons on a 

side of 1 ft. 2 in. weighs 7 tons. Find its height (to the nearest 
tenth of a foot) Disposing that granite is 2'7 times as heavy as 
water. = l'7320o.] • 

20 . AVatCV'flows at the rate of 30 yards per minute through 
a wooden pipe, whose cross section is a square on a side of 
4 inches. How long would it take to fill a cubical cistern, whose 
internal edge is C. %-t l '' 

21 . Eighteen tons of w.Uer flowing tlrough a wooden pipe at 
the rate of 3^ feet per second, are passed into a tank in half-an- 
hodr. V, the cross-section of the pipe ,is a square, find ifa 

'’dimensions. 

22 . T.be ends of a wooden trough (4 feet in length) are equi- 

lateral triangles, whose upper sides are horizontal. If 9 gallons 
of water arc poured into it, find (to the nearest tenth oi an inch) 
how high the surface of the water will stand above the lower 
edge of the trough. ’ e 

23 . The transverse section of a block of timber is a square 
on a f^ide of one foot, and its length is 5 feet. If the longitudinal 
edges are planted Sown so that the transverse section becomes 
throughout a regtdar octagon, find ( the volume of the remainder. 
What decimal part of the whole block has been cut away ? 

24 . The base of a prism is a right-afig[ed triangle whose 

hypotenuse is 17 incite.. If the height is 1 foot, and the sum of 
the rectangular faces 480 square inches, find the other sides of 
the base. < 
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Till*; KKJHT CLItCCLAK CYLINDER. 


93. Definition. , A right circular cylinder is a solid 
described by the revolution of a rectangle about one of its 
sides which remains fixed. * 

Thus if the rectangle ABCD revolves about*the side AB, it de- 
scribes tlnWyli^der represented in the figure. 

AB is said to be the air is of tlio cyl.fider; 
and the height of a right cylinder is the 
Jjength of its axis. , 

The whole surface of the cylinder con 
sists of the curved surface, described by 
CD, and the t^vo* circular cuds described 
by AD and BC. Either end, on which 
the cylinder nmy be supposed to rej?t, may 
be called its base. 

A. resemblance in character will be ob- 
served bit^een Jdie c\linde£ and prism: 
indeed a cylinder may be loughly described, 
as a prism ^vhcee ends are circular. Accord: 
ingly, the rules for finding tlje surface and 
volume of a cylinder will be found to cor- • 
respond with those already given for the 
prism. , * 

Notk. The rJbove definition refers only to a right circular 
cylinder. Cylinders may exist whose axes*ffe not perpendicular to 
the ends, and whose ends are not circular. Such oylinderi however 
are beyond liie scope of the present text-book. 
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94 . To find the surface and polume of a cylinder. * 

In the figure of, the preceding page let the height AB = h 
frnits of length^and let the /radius AtS of the brsf, - r. 

(i) The curved surface of cyUUder> 

- ( circumference of base) yffeiyht 
-- 27rr'*x h 

- 2-Trrh square units. 

The whole surface of cylinder = curved sur/aee + area of ends 
= 2irrh + 2irr 2 
~2irr\h+ r). ^ # 

(ii) The volume of cylinder ~ [area ofibcese) x height 

' s.-^ - Trr 2 X A 

, = 7 rrVi. cubic units. 


Hence if V denotes the volume of a cylinder, we have 
V = r r a /<. 



Note. The formula which gives the curved surface of a cyh’uder may 
he illustrated by bending round a rectangular piece of paper PQRS 
until the lines PS and CR coincide. In this way th^, paper may be 
made k takfj th% shape of the curved surface of a cylinder; PQ, the 
length of the paper, becoming the circ .inference of the base of the 
cylinder. 

Thus the curved surf cue of cylinder 

ss the area of the rectangular pajper 
= PQ x P,& 

3 (< circumference of cylinder) x height. 
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* ‘Example i. Find the curv<^ surface and voluhie of a oylinder 
'whose height is 1 ft. 2 in., and the diameter of whose base is 1 yard. 

. . y 


Here 




"ft. 


(i) Curved tiurfacf = 2 tt\)i 


1 • 

* o 22 3 7 * rl 

- =2x._ x - x - so. ft. = 11 sq. ft. 

7 2 t> ^ 


(ii) Volume 


— IT fill 
22 

x 

* 7 


•l \ 2 7 . 

' X x C. ft. S ( ^C. ft. 


Example ii. The weight pf «a cylindrical granite column,is 8 tons 
5 cwt., and it* height is 8 ft. 9 in. Find its diameter, supposing 1 
oubic foot of granite weighs 168 lbs. 

The weight of column = 8J tons = 8^ x 20 x 112 lbs. ; 

.-. the volume of columns ^ X V- = HO c.Jt. 

Hence • irr 2 A=110, 

., ho no 

? irh 8£ 

•. r - 2 7eet. 

That is,^he diameter of the cylinde^ is 4 feet. - 

Example iii. From a cylindrical tank 4| feet in diameter water is 
^•awn off at the rate of 1L0 gallons per hour. Find (to the tenth of 
an inch) by how much* the surface would be lowered in 27 minutes,* 
(ir= 3-1416; and 1 gallon = 277-26 cubic inches). # # 

Here r=27 inches; suppose the surface is lowered by h inches. 
Then the cylindnoal mass of water drawn off --= irrVi c. in.; • 

* 27 * 

and this by hypothesis is equal to — x 110 x 277 26 c. in., 

27 * • 

.-. it (27) a ^»=^|X 110x277-26, 


Hence 


h = 


11 x 277*25 


6 x 27 x t r 

= 6 inches nearly. • 


6* 


. 8 6 4768 
Sun |18-S256(5-09.. 
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95. The surface and volumr of a hollow cylinder (open 
at. the ends) ^.re thus found. 

1 ' r • ( 

Let' the height -- A, the external radius % r, ,and the 
thickness,- k ; so that the in tern At radius ~ r — k. 

. ' ' r / 
iy) Then the external curvet} surface SLirrh 

the internal curved, surface - 2ir (r - k) h, 

and each oi the two circular rings, which form the ends 

" 7r?’ 2 — 7T (r - k)~v Art. 42. 

The whole surface is found hy.jadding these results. 

(ii) The volume of material in a hollow cylinder is 
the difference between the volume of a cylinder having the 
given pxternab dimensions, and the volume of a cylinder 
having the intern'd dimensions. Hence the required 
volume is 

irr'h — 7 r (r - kj‘h tt h |r a - (r - A;) 2 }. 

Example (i). find the whole surface of a hollow cylinder, open at 
the ends, if the lev gth is 8 inches, the external diameter 10 inohes, 
and the thickness 2 inches (t= 3*1410) , *' 

* 

Here h — 8 in. ; the external radius — 5 in., and the internal radius 
-3 in. 

<■ t 

External curved surface=27r x 5 x 8=807r sq. in. 

Internal curved surface — 2 tt x 3 x 8-48?r sq. in. , 

The tw< circular rings =2w (5 2 ~ 3 j )=32tt sq. in. 

Hence the whole surface = rr (80 + 48 + 32) sq. in. 

= 100 x ir sq. in =502-05 sq. in. 

[Obs. A point to be noticed in this and the following example is 
that numerical wook is saved by not substituting the value of r until 
the last stage of the wonk is reached.] I4 

Example ii. Find the weight of a* cylindrical iron pipe 64 feet 
long, the external diameter being 2£ it ches, and the thickness $ inch; 
supposing 1 cubic foot o| iron weighs 486 lbs. (tt — 3 *1416). 

Here 7i = 64 ft. =768 inches; external radius = l|inoh; internal 
radius = 1 inch. * 

Hence volume of material in pipe* 768ir j^Y - 1| o. in. 
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, 17 1 .a 

■ 7(*8ir x x c. m M 

O O 


fcYLIlJoER 


130 


3 1416 
17 


* J 17 1 

weight = 7687T x — ^< - >t 

>t n * 

7 r x 17 * 27 


486 ii 

W; 8 . 


His. = 180£ lbs. nearly. 


jt>\ 41 
21 yoj 

53 40 | 
9 

4%) <*i 
3 

811 Hi 93 1 
180 


nonrly 


* Example in. In a •hollow cylmdei, open at bojh ends, theie are 
678*6 cubic inches of material, if the length is 9 inches, and the 
external fliameter 14 inches, firyl the thickness. (7T--314H?.) 

• i 

Hero h - 9in., »*-7in. ; let the thickness — k inches. 

• » 

• 9ir J 7 2 - (7 - ^) 2 } = 078 -6, 


19 - (7 - A-) ,J — 24 nearly, 
25 — (7 - /»• )", 

. r>rr7 -/,*, 
h -2 inches 


678 0 
75 i 
62 832 
12 508 

12 


124 000 



*96. The solid represented in the annexed figure; is 
formed by cutting if right circular cylinder * % , 

by a plane not parallel to the base. Sijch # 
a solid is sometimes called the oblique, 
frustum * of a cylinder. 

The curved surface and volume of this 
solid are equal to those of a •right cylinder * 
having the same base and the mean height 
Cc. ' 

Hence , 

(i) curved surface — t 2vr . Cc — ‘inf x , 

L 


(ii) \olume- 


— 7 rr*». Cc* = 7 


, h x + h 2 
X_ 2~ 


where h^ and denote the greatest ^and least heights. 
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EXAMPLES. ' XV. A. 

t On Jylindkrk. 

[Elementary Course.] ^ 

{In the following Exempt take n~ v*.) 
x - (Surfaces.) 

1. Find the curved surfaces of the cylinders in which 

(i) the radius of the base hs*' 7 inches, and the height 
6 inches. 

(ii) the diameter of the base is 3 ft. 6 in. and the height 
3 ft. 4 in. • j„ 

A 

2. Find the whole surface of the cylinders in which 

(i) thq Radius of the base is 3i inches, and the height 
8 inches. 

(ii) the diameter of. the base is 2 yds. 2 ft. 2 in., and the 
height 1 yd. 1 ft. ^ 

3. The radius of the b *se of a cylinder is 5 inches, and its 
curved surface is 440 square inches ; find its height. 

4 . Tne diameter of a cylindrical granite column is 2 feet, and 
its height is 14 feet ; find the cost of polishing its curved surface 
at the rate of l^GeTper square foot. 

[». How many square yapls are covered in 100 resolutions 
of a cylindrical roller whose length is 4 ft. 6 in., and diameter 
3ft. 6 in.? 

( Volumes^ ' » 

6, Find the volumes of the cylinders in which 

(i) uhe radius of the bai,e is 7 inches, and the height 
5 inches ; 

(ii) the diameter of the base is 3 ft. 6 in., and the height 
3ft. 4in. 

7. Find (in pounds) the weight of a solid iron cylinder 

1 ft. 9 in. long, the diameter of the base being 2 feet ; supposing 
that 1 cubic foot of iron weighs 486f lbs. « 
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' fi c 

• 8 . How many gallons aye contained in a cylindrical tank 
•whose’depth is 2 ft. 4 in., and whoso base is 2$ feet in diameter: 
supposing that 1 cubic fopt=di| gallons? , ^ 

9. Find uhe cost of boding a semi-cylindrical tunnel 30 feet 

in diameter and 88 yards m length) at tlie rate, of 15 s. M. for 
every cubic ya. I excavated. f 

10. Find the heights of the cylinders in which 

(l) the volume is 308 cubic inches, and the radius of the 
base 3T> inches ; *. 

(ii) the volume is 21 c. ft. 1200 c. :n., and the dipmeter of 
the base 1 yard. t ' 

11. A cylindrical tank contains 4400 gallons : hud its depth, 

if tho diameter of its base is 5 ft. 4 in. Suppose 1 cubic foot 
— 6| gallons. n 

12. It costs £343. 15*. to b v ,re a cylindrical ahaftl, at the rate 
of 15*. 9 d. for every cubic yard of rock removed. If the diameter 
of the shaft is 5 ft., what is its depth ? 

13. The volume of a cylinder 14 inches lon^ is equal to that 

of a cube having an edge of II inches. Find^tne radius of the 
cylinder. * , , » 

14. What is the internal diameter of a cylindrical tank 8 feet 

<|eep, if it is capable of containing 5| tons of water \ (1 cubic $x>t 
of water weighs 1000 <>z.) j 


(. Hollow cylinders.) 

J5. Find the surface and volume of a hollow cylinder (open 
at both ends) whose external diameter is 44 inches, thickness 
2 inches, and height 25 inches. 

16. Find (to the nearest lb.) the weight of 14 feet of lead 
piping, whose internal d iamb ter is 1 inch and, thickness J inch. 
Given 1 cubic inch of lead weighs oz. 

17. An iron roller is in the shape of a hollow cylinder whose 
length is 4 feet, external diameter 2 ft, 8 in., and thickness 4 inches. 
Find (in pounds) its weight, supposing dne cubic foot of iron to 
weigh 486 lbs. 
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EXAMPLES. XV. B. 

, On the Cylinder. 
f Higher Course.] 

(In the following Examples take n *f. ) 

1. The radius of tho base of a cylinder is 5 niches, and its 
curved surface r 440 square inches; find the volume. 

2. f lhe diameter of a cylinder is 1 ft. 2 in., and its volume is 
1 c. ft. 11352 o in., find its whole surface m s juare fcet. 

3. The weight of a cylindrical granite column is 8| tons, and 
its diameter is^fcct. If a cubic foot of granite weighs 168 lbs., 
find the'' cost of polishing the cuned surface of tho column at the 
rate of l.s\ iXl. a square foot. *> 

4. Find %A*e curved surface of a cylinder whose height is 
double of its diameter, and \yhosc volume is 539 cubic inches. 

5. How mafiy revolutions are made by a cylindrical roller 
whose length is 4 feet and diameter feet, m rolling a square 
field of 2\ acres V 

6. If the weights of equal volumes of iron and coppor are in 
the* rath*- of 7 : 8, find the edge of a cube of copper equal in weigttt 

( to a solid iron cylinder whose height is 4 inches and diameter 
1 ft. 10 in. * ‘ 

< * ’ 

[In the following Example^ suppose 1 c. foot of water weighs 
1000 oz. ; 1 gallon— 277 *25 c. inches ; tr=3T416.) 

7 . The cylinder of a common pump is 6 inches iri diameter; 

what must be tfye length of beat <5f the piston, if *8 ‘beats are 
needed to raise 10 gallons ? < 

8. 4 A tfubitf inch of gold is ditiwi^ into a wire 1000 yards long. 
Find (to the near® it thousandth of^n inch) the diameter of the 

wire. # 

< • 

9. Water flows through a cylindrical t pipe 2*4 inches in 
internal diameter at th$ rate of 80 feet per minute. Find (to the 
nearest second) how It *ug it would take to fill a vessel capable of 
holding 5 cwt. of water. 
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• *10. - Three bundled and sixty gallons of water are drawn off 
.from a cistern in half-an-liouf'by a cylindrical pipe. If the water 
flows at a uniform rate of 72 feet per minute, fin^ (to the nearest 
hundredth of "-n inch) the internal diameter of tno pipe. 

11 . A reservoir, standing on a base containing ?240 square 
inches, is suppled at a uniform rate by a cylindrical pipe 1*8 inches, 
in diameter. At what rate (m feet per minute) must water flow 
through the pipe, if the depth in the reservoir is increased 8 inches 
in a quarter of an hour ? 

12. From a prism whose length is 10 imhes, and whose 
transverse section is a regular hexagon or a side of 8 inches, the 
greatest possible cylinder ^sf cut having the same axis* as the 
prism. Find (in sqr ire and cubic inches correct to two places of 
decimals) the surface and volume of the cylinder. 

13. A copper wire A inch in diameter is eve; Jy wound about 
a cylinder, whose length is 6 inches and diameter 1)*9 inches, so 
as to cover the curved surface. Find the length and weight of 
the wire, if 1 cubic inch of copper weighs 5*1 <»/. 


(Hollow ([ifUmlrn ' , 

14. Fiqd to the nearest ton what weight of stone will be 
required to brie a sermcyluulvieal feunnel 30 foot ni internal 
diarnotcr and 120 yards long. The lining is to be 15 inches thick, 
and 4 per cent, of the volume of the lining is to be deducted for 
lament. One cubic foot of the stone employed weighs 170 lbs. . 

15. Find (to the nearest tenth of a foot) what ‘length of piping 

U inches in external diameter, and j inch thick, could be made 
from a cubical block of lead whose jnlge is 1 foot. And find the 
weight of 21 feet of such piping, if a cubic foot of lead weighs 
70T1 lbs. j > 

16. TMif volume of melanin a cylindrical tube is 502*656 cubic 

inches. If the fength is 8 inches, and its external diametor 
1 foot, find ?ts4h ickness. t) 

• i J . . 

17. A hollow eylindricafiron roller weighs ,1314^ lbs. ; if its 
length is 4 feet, and its extei-iuil diameter 2 ft. 8 m. ; find its 
thickness, having given 1 cubic foot of iron weighs 486 lbs. 

18. The wholly surface of a cylindrical tube is 264 square 
inches : if its length is 5 inches, and its external radius 4 inches, 
find its thickness. ( Tr*=+f .) 



CHAPTER XVI. 


THE PYRAMID. 

97. Definition. A pyramid is a solid bounded by 
plane faces, of, which one, called the aw, is any rectilineal 
figure, and the rest ere triangles having a common vertex 
at sonm point not in the plane of the base. 

o 

In the pyramid represented in the diagram, the figure ABODE 
is the base; and the triangular faces 
OAB, OBC, have the common 
vertex C. 

A pyramid is said t6 be right , hen 
a perpendicular dropped from the vertex 
on the base Lteets the base at its central 
point ( i.e . the centre of its inscribed or 
circumscribed circle, if the base is a regu- 
lar figure, or the intersection" of its 
diagonals, if the base is a rectangle). 

Thus the pyramid she n in the 
diagram is right, because the perpen- 
dicular OP, drawn to the base from O, 
meets the base at P its central point. 

The perpendicular OP is the height of 
the pyramid; and UQ, which bisects the edge AE at right angles, is 
called the slant height. It is important to obser/e that OP is at 
right angles to any line, such ^9 PQ, drawn in the plane ,of the base 
from P. [Def. 2, Art. 78.] 

The sum of the triangular faces OAB, OBC, OCD, Ac., is .called 
the slant surface of the pyramid. I 11 right pyramid, standing on a 
regular base, the p t Wangles OAB, OBC, OCD, &cj are all equal. 

A- f 

b8. To 'find the surface mid volume of a right pyramid 
standing on a rogvJ,ar base of n /ides. 

In the last figure let each side of the base* a units of 
length ; let the height OP = h } and the flant height OQ = l ; 
and let the area of the base contain E square units. Then 
the perimeter of the base = na. 
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, • • ' * 

Now the slant surface =#i-timeB AO EA 

i • 

• — -na . I squaTe unite ; 

(i) slant surface ofjtyramid * 

• :> (perimeter of base) \ £ slantVieight ). 

• • • 

The whole surface— the sla»t Surface I the area of the base# 

• • 

Again, it may lye shown that the volume of a pyramid is 
on K -T ill HD the volume of the prism on the same base and 
of the same height, * 

• 1 # • 

(ii) volume of pyramid .j (area of base) x height 

\ Eh tfubic units. 

. . 

The volume an oblique pyrafnid is •.Iso given T>y tlie formula 
# * (area of base) x ( perpendicular height). Art. 91. N*te. 

Example, l^nd the slant surface and vofeumf of a pyramid 
21 inches high, standing on a souaie base whose side is tO inches. 

% Here * h = OP -21 inches ; 

a=AD = 40 inches; # 

• i 

l \ * PQ — - A B — 20 itfches. 

From the aC>PQ, right-angled at P, 

OQ a =OP 2 f PQ a =(21) a + f20) a =841. 

OQ (or l) = fsil =29 ifiches. 


Area of aODA=»-^D . OQ 



= ^ x 40 x 29 sq. in. = 580 sq. in. 


S. X. M. 


10 
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Hence (i) the slant surface =4aODA=4x 580 sq. in. 

= 2320 sq. in. 

(ii) The t olume (area of base ) x height 

= ^ (40) 2 x 21 c. in. 

= 11200 c in. 


99. r Definition. A tetrahedron a pyramid on a tri- 
angular base : it is thus contained by four triangular faces. 

In a regular tetrahedron tlfe faces are equal and equi- 
lateral triangles. 




To find the height, surface and volume * of a regular 
tetrahedron whose edge is given. ' w 

Let OABC l)e a regular tetrahedron, each *of whose: 
edges is 2 rw.. 

OP is the perpendicular from O, P being* 1 the central 
point of the equilateral triangle ABC. 

1'heiv. „ 06 = BQ -= m V3 : Art. 25. 

and ' PQ = QCtaa30‘ See fig. ii. 

* v 3 . 

And from the AOPQ, right-angled at P, 

OQ a = OP* + PQ ! ; or, 3m 5 = OP J + ^ . 

3t 
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• • § . § - /a 

Hdnce (i) height OP = 2 m . / - ; 

. 1 V J ' 


(ii^ whole surface - 4 *A ABC =Hw s V r 3; Art. 25 


(iii) volume - . A ABC x OP 

* 


\ , /2 2 / 

' 3 • w * x ' 3 ' \/ 3 : 3 w / -• 


Note.* A regular octahedrqp is a solid 
contained by fight ^qual Unilateral tri - 


It will be seen ^/reference to the figure 
that a regular octahedron consists of two A 
pyramids on opposite sides of a common 
square base ABCD. Hence its Insight and * 
volume may be calculate^ by the method of 
the present article. 



EXAMPLES. £VI. A. 

• On Pyramids. 

« 

| Elementary Course.] 

(Surface*.) 

1. A right pyramid*, 3 feet 4iigb, stands on* a square base 
whos*e side i« 8 feet. Find thf> area of one of the triangular faces. 

• • 

2. Find tl^e whole surface of a right •pyramid of which the 
height is two feet, and the base g, square mi a side l.ft. 8*fn. 

3. Find the slant surfac* of a right p^aifiid one foot high, 
standing on a rectangular basd whose length and breadth are 
5 ft. 10 in. and 10 inches. 

4 . Find the cost of polishing flie slant surface of a right 
pyramid, 6 ft. 5 in. high, standing on a square base, each side 
of which measures 6 feet, at the rate of 9 d. per square foot. 

10 — % 
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( Voluvtes.) 

5. Find thfc- volumes of ^he pyramids in whic|i 

(i) the bale is a square ot^m side of 5 inches, and the 

height 6 indies, « 1 

* (K) tlie base is a rectangle measuring 8 inch,es by 4 inches, 

and the height is 1 foot, ' 4 

(iii) the base is a triangle whose sides are 13 inches, 12 
inches, fninches; and then height is 9 indyes. 

f ‘ * 

6. Find the heights of the pyramids in which 

(ij the volume is 81 cubic inches, apd the- base a square 
on a side of 6 inches. 

(ii) the volume is 1221 cubic inches, and the base a 
triangle whose ‘Sides are 4 ft. 3 in., 3 ft. 1 in., and 1 ft. 8 in. 

7 . A pyranrd, standing on a square base, is 15 inches in 
height. 11 /.lie volume is 320 cubic indues, find the side of the 
base. 

8. The height of a pyramid standing on a rectangular base 

is 2 ft. 8 in., ana its volume is 5 cubic feet, if the length of the 
base is 3 ft. 9 in ,' find its ly'cadth ' 


( Miscellaneous .) " 

9. Find thb weight of a granite pyramid 9 feet high, standing 

on a square base whose side is 3 ft. 4 in. [Given 1 cubic foot of 
granite weighs 1G3 lbs. | , , 

10 . A to\yer, whose ground plan is a square on a side of 
30 fedt, is furnished with a pyramidal roof 8 feet high. Find 
the cost of covpnng the roof with sheet lead at the'Yate of 8 d. 
per square foot. , 

it. A rnhrble column, 6 feet Jiigh, having a square cross- 
section on a side of 15 inches, is surmounted by a pyramid 
whose height is 1 ft. 6 in. Find* the weight of the whole, having 
given 1 cubic foot of marble weighs 170 lbs. 

12 . The base of ^ pyramid is square, and covers an area 
of 1764 square feet, knd its volume is 11760 cubic feet; find its 
slant surface. 
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EXAMPLES. XVI. B. 

i 

* ♦ 

0^ Pyramids. 

[ Higher Amrsc.] 

{Edcje% and Surface*.) 

1. Find the slant wrface of a righ If ] pyramid havin^fthe same 
base and height as a cube whose edge is 10 inched. 

• • • 

2 . A right pyramid stand's on a. rectangular base whise sides 
are 3 ft. 6 n* and 1 feet; if each of the slant edges measures 
2 ft. 5 m., til id the height of the pyramid. 

3. The base of a right pyramid is an equilateral triangle on 
a side of 1 foot, and its heighten 7 inches. find tlu^area of one 
of its slant faces. 

• 

4 . A right pyramid stands on a regular hexagonal base 

whose side is 8 inches. If the heiglft is \ inches, lind the area of 
one of its triangular faces. . • * 

5. Thl? slant faces of a ngjjt pyramid, standing on a square 
base, arc cipii lateral triangles, each fide of which is 10 inches. 
Find the height and slant surface of the pyramid. 

* . • • * 

6. A right pyramid stands on a hexagonal base, each side of» 
which is 14 inches. If each slant ed</e is *21 inches, find the 
height and ularij s nr face of the pyramid. 

( Volumes.) 

Take \/‘S^ 1 *732. 

» • 

7 . Frojn a rectangular block of den^ standing on a square 

base whose side is 1 ft. 4 in., a pyramid, is cut having th%same 
base and height; if the woyd that is cut away Weighs 152 lbs., 
find the height of tho pyramid. [Given i <!Ubic foot of deal 
weighs 912 ounces.] * ^ 

8. Find the jrolume of a pyramid whose liase is an equi- 
lateral triangle on a side of 1 ft. 0 tn., tiie height being equal to 
the perpendicular drawn from a vertex of flie base to the opposite 
side of the \jase. 
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9. Find the height of a pyramid, of which the volume is 

623*52 cubic inches, and the base a regular hexagon on a side of 
1 foot. v, . , 

10. A right pyramid stands a square base containing 
300 square inches; and the perpendicular height of the pyramid 
v> half slant height. Find its volume. 

11. The base of a right pyramid is a regular hexagon on a 
side of 20 inches, and its slant faces *iro inclined to tho base at 
an angle pf 60°. Find thip volume. 

12. The base of a pyramid, 6 inches high, is an equilateral 

triangle, if the volumes is 346*41 cubic inches, find the length of 
each side of the base. * tK , 

( Miscellaneous .) 

13. Fronw-H solid cylinder the greatest possible pyramid 
on a s^haie base and of the same height is cut: expross its 
volume as che decimal (to fom figures) of the volumo of the 
given cylinder. 

14. OA, OB, OC, are conterminous edges of a cube, whose 

edge is a inches Find tho volume of tho pyramid OABC, the 
area of the triaqgle ABC, and the length of the perpendicular 
drawn from O bn the plane of ABC. t 1 

15. Three conterminous edges of a rectangular solid OA, OB, 
OC, measure respectively a, b and <• inches : find the volume of 
the pyramid OABC, the area of the triangle ABC, and the lengt’n 
of the perpendicular drawn from O to the plane of the triangle 

ABC. 

,16. f Fhe corners of a cube are cut off by planes which pass 
through the middle points of each set of conterminous edges. If 
the edge of the cul>e was originally 2 feet, find the volume and 
surface of the ^suiting figure. , 

17. Find the edge of the greatest cube that can b& cut from 

a right pyramid h inches high, standing on a square base whose 
side ii a inches, one faoo of the cube being in tjh’e plane of the 
base of the pyramid. " • 

18. From a right pyramid, »wnose height is 9 inches, and 

whose base is a square -on a side of 6 inches, a rectangular solid 
is to be cut, so that its base lies in the base the pyramid, and 
its upper vertices in the slant edges of the pyramid. .The base 
of the rectangular soVid is to be a square on a side of 2 inches; 
find its height. , 
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• I * 

19. ’Find (to th£ nearest tenth of an inch) the 'edge of a 
regular tetrahedron whoso volume is 117*851 cubic inches. 

20. Find the surface <jf a regulaj tetrahedfoif, if the perpen- • 
dicular from (toe vertex to ttie opposite face isl5 inches, * 

• * • * 

21. Find the* volume of a regular octahednto eaclfc edge ^ 

which is a feet. # • 

• 

22. The volume of a regular octahedron is 471*41 cubic feetj 
find the length of each edge. 


CHAPTER XVli. 


THE RIGHT CIRCULAR CONE. 

• • 

100. •Definition. A right circular coife is a solid 
described by the revolution of • a right*anglea triangle 
about one of its sides (containing the right angle) which 
femains fixed. • • 9 

• 

Thus if the right-angled triangle ABC iotjoIv^ about the side 
AB, it describes £he cone represented in 
the figure. AB*is said to be the axis, or 
height , oi the cone; and the angle CAD is 
called its vertical angle. 

The whole surface of the coup consists 
of the cui'v^d surface described by AC, and 
of the circular %nd, or base* described by 
BC * 

A similarify in character between tl^3 
cylinder and prism has been noiflted out on 
page 135. The beginner winnow observe a 
that the same relation exists between the 
cone and pyramid ; a pyramid becoming 
a cone, when its base is a circle instead 
of a rectilineal figure. Accordingly the rulgs 
for finding the surface and volume of a coot correspond with those 
already givep for the pyramid. 
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Note. The sbove definition refers only t6 bright circular cone. 
Cones may exist whose axes are not fJerpendicular to their bases, and 
whose bases are not circular. Such, cones, however, are beyond the 
' scope of the prcslnt 1 text-book . ( ‘ ' 

^ \ * 

1 

k 101, To f.ml the surface and volume of a cone . 

Til the adjoining figure let the height AB h, units of 
length, the radius of the base BC r, and the slant height 

AC — l. , 

Then from the riglit-jjngled a ABC, i 

AC" — AB 2 | BC 2 ; „ 

or, l‘~h- I >//( 2 + r 8 f 1 

(i f 7 he curved surface of cotie 

(circumference of base) 
x (slant height ) 

' ' ■ 

, = 7 rrl square units. 

The whife surface of cone -curved surface -farta cf 
c --7rr/ + 7rr 2 

t «< -‘rr(l+r). , 

t. , 

Again, it indy be shewn that the volume of & cone is 
oneAh^d the volume yf the cylinder on the saVne base and 
of the samb Height ; ' * 

(ii) the volurrty of cone - ^ (area of base ) x height 



- ^ nr fa cubic units. 
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• • • 

'Note. The formula for the^curvcd surface of a cone be illus- 
•’trated'by bending round a piece of paper ACD, cut in the form of the 
seotor of a circle, until the lm*s AC and AD cpiiyide. In this waj 
the sector mal*be made to\ake the shape of th« curved surface of a 
cone ; CD, ttfb arc qf the sfetor, becoming the" circumference of the 
base, and AC, the radfcis of the sector, becoming t^ie sl9nt heiyhtoi 
the cone. * # 


Fig. i. 


Fig. ii. # 



— - arc x (radius of sector) # Ait. 53. 

i • 

- ^ (circumference cTf base) x ^slant height) 

1 . • 

'Inr ' l*~irrl.9 


• Example i. Find thf slant, height, the \\ hole surface, and the \ ofumo 
of the cone whoso height is 1 foot, and the diameter of whose base is 


5 ft. 10 in. 



Here J = 12 inches; ?• — 35 inches; - 
and Z 2 = h* + r 2 = 144 + 1225 = 1 360. 
ip) / l ~ */l369 = 37 inches. 



(ii) Wh8le. surface — curved surface + area m of base 

- nrl -}■ ^r 2 =» ir r (l + r) * 

— x 3/fx Z72 sq. in. 5o sq. ft. 

(Hi) Volume • *=r^7rr 2 /i . 

3 .9 
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* Example ii. Water flows at the rp4e of 20 feet per minute from a 
cylindrical pipe *25 inches in diameter. How long would it take to 
fi’l a conical vesse 1 whose diameter afr<the surface is 10 inches, and 
depth 9 inches? (tt = 3*1416.) 

Suppose i x takes x minutes to fill the'vessel 
In one minute a cylindrical column of water \ inch in radius and 
249 inches long enters the vessel ; 

.*. in x minutes the volrme of water passed 


— x xlr x 



x 240 c. in. 


15 . 

— x . i r x — c. in. 
4 


(i). 


And the volume of the cono 


— ^ 7T x 5 2 x 9e.*iii. -.757 r c. in (ii). 


15 

. x . x . =75 tt ; 

4 

.• j =20 minutes. 

[Obs. A point worth notia' in this example is that the value of t r 
is not to be substituted at the stages marked (i) and (ii), as at the final 
stage it is cancelled from both sides of the equation.] 

* Example iii. The height of a cone is 34 inches, and its curved 
surface is four times the area of the base. Find its volume to the 

nearest hundredth of a cubic inch. ^ 7r 
7 

Here h— ~ ; required to find r. 

By hypothesis 7rrf = 47rr\ 

v •. I — 4 r, 

4 V 

. l*-U)r 2 ; or,' h\\- r 2 = 16r 2 . 

. , \ 7 *. 49 

And since */V .. 

„ . 1 „ 1 22 49 7 . ' . 

Now volume = -irrh — - x x - x - c. in. 

3 ^ *3 7 t>0 2 

= 2*99... c. in. = 3c. in. nearly. 

* 

c 
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EXAMINES. XVII. A. 

% 

* On Comes. 

\ Elementary $Wm\] 

• In the following Examples take 7r=^. 

• {Surfaces.) 

1. Find tiie curv<fl surfaces of tbit cones of^vhich* 

(j) tiie slant height is 1 ft. 9 m., and the radius of the base 
5 inches ; * • • • • 

• £ 

(ii) the vertical height is 1 foot, and the radius of the base 
2 ft. llin. ; * • 

(iii) the vertical height is 5 feet, and the diameter of the 

base 15 ft. 2 in. t 

* 

(iv) the slant height is- 2 ft. I in., and tho vertical height 


2 feet. 


2. The curved surface of a conq is 396 square inches, 
the radius of^ohe base is 6 inches*, iind its slaijf height. 


and 


3. The cufvcd surface of « coneys 2 sq. f£ 42 sq.^n., and its 
slant height is 1 ft. 3 in. ; find the radius of the base. 

• 4. Find the cost of canvas for a conical tent, whflse height 

is 15 feet, and the diameter of whose base is 16 feet, at Is. 
per square yard. • • 

• • • 

5. How many square yards of canvas will be required &>r a 
conical tent 24 feet nigh, if the area of the base is 154 square 
feet ? 

• • # 

, • {Volumes?) 

• • 

6. Find the volumes of the cones of which 

(i) the radius of tt^e base is 3 inches, Aid • the # height 

7 inches ; ... 

.. * 

(ii) the diameter of the* base is 1 ft. 2 in., and the height 

1 foot; 

(iii) the h5igVit is 2 feet, and the giant height 2 ft. 1 in. ; 

(iv) the diameter of the base is 6 feet, and the slant height 

7 ft. 1 in. * 6 
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7. Find the 'height of the coneit of which 

( 1 ) the volume is 88 cubic inches, and the radius of the 
base is ^ inchos ; * 

(ii) the volume is 1 c. ft. 648,c. in., and the diameter of 
the base \s 1 ft. J m. 

8. Find the radius of the base mid the slant height of the 
cpnes of which 

(i) the volume is a 3 c. ft. 96 c.- m., and the height 
2ft. 11 in.; 

(ii; the volume is 36 c. ft. 1680 c. in., and the height 
4 ft. 8 in. 

9. A conical vessel measuring 2 ft. 4 in. across the top, and 

44 feet deep, \s placed with its axis vertical and vertex down- 
wards. rlow many gallons will it hold, given 1 cubic foot -6^ 
gallons ? • • 

10. Find (to the nearest pound) the weight of an iron cone, 
' the height being 1 ft. 2 in., aiid the diameter of the base 1 foot ; 

given that one cubic foot of iron weighs 486} lbs. 


(MUcellaneous.) ' 

jfl. A cylindrical granite pillar 20 feet high and 16 inches ir. 
diameter, is surmounted by a cone 3 feet in height ; find the 
weight of the whole,' having given one cubic foot of granite weighs 
165 lbs. „ 


12. The weight of a brass cone is 55 cwt,., and the diameter of 
its base is 3 ft. ^in. ; if one cubic foot of brass weighs 500 lbs., 
find the height of the cone in feet. 

13. Find (to the nearest hundredth of an inch) the radius of 
the bpse of a cone whose height and volume arc the same as 
those of a cylinder 1 ft. 8 in. in diameter. 

14. The base of a cone is 4 sq. ?t. 40 sq. in., and its height is 
4 feet; find its volume,' And the area of its curved surface. 

15. From a cylinder whoke height is 3*3 inches, and diameter 
11*2 inches, a conical cavity of the same height and base is 
hollowed out. Find the whole surface of the remaining solid. 
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EXAMPLES. XVII. B 

* t 

. *On Cones. 

[Higher Course.'] 

* « i 

In the following Examples take 7r = 3 * 1 4 1 6. 

{Surf ares )* 

1. into each end of a solid cylinder, Mio.su length is *10 inches 
and diameter 8 inches, a conical caMty is bored; if the tliameter 
of each cavity is 6 Inches, and its depth is 4 inches, find (to the 
nearest hundredth* of a square inch) the whole surface of the 
remaining solid. 

• •. 

2. The area of the base of jx cone is 741*54 squaw inches, and 

its height is one foot; find ita curved surface, to the nearest 
hundredth of a square 'inch. • 

3. Find (to the nearest hundredth of a ^square inch) the 

v'hole surface of the greatest cone tlfat can he cut from a solid 
cube who^3 edge is 1 ft. 8 in., the base of the T*ofle being in the 
sanu* plane as*thc base of the#*uhe. # # * 

4. The height of a cone is 27 inches, and its curved surface 

seven times the afea of its base. Find (to the neatest hun- 
dredth of an inch) the radius of its base. 8 


( Volume*.) 

In the following Examples tafy 1 gallon— 277 *fl5 cubic Riches. 

5 . Find tin* height of ?L cone, the radius#of whose base is 

1 ft. Oin.,, and whoso volume is equal t« that of a cylinder of 
diameter 3 fe$t, and height 1 2 ft. 3 m. • m % • 

• 

6. Find the radius of tjie base of a •one, whose height is 

9 feet, and whose volume is eqtial to that of a cylinder 9 inches 
high, and 5 feet in diameter. # 

• *. 

7 . Find approximately in gallons, the capacity of a conical 
vessel having a diameter of 3 ft. 4 in. at tlfe surface, and a depth 
of 2 feet. 
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8. A conical vessel has a diameter at the surface of 30 inches, 
and a depth of one foot. Find how long it would take to till it 
,with water flowing at the rate of 50 feet per minute from a 
cylindrical pipe - G inches in diameter. 

9 . A conical vessel has a diameter at tho'surface of 18 inches ; 

f. 'd its depth t$ the nearest hundredth of an inch, if its capacity 
is 10 gffdons. (< 

(Miscell aneovs. ) 

In the following Examples tike 7r~~f. 

10 . The curved surface of a cylinder is 2040 square inches, 
and its volume is 20400 cubic inches; find 1 he cur/ed surface of 
the right cone which has the same base # and height as the 
cylinder. 

11 . 'Find the volume of a cone whose curved surface is 
550 square inches, and the radiu of whose base is 7 inches. 

12 . The v height of a cone is 7 inches, and its curved surface 
is 3 times the area of its base. Kind its volume to the nearest 
hundredth of a cubic inch. 

13 . Find the curved surface of a cone whose height is 
20 inches,, and whose volume is 9240 cubic inches, 

14 . A sector of a circle of radius 2 feet and vertical angle 60°, 
is gapped into tho form of a right cone. t Kind (to the nearest 
hundredth of an inch) the height of the cone. 

15 . A righb angled triangle, whose remaining angles are 60° 
and 30°, resolves about its hypotenuse, which is 6 ’’aches in length. 
Find (to the nearest hundredth of an inch) the volume of the 
solid figure thus described. 

16 . ,, Find tho dimensions of i right cone whose vertical angle 
is 120°, and whose volume is 4 c. ft. 1712 c. in. 

17 . A cone, whos<£ vertical anglo is 60°, is pressed (vertex 
downwards) into a vessel full of water. When G 1 gallons have 
overflowed/find (to the nearest tchtb of an inch) the depth of the 
vertex below the surface of the water. 

18 . A vertical cylindrical vessel of radius 1 foot, is partly 
filled with water, and into it is plunged a solid cone, whose height 
is equal to the diameter of its base. If, when the cone is com- 
pletely immersed, the* water rises 4 inches, find the dimensions of 
the cone (to the nearest tenth of an inch). 
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• f. f 

THE ..wJSTyM OF A PYRAMID AND CgNE. 

• t 

102. Definition. A frustum (or slice) of a pyramid 
or cone is the part contained between the base and a plane 
drawn parallel to the base. 

t • 

Fir. i. * Fig. ii. 



Thus the hgistum of the pyramid representei^in fig. ± is that part 
which is included between the f base fcBCDE and the parallel plane 
abcde. 


• The frustum of th# cone (fig. ii.) is contained between the base AB 
and the parallel plane ah. • 

The figure^ ABCDE, abcde in fig. i. and the*figiH , es AB, ab in fig. ii. 
are called the *n4s of the frustum. The ends of the frustum of a 
pyramid are similar figures . The ends of tho frustum of a cotte are 
circles. * • 9 

The slant surface the frustum of a pyramid is made up of 
trapeziums. If the pyramid is right, ayd the base ABCDE iff a regular 
polygon •these trapeziums ane all equal. # 

Note. # The areas of the ends of a frustum are proportional to the 
squares of th^perpendiculars OP, Op. # (Euclid#p. 424.) 

• * • • 

103. To find the slanfr surface and volume of the frustum 

of a right pyramid on a regular base of n sides. 

In the above # figure, let the ends ABCDE, abcde contain 
E x and E 2 squire units respectively; and let the thickness 
Pp=:k units of length. I^et a ] be tile length of each side 
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of the end ABODE, and a u of the end abode. Also let l he 
the distance between any two corresponding sides of the 
ends, such as /iE and a?\. this may be callei the slant 
thickness of the frustum. 

Then tke slant surface -- n times trapezium AaeE 

- n x ~ (a l + « a ) l Art. 34 

f \(' ,ia \>+ na a ) l sq. units, 


.‘. (i) Slant surface of frustum - --(sm/w ojferimiters of ends) 

x ( slant thickness). 

(ii ) ^Volume of frustum - ^fE l + \/e,Eo+ E.J cubic 

, < 1 ( units. 

The formula (ii) gives the volume of the f'ustum of any pyramid, 
regular or otherwise. 


104. To find the a rred surface and volume of the 
frustum of a my it cone. 

In fig/ii. of page 159«Vt r^and r be the radii of the 
two ends AB and ah respectively, and let the thickness 
P p - k. , Let the slant thickness Aa — l. Then if E J and E!, 
denote the areas of the ends, we have E, - m'f and 
E., - rrrf « 1 

m (i) durved surface of frustum of cone 

- i (sum of ci rcum ferenecs of ends) x (slant thickness) 

- - - (2tti\ +’ '2 irr.,) l -7r (r, i- r.,) I sq. units. 

^ ^ | 

(ii) Volume of frustum ^ k + f E } E 2 4- E»] 

o 1 

- 3 k [tt?y 4- f ^ r * . t rr 2 2 + tt?v] 

T 

- ^ k [r 2 8 + r x Ti + rf\ cubic units. 
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*Note 1. The formula giving the curved surface of the Tiustum* 
• of a cone may be thus established. 


Let OAB and Oab be two sectors 
of circles having a commita vertical 
angle. Then by bending r*und the 
figure AB&a until A a and B b dbinclde, • 
it may be made to thke the form of the 
curved surface £>i a frustum of a cone, 
the arcs AB and ab becoming* the cir- • 

* cumferences of the ends of tlnf frustum. A < 
Let OA = /, , On = h 2 ,^uid A a -l; # 

so that the slant thickness of 

the frusturp. 

• aic AB • arc ab 

Then . * - — = 0. 



Art. CO. 


.* ffrcAB^/jfl, and aic ah = Ud. 


Now an red surface of frmtum — sector OAB - sector Oab * 

1 _ 1 • • 

— - aic AB x If* - aic ab x h x Art. 63 

1 * * 

/./)==- i (aic AB -| ar#oi) 

= * 1 x (sum of circumferences of ends). 


1 • 1 

*Notk 2. Tho expression - k [E, i ^/EjEj+EJ for the volume » 
a frustum of a* jiyipmid or cone may be similarly obtained. 

Let OP = /i 1( Op = h i \ so that h t -b,~k. See fig. p. 159. 

From Note p. 159, wo fcave ~ (say), # 

1 ^ • 

• • E 1 =nh^~, and E 2 ~/ih,f. 

* 111 * 

And volurtie $t frustum = ^ E 2 h x - - E. z h. 2 — 1 * (/i, 3 - /i 2 3 ) //. 

. ' • • 

- / h ~ *a){ V + + VI A 

= jjj* { aV 1 VaV ■ A V + aV J 

= i»:[E 1 +N /E 1 E a + ,, t,I- 


a. k, m. 
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Example i. Find the curved surface and -olume of tlie frustum of 
1 a cone whose thickness is one foot, and whose ends are 1 ft. 6 in. and 
8 inches in diameter. 

Hen A; = 12 inches, r x = 9 inches, 
r , 2 = 4 inches. 

7 

In tne annexed figure draw aQ. 
perp. k AP. Then aQ = 12 inches, 
and AQ=5 inches; required A a, or l. 

A«~-aQ' 2 + AQ~ ; 
or A 2 : 12* + 5* = 169. 

/ = 14 inches. 

(i) Curved surface = tt (iq f r.J I 

22 

— -rj x 18 x 18 sq. in. = 581} sq. in. 

(ii) Volume A (r, 2 j- r x r a I- r.f) 

1 22 

~ 8 x 7 x ^ x I- 16) cubic inches 

— 1672 cubi** inches. 


*Exajjiple ii. Find the slant surface and \olumo of the frustum of 
t. a pyramid whose thickness is 1 ft. 8 in., and whose ends are squares 
on sides of 8 ft. 4 in and 2 ft. respectively 

Referfmg to the figure we soe 
that 

PQ = ~ A B = 20 inches, 

pq—^ab*^ 12 inches, 

R<jr= ?p-k - 15 inches, 

RQ= PQ - PR = 8 inches 
Required the length*of Q.q } or /. 

, Qg 2 = Rq 2 4 - R Q 2 = 15 2 4 - 8 2 =*289 : 

,\ l - 17 inches. 





THE FRUSTUM Ot 1 


ItAMID* AND* CONE. 


(i) * Slant surface =4 times trapezium BCcft • 

• • 1 " 

=4 x-(BC*6c)Qg Art. 34 

• 2 ' j • • 

— 4 x ~ x (^0 + 24) x 17 sq. inches 

1 # • 

■- 2176 sq. inches = 15 sq. ft. 16 sq. in. 

(ii) * E, = sq. on A fi = 1600 sq. Inches, 

E 2 =sq. on ab = 576 sq. inclie 3 

Volume = |. [l A + v /E l 'E 3 + E,.] 

• • • 

• 25 • • • 

• =-^- [360CT+ */l600 x 576 + 576] cubic inches 

# =^ [1600 + 40 x 24 + 576] cubic inches 
= 15680 cubic inches = 0 c. ft. 128 c. *in. « 

. Example iii. A cono 12 inches iiflieiglit, an<f 16 inches m diameter 
at the base, is cut by a plaue parallel to the base and 9 inches distant 
from it. Find the curved surface and the volume of the frustum so 
formed. • 

Here r x and Jf, are given, also tlie * 
height of thcy;omplete cone. • €) 

We have first t§ find thg value c i r 2 *. » • / • \ * 

From the similar triangles APO, 

a»Q, /! \ 

* r x § _r 2 / ! V 

OP o~p ’ or> 12 ~ 3 ‘ \ 

-r-\ 

hence AQ = 6. ^ A^~ JpJp Vj 

• A<t, or f, is found from j,he right- — - — — ^ 

angled triangle AQ«; » # # 

for •• l^jJkQP + aQimzJivi = 10-81 nearly, 

(i) Curved aiyrfaoo = ir (r, + r 2 ) « • t 

22 • * • • 

= yx 10$ 10’dL sq. inches = 389’74 sq. in. 

(ii) Volume = irM^ + Va+'a 8 } 

* 

22 * * • 

=* x 9 x {64 + 16 + 4 }e. inches = 792 c. inohes. 


11-2 
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EXAMPLES. ' XVIII. A. 

> 1 j. « 

On the Frustum of a Pyramid and 'Cone. 
j Elementary Course.] 

In the following Examples take ir~y. 

(Surfaces.) < 

1. Fmd the curved surface of the frustum of a cone whose 
slant thickness is' 5 inches, and Wnore circular ends are 8 inches 
and 6 inches in diameter. 

2 . Find the curved surface of the frustum of a cone whose 
slant thickness is 1 ft. 3 in., and whose ends arc 1 ft. 10 in. anil 

1 ft. 8 in. in diameter. 

3. Find the curved surface of the h-iistum of a cone whose 
thickness is 1 ft. 3 in., and whose ends are 3 feet and 1 ft. 8 m. in 
diameter. 

4 . The qnojs of the frustum of a pyramid are squares on 

sides of ?0 inehqs and 4 inches ; if the frustum js 15 niches thick, 
find its slant surface. ' ' 

' 5. , An open vessel, m the shape of q, frustum of a cone, h,as 
the following measurements: the upper and lower diameters arc 

2 ft. 4 in. and, 1 ft. 2 in. respectively, and the depth is 2 feet; 

find the whole surface. 

«. 

' 6. An open vessel, m -the form jf a frustum of a cone, is 
to be lined with thin metal which costs 3 s. Gd. per square foot.* 1 
Find, the wh*le cost, if the upper and lower diameters of the 
vessel are 1 ft. 8 in. and Bin., and its depth is 8 inehqs. 

t % ( Volumes.) r 

c t, 

7. Find the volume of the frustum of a pyramid, the ends 

being squares on sides of 8 inches and 6 inches, and the thickness 
being 3 inches. •* 

8 . The ends of & frustum of a pyramid are rectangles, the 
base measuring 9 ii.ches by 6 inches, and the top 3 inches by 
2 inches ; if the thickness is 5 inches, find the volume. 


( 
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• • • 

, . 9 . Find the volume of the f§ustum of a cone 

(i) if the radii of the ends are 5 inches and 3 inches, and 

the thickness 1 foot, • 4 * * f 

(ii) if the ends* age 2 1ft* 6 in. ajid 1 ft. 6 in. in c^ameter, 

and the thickness & inches. • • 

10 . The enfls of the frustum of a pyramid are triangles, the 

sides of the base measuring#! 3 inches, 12 inches, 5 inches, and 
the sides of the top 6 A inches, 6 inches, 2^ inches; if the thick- 
ness of the frustum is 8 inches, find the folunie. # * 

11 . Tbo^<m£ thickness of # a frustum flf a cone is 5 inches, 
and the radii of its ends are 4 inches and 1 inch respectively : 
find its volume.* * 

• • 

12 . The slant thickness of a frustum of a cone is 2 ft. 1 in., 

and the diameters of its ends are 2 ft. 4 in. and ]ft. 2*in. re- 
spectively ; find its volume. • • 


EXAMPLES. XVIII. B. 

On tiis Frustum of a IVrajJid and Cone. 

• [Higher Qmerse^ 

(i Surfaces .) 

• • • 

1. The ends of a frustum of a pyramid are squares on sides 

of 20 inches and 4 inches: if the frustum is 15 inches thick, find 
its slant surface. * # , # 

2 . The#ends of a frustum of a pyramid are squares on sides 
*if 8 inches and T4 inch:* if the thickness of the frustum is 

5 - 6 inches, find its slant surface. • • * 

• 

3. A efine, 3l«5 inches if! height, standing#on a base 60 
inches in diameter, is cut through by a plant parallel to the base 
and 21 inches dfhtant from it: find (to theuearest hun^redtfc of 
a square inch) the curved surfece*of the frustum so found. 

* • [?r — 3T416.] 

4. A conical vessel inches deep and*20 inches across the 
top is completely fyiad with water. If sufficient water is now 
drawn off to lower its level by $ iiTchc^ fjpd (to the nearest 
hundredth of a square inch) the surface of the vessel thus ex- 
posed. [ 7 r = 3*1416.] 
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5. Water is poured into a* 1 conical vessel, 12 6 inches deep 

and 24 inches across the top, unt'l the surface of the water stands 
10*5 inches a? hv, e the vertex of tho cone: fin<? (to the nearest 
hundredth of a square inch) the surface of the- vessel left un- 
covered. r ( . ' 

6. ' The ends of a frustum of a, cone are respectively 8 inches 

and 2 inches in diameter : if its curved surface is equal to the 
area of a circle whose radius is f> inches, find the thickness of tho 
frustum. ■ , 

c ( Volumes.) 

7. The ends of a frustum of a tetrahedron are equilateral 
triangles on sides of 10 inches and 8 in'chcs: if the thickness 
of the^fru^um is 3 inches, find its volume to the nearest hun- 
dredth of a cubic inch. 

8 . The ends of a frustum of a pyramid are regular hexagons 
on sides of 6 inches and 4 inches : if the thickness of the frustum 
is 5 inches, find its volum< to the nearest hundredth of a cubic 
inch. 

9. ,A dyeing vat is in the form of a frustum?' of a square 
pyramid. Each side of Ehe bdse measures C leet, and the slant 
faces are inclined to the base at an angle of 135°. If the vat is 
1‘yard deep, how many gallons will it. hold, reckoning 1 evdfie 
foot = 6| gallons / 

10. The diameters of the ends of a frustum of a cone are 
(} inches and 2 inches respectively, and its slant thickness is 2*9 
inches : find its volume [rr «= 3/b] 

11. A oone, 20 inches ,jn height, standing on a base of 
diameter 10 inches, is oat by a plane parallel to, the base, and 
6 inches distsut from it. Find the volume of the frustum so 
formed, [r^^.] ' 

I 

12. A irusturn 7 inches tniclr is cut by a plane from a cone 
whose height is 3 ft. 6 in. and ba io 1 foot in diameter. Find the 
volume of the frustum. 

13. A cone 2 feet in height, standing op a base 1 ft. 8 in. in 

diameter, is cut bv,? plaiie parallel to the base so as to leave 
a frustum whose slant thickness i3 1 ft. I in. : find the volume of 
the frustum. [ 71 -=^.] r 
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• . 

• • 

. ( Misctllaneovs .) 

• • I J # 

iSuppo.^ 1 yalkn— 277*25 cubic inches. 

* ' * • # o 

14. A vessel* in the form of a frustum of a cone 6ontai*h^ 

37 gallons. I<f tlio diameters of the two ends are 1 ft. <#in. and 
1 foot, find the depth. [tt — 3*1 41(1 ] * 

* 

15. The ends of tl^e frustum of a pyramid are regular hexa- 

gons on sides of 8 inches and 0 inches : if tht thickness is 3 
inches, find the slant surface to the nearest hundredth of a 
square inch. • • • » 


16. A cone, yljpse height is n inches, is cut through by a 
plane parallel to the base and one inch distant from it: express 
the volume of the frustum so formed as a fraction #f th$ volume 
of the whole cone. 


17. A cone of height h is'cut through by a plane parallel to 

its base: at what distance from, the vertex must* the cutting 
plane be, if the volume of the frustiftn thus formed is half that of 
the original c<pie t . • * 

• • 

18. miter ps poured into a conical vessel, whose aijglo is 90*, 
until the surface stand* 10 ineftes abtve the vertex. How many 
gallons must now be added to raise the surface by 2 inches? 

• • jy^-] 


19. Into a conical vessel, whose angle, is jg0° and depth 9 
inches, water Is [ymred until the surface is 6 inches above the 
vertex. Find (to the nearest tenth of a pint) how mtich waiter 
must now be added so as to fill thef vessel. [ 0 - = ^.] 

• 

20. Water is poured into a ironical vessel, wlmse angl^ is 60°, 

until the # ijjirface of the water is 6 inches above the vertex. 
A solid cube of% metal is iffnv dropped in, ai*l is totally sub- 
merged : ifrthj surface of the water rises jL inch, find the edge of 
the cube to the nearest tenth o£ an inch. • [V ~ ‘-Oh} * • 


21. The volume of a fnpstufti of a coi*e is 407 cubic inches, 
and its thickness is 10i inches.* If the diameter of one end is 8 
inches, find the diameter of the other emf — 

22. The frustum of a squarp pjranyd is 6 inches thick, and 
the area of one end. is four times the area # of the other. If the 
volume is 3£0 cubic inches, find the dimensions of the ends. 



CHAPTER XIX 


THE WEDCIE, FUUSTVM OF WV.IMIE, AND IMUSMOII). 

*1 

105. " Definition. A wedge is a solid contained by five 
plane faces ; the base is a rectangle*, the two ends are tri- 
angles, ,antl the tv'o remaining facets are trapeziums having 
a common side, called the edge y which js patallel to the 
base. » ' 



In the diagram, ABCD is the rectangular base; and EF is the 
edgO. 

Note. If the edgo EF = AB the length of the base, then the faces 
ABFE, DCFE a, e pain Holograms, and the wedge ;s a triangular 
prism. t 

106. To find the. volurfte of a wedge. 

Let the length of the bt^-sci =- a dhits, the breadth = h, 
the height = h y and the edge EF e. 

1’hen volume of wedge - ~ ( "2a + e ) cubic units. 

The surface of a wedge is founth by calculating separately the 
area of each of the faces. To do this, the slant heights of the faces 
(or the means of finding them) must be given. 

Note. The formula for the volume of a wedgr may be proved by 
dividing the solid int9 a-'prism and two pyramids by planes drawn 
through E and F perpendicular to the edge. 
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I ' * f • 

,• Example. Find the weight §f a steel wedge wlicfee base measures 
8 inches by 5 inches; the height of the wedge being 6 inches. [Given 
1 cubic inch o£ steel weighs^-SiJ oz.] ^ 0 4 

Here a = 8*inclies, | 6 = 5 inches, e = 4 inches, K ~ 6 inches. • 

Volume of wedqe — (2 a + e) = f 16 f 4} c. inf = 100 <* in. 

# 0 o ^ 

.* the weight - 1()(? x 4-53 oz. ^453 oz. 


,.yj * 

\ 

/ i * 

'r . ‘ 

1 / 


107. Definition*. 1 . Tho frustum of a wedge is the 
part included between the base and a plane parallel to the 
base. * # • ^ f • 

In tho figure, /K3CD is the f * N 

rectangular base,#u^l abed repio- ,7 • \ 

splits the cutting plane. The //, \ \ 

end abed is rectangular, and the 
remaining faces are trapeziums. 

Note. The frustum of a wedg^ 
differs from the frustum of a 
pyramid in that the ends A BCD, , 
abed are not similar : hence the 

edges Aa, B6, # Ce, Dd, do not, if # 

produced^ meet at a point. A g # B 

2. A pnsmoid.is a sc did* who.se end? are any parallel 
(but not similar) figures of the same number of sides, and 
•the other faces areHrapeziums. # • 

In the diagram, ABCD and abed, the two parallel ends, are altfb 
trapeziums. • * 

If the end* weie similar, 
the soImI would he the frustum 
of a pyramid. The frustum of 
a wedge is a prismoict whoso 
ends ar^ rectangular. 

A plane dra^i parallel to flic 
base tlnoufchJ?,the middlo point 
of the thickness PQ, cuts the solid 
in the mid-section XY2V : and* 
each side of tho section is respec- 
tively half the sum of the eorro-* 
spending sides of the ends. For • 

instance XV = - (%D + ad), YZ ^ (BC + Jc), and tlie distance between 

the parallels XV, YZ is half the sum of t£e distances between the 
parallels BC and ad, be. 
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\ ' ' ( 

108. To find the volume of q prismoid. 

Let E, and E a denote tlie areas of the ends, and M the 
area of the mih-s sction : then, if the thickness is k , the 

b 

volume of \he prismoid = ^[E l + E 2 + 4MJ. 

This formula applies equally to the 'frustum of a wedge, since the 
latter solid is a particular case of the prismoid. 

Exampl*. In front of a, rampart there is ( a foss of which the top 
and bottom aie ^horizontal rectangles : the top is 80 feet long by 
30 feet broad, and the .bottom is 60 feet long by 24 feet broad. 
If the dentil is 12 fesd, find how many qnbic feet of earth have been 
excavated. t v 

The figure is a prismoid, in this case the frusti irt of a wedge. 

Ej = 80 x 30 sq. ft. = 2 100 sq. ft. 

E 2 =60x 2-1 sq. ft. = 1440 sq. ft. 

The mid-dimensions are £ (80 + 60) and J (30 + 24), that is 70 feet 
and 27 feet. * 

\ M — 70 x 2'Jl-Nq. ft. = 1890 sq. ft. 

Now volume of prismoid = ~ [E,‘+ E 2 + 4M] 11 

« 

= j [2400+1 140 + 7560] c. ft. 

— 22800 c. ft. 


EXAMBLES. XIX. 

On t^e Wedms, Frustum oi<vthe Wedge, and Prismoid. 

% ‘ ♦ 

[ Elementary and Higher Courses * j 

% 4( 4 

t t * ( The Wedge.) 

1. Find the volume of a wdtl^e*stan<ling upon a rectangular 
base which measures 7 inches by flinches, if the height is 3 inches 
and the length of the edge 4 inches. 

* • 

2. Find the weight a b!*as% wedge, whose height is 5 inches 
and edge 4 inches, thfc base being a t rectangle which measures 
8 inches by 6 inches ; if one cubic inch of brass weighs 4*63 oz. 
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3. A wedge-sfiaped tr*nch is 40 yards ldug at tlio top arid# 

8 feet wide; the length the bottom edge is 32 yards and the 

depth is Infect. How # many toiMi of earth Jnjve been excavated l 
[Given 1 cubic foot of earth weighs 92£ lbsf| • 

* 4 . The triangular faces of a vfedge are equally fhejined to the 
base, of which the length is 40 inches and the breadt^ 18 ilfblies. 
If the height of the wedge is 1 foo^and the edge 30 inches, find 
the slant surface. • 

• 

* 5 . The cross-section of a wedge is an equilateral triangle 
on a side of 20 inched, and the triangular face}? are inclined to the 
base At, an angle of 00°. ,If the base* is 40 inches long, find the 
volume and slant surfodk [\/3-- 1 ’73205. J * 

*6. The triangular faces of a wedge are equally inclined to 
the base, and the dimensions are as follows : length of base 
a feet, breadth b feet, height h feet, and length 0 Pedge e feet.. 
Shew that the slant surface jg given by •the formula 

i 1 i a -?e) V 4/r -f Jr -f b\! Ah' 1 -f (a - <?)*}, 
and the volume by the formula - + e) 

( 7'& Priijyiotd ) 

7. Find the volume of a prismoid wliose parallel ends are 
* rectangles, the bast measuring 16 indies by 10 inches* and^-he top 

9 itiches by 6 inches, the thickness being 4 inches. • 

* • . 

8 . Ho$ nguiy tons of earth are removed in excavating a 
trench of which the top and bottom are rectangles ? At ,£he top 
it is «400 feet long by 18 fq^t* wide, and at the bottom it is 
350 feet long by 15 feet wide. Tho bottom is horizontal and- 
the depth 12 feet, [Oiven 1000 cubic feet of efrth weig^i 42 tons.] 

9. * r f he typ and bottom of a reservoir # are rectangles : the 

top is V>0 feet long by 80 feet broadband the bottom 120 feet 
long by 7d feet broad. If the depth is 24 feet, for 4ow long 
would the reservoir affcrd* a daily supply hf *2500 gallons ? 
[1 cubic foot = 6j gallons.]® * • 

* 10 . A prismoid stands on a square base, and one pair of 
opposite slant # f%ces are inclined to the base at an angle of 60°, 

, the other pair at 30° : if th^ side o£ the base is 16 feet and the 
thickness 2 s/Z feet, find«tho dimension^ of the top, the volume, 
and the «lant surface. 



CHAPTER XX. 


THE SPHERE. 


109. I>efii?itjon. A Sphere is a sol’d described by the 
revolution of a semicircle about its diameter, which remains 
fixed. 


Here the semicircle ACB, by re- 
volving about its diameter AB, de- 
scribes the sphere represented in the 
figure. 

O, the middle point of AB, is <0)e 
centre. Any line which passes through 
the centre, and id terminated both ways 
by the surface, is a diameter: and any 
line drawn from the centre to the surface 
is a radius. Thus all radii are equal. 

A sphere may also be (Jefmed 
as a solid contained by one curved 



surface, which is such that all 

points upon it are equidistant from a fixed point within 


it, called the centre. 


If any plane cuts a sphere, the line of section is a circle. 

If tfre cutting plane passes through the centre, the section is called 
a central section or great circle. The area of a plane central soction 
of a sphere is eviYntly 7 rr 2 . From the formula (i) of the next 
Article we shall see that the surface of a sphere is four 4 imes the 
area of its plane central section. 


110.' The following formulae give the surface and volume 
of a sphere in terms of its radiu% r. 

(i) Surface of sphere -- Air r 1 Square units. 

4 . 

(ii) Volume of sphere -- ^ nr' cubic units. ’ 

I J b 
n 

Hence if the surface (S) or the volume (V) is given, tjie radius 
may be found. For since ( 
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THE |PHERE. 


»(i) S~4rr 2 anti (ii) V*-7rr\ 


• /S .# *h\L * 

:-Vv and r -Vi,' 


Example 1 . Find the surface and volume of a sphere wj^iose iflldtus 
is 3-7 inched, giving a result true to Vie nearest tenth of a Bquare 


and cubic inch. 


(i] Surface =4 tt;- 3 

-4*x y x (3-^ 2 = 4 x«- x 13-69 sq. ... 
• • =172-1 sq. in. 

1 4 22 

(ii) Volume - m l — x ^\(3-7) ! 


= ,j x -- x nO-(ir>«c. in. -212-2 c. in. 


Il l I 
2"59 
r 2 =l.V09 
H 7 I 
• 41-07 

> 9 581 3 * 

r s = 50-05 


Example ii. An iron sphere of diameter 6 i^c^cs is dropped into 
a cylindrical vessel partly filled # \vith water. # Thc dimeter of the 
vessel is 1 foot. If thte sphered completely submerged, by how much 
will the surface of the water be raised? 

• • 

Here ABDC represents the cylindrical vessel, 

EF the surface of the water before the sphere was 

dropped in,* and GH the surface afterwards.* 

Let EG = x inches. G H 

Then the volumo of the spher5 equals tho ^ 

volume of the water displaced, that is, the 

volume of the cylindrical slice «EFHG. • 

{if *Volujjie of cylinder EFHG 

• =7tx6 3 xo; cubic inches. • a ' '* "*"* * d 


(ii) Volume of the spjier# 

“s'*- 3 


x*3® cubio inches. 


7tx6 3 x# = -j-.3 8 . 


Hence* 


x =* 1 inoh. 
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Exampb iii. Find the whole surface and weigl* t of a hemispherical 
' copper bowl 1 foot in external diameter and 1 inch thick ; having 
given that 1 cubic inch of copper weighs 6*15 oz. (ir — 3-1416.) 

(i) The external curved sul/ace 
= * 4» x 6 a ^q. in. = 7‘2 tt sq. in. 

r « 

The internal curved surfacp 

= ~ x 4 tt x 6 2 sq. in. — 50 t sq. in. 

“ (- V 



The flat circular rim = ir (0 s - 5 3 ) = 11 ir sq. in. 
.-. the total surface = 72ir + 50ir + llir sc. in. 


= 133 x ir sq. in. = 417-83 sq. ir . 


(ii) The volume of the hemixphrncal bowl *" 

2 182 
=- 7 r (G 3 - o 3 ) cubic inches = — - ir cubic inches. 

*' AW 

182 

( the weight of bowl = ^ w x 5 - x 5 oz. 

1 = 190-590 x 5-15 oz. 

981-5 oz. nearly. 

Obs. As in many other examples the numerical labour i a greatly 
diminished by not substituting f hc Vali.e of ir until the rinal stage. 


* Example iv. The weight of a spherical shell of iron is 1548-025 oz., 
and its external diameter is 10 inches. Find its thickness, having given 
1 cubic inch of iron weighs 4 5 oz. 

The volume of iron in the shell = 1 548-025 -r 4-5 cubj.c inches 
to =344-005 cubic inches. 

Suppose the thickness to be k inches. 


Then g ir { 5 3 - (5 - Af) } = 341-005, 


125 




(5 - A) 3 = 125 - 82-125 = 42-875. 


Hence 


5-jfc =#42-875',, 
= 3*5 nearly, 
fcprl-6«inc ( h. 


(ao^x 8 - 2700 
30 X 5 X 8 - 450 
6 » 25 
8178 


42-8751 

2L_ I 

15 875 


15 875 


85 
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EXAMPLES. XX. A. 

• l * 

On Spheres^ 

* . . ^ 

[ Elementa n/ Co?<m\] 

\ Surfaces .)* 


In the flowing Examples take n--^. $ 

j 9 * 

-1. JJind the surfaces of the sphe«»s whoso radv are re- 
spective!/ t 1 * * 

(i) 7 inojies. (Result in square inches.) 

(li) 1 ft. 9 in. (Result in square feet.) 

(iii) 4 yds. 2 ft. (Result in square yards and feet.) 

2. Find the cost of gildnlg a hemispherical dome 42 feet in 
diameter, at the rate ot 1*. (x/. per square yard. • 

. 3. A hollow cylinder is i losof at the end# by hemispheres. 
If the length of the cylinder is 8 feet, and its diameter 6 feet, find 
the \vhol% external sifrface in square feet. * * 

• • S P * ^ 

4. A boiler has the form of a hollow cylinder closed at the 

ends by hemispheres. If the whole length of the boiler is 7jTect, 
^nd its diameter is 2*ft. 0 in., find its whole external surface. 

5. What is the radius of the splieie wlefse .‘mrface is 
(i) 1 54 hquare inches ; 

(ft) 1 7 sq. ft. 16 sq. in.? 

• 

6. Find the radius*of a spluwo, whose surtax is equal to the 

whole siyfuce of a cylinder of hei^lit 16 inches, ami diameter 
4 inches. • 


* ( Volumes.) 

7. Find the volumes tlfe sphere* whose radii are re- 
spectively ' ^ 

(i) 7 inches. (Result in cubic inches.) 

(ii) 1 ft. 9 in. (Result i*i cfibic/eej.) 

(iii) 2*1 inches. (Result in cubic inches.) 
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* 8 . t^n'd the weight of a solid sphere tof lead 6 inches* in 
diameter: having givon 1 cubic inch of lead weighs oz. » 


' 9 . Find the fjpttents in g/illons of u hollow spl^re whoso in- 

ternal diameter is feet ; having given 1 cubic foot=>=6| gallons. 

t 

f 10. ,T| ’ind the contents in gallons of a hemispherical vessel, 
■vfchoso internal diameter is 2 *8 feet ; having given 1 cubic foot 
=6£ gallons. 


11 . How many spherical bullets, each 1 inch in diameter, 
could be lfjoul/lqd from a rectangular blook'of lead 1 1 inches long, 
8 inches wide, and 5 inches thick ? 

12. 'How many solid spheres, each 6 inches m diameter, 

could bo moulded from a solid luetal cylinder whose length is 
45 inches and diameter 4 inches ? * ' 


13 . A piebe of lead piping a yard in length is melted down to 
form spherical shot l inch in diameter. If the external diameter 
of the pipe is 1 inch, and the thickness of the lead j inch, how 
many shot nny be made ( 

14 . Tf a solid cylinder of lead 8 inches long and 6 inches in 
diameter weighs 92 lbs., find the weight of a loadtri sphere one 
foot in diametet. ‘ 

* $ * ( f 

i * 't 

(i Spherical , Sue, flu.) 

15 . Find, in cubic inches, the volume* of a spherical shell, 
whose internal and external radii are respectively 6 inches and 
5 inches. 

18 . Find, in cubic inches, the \ dume of a spherical shell 
whose oxternal diameter is 9 inches, and whose thickness is 
] \ inefy , 

17 . Find, in square inches, tin whole surface of a hemi- 
spherical bowl, one inch thick, and 10 inches in external 
diameter. 

18 . Find, in square feet, the whoie surface of a hemispherical 
bowl *7 inch thick, ancl 4 2 inches m external diameter. 

19 . Find (to the nearest ounce) the weight of a spherical 
shell of copper, having an external diameter of one foot, and 
a thickness of one irdi'j having given 1 cubic inch of copper 
weighs 5*1 oz. nearly. 
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1 * » • * 4 

*20. A solid splfere of metal 1 inches in diameter weighs 
■’9 lbs . * find tho weight of a sjJherical shell of the same metal, the 
external diameter being 20 nfehes, and the thickness 2 inches. # 

• • • * * 


21. How muny # pounds,of powder would be needed to till a 
spherical sliell .whose! internal diameter is 2* in$ie# ; given 
30 cubic inches of powder weigh 1 lb . '( * • 


22. An iron spherical shell, (S inches in external diametej’, 
and 14 inch thick, is tilled with water. Kind (to the nearest 
ounce )** its total weighty having giv<*n 1 cubic inqh«of iron weighs 
4J> oz., and J cubic inch of water weighs o/. 


(M media neons ) 

23. Find the radii of the spheres whose volumes are 

< • 

(i) 1 131 cubic inches , . m 

(li) 179$ cubic feet • 

* • 

• 24. Find the volumes of the^sphej’es w hose's ur faces are 
016 squanS inches- 

(n) 384 Square feet. 

25. Kind the surfaces of tlie spheres whose volumes aref 
* (l) 179$ cubic inches ; 

(ii) 4.,y cu^io feet. 

-v 

26. «A metal sphere, I t inches In diameter, is dropped into a 

rectangular cistern, whoMfc base measures 49 nnjies by 14.4 inches. 
If the sphere is totally submerged, by how muelf will thAsurface 
of the winter he raised 1 # 

• • 

27. A *m#tal sphere, of diameter out* foot., is dropped«into a 

cylindrical well, which is p.ytl/ Idled with water. * 41 ie diameter 
of the well is 4 feet. If the sphere is eomjdetely submerged, by 
liow much will the surface of the water he raised ? • 
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EXAMPLES. « XX. B. 

y On f Spheres.* 

t [Higher Course.] ' 

l In the following Examples take 7r = 3‘14?(>. 

{Surfaces .) « 

1. Filed (to the nearest tenth of a square inch) the surface 

of a solid figure consisting of a cone and' hemisphere having the 
same circular base: the height of f.he cone is 35 inches; and the 
diametel of its base 2 feet. ' ( ( 

2. If the earth is represented by a globQ v hose diameter is 

3 feet, find (to the nearest hundredth of a square inch) the area 
enclosed 'on the globe between two meridians of longitude 
separated by l°. •* 

3. Find^the ratio of the surface of a sphere to the surface 
(i) of its circumscribed cylinder, (ii) of its circumscribed cube. 

4. Find in square inches ,(to two places of decimals) tne 
surface of the <gr jatest sphere that can be cut from a ^ solid cone 
whose vertical angle is 60°, and diameter of base ?0 inches. 

5. Find the surface of the greatest sphere that can be cut 
froth a qone whose vertical angle is 1 20°, end diameter of basr 
1 foot. 

6. The external diameter of a hemispherical bowl is 1 ft. 
10 i$. ; find its thickness, if its whole surface is 1454*5608 square 
inches. 


( Volumes.) 

K / * o 

7. If a solitl copncr sphere 3 inches in diameter weighs 
lbsr, find the woight of a sphere of lead 1 J indn in diameter, 

given that the weights of equal volumes of copper and lead are 
as 11 : 14. i ' 

8 . Find the volume of a sphere, whose surface is equal to 
that of a circle on a diameter of 3 ft. 4 in. . 

9. A cube and a -sphere have equal surfaces : shew that the 
ratio of their volumes is 72 : 100 nearly. 
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10. A leaden pfpe, 6 centimetres in external diameter, and 

’ 1 centimetre thick, is melted^ down into a solid sphere 20 centi- 
metres in diameter. Find to the nearest rrylKmetre the length 
of the pipe. •• * 

11. A sphere of 'metal, whose* diameter ij £ <>f ^,n inch, 

weighs -625 lb. What is the diameter of a sphere of the sjftnf 
metal which Veighs 40 lbs. ? , ' * 

12. If ice loses 7 per cent, of its volume on being melted, 

find how many gallon J of water could *be obtain*^! jfroifi a sphere 
of ice 18 inches in diameter, supposing that one cubic foot of 
water cohtains (>£ gallons. • # # • 

• • * 

13. If a cone of lead, 24 centimetres in height, can be 
hammered into a s81id sphere 8 centimetres in diameter, find to 
the nearest millimetre the radius of the base of the, co^p. 

14. A closed vessel whose 4th ole extei^ial lengtl? is 3 ft. 8 in. 

consists of a cylindrical shell closed at each end by a hemi- 
spherical shell of the same diagnotor and thickness. If the 
external diameter of this vessel is*l ft. 8 in., and its thickness 
2 inches, find # (i) its whole exterivd surface, to flic nearest tenth 
of a square inen, and ^ii) its capacity to the neaJerit gallon, having 
given 1 cubic fi*ot contains jfillens^ • • 

15. From a cubical block of wood the greatest possible 

Jphere is turned. What decimal of the original solid has been 
cut away ? * 

• • 

16. From a cylinder, whose height is equal to its#diameter, 
the greatest .possible sphere is tqrnod. What fraction ofVthe 
original Solid has been cut away? 


( The following Examples involve the extraction*)}' Cube Hoot.) 

* • * • • 

17. A solid metal cylii^de* is 16 inches highland ^ feet 

in diameter. Find the radius of*a sphere of the same material 
and weight. * . • 

• 

18. The greatest possible sphere is turned from a cubical 
blyck of deal. If ^he weight of the wood^emoved is 217’2384 lbs., 
find the diameter of the sph<ve, having givAi 1 cubic foot of deal 
weighs 57 11^. 



180 


ELEMENTARY Kty DURATION. f [©HAP. 

( '\' 

19. A cubical block of metal^eack edge of which is 1 foot, 

is melted down into a sphere. Fin,d its diameter, to the nearest 
tenth of an inch* - a f 

20. A piece of leaden pipe, 8 centimetres in external 
diameter and i 5 centimetre thick, is melted down into a solid 
sphere. , If the length of the pipe is 1 metre, find to the nearest 
millimetre the diameter of the. spheiv. 

21. Find to tho nearest tenth of an inch, the internal diame- 
ter of a hemispherical vessel capable of containing 11 gallons. 
[One gallon — 27 V 25 cubic inches.] 

22. If the weights of equal volur les of gold and silver are 
in the ratio of 19| to 10^, find the radius of a silver sphere 
whoso weight is equal to that of a sphere . f 'gold of radius 6 
inches. 

O' * 

(Sphericti ti/ieUx. i 

23. Find, to the nearest tpntli of an melt, the thickness of a 

spherical shell 14 inches m external diameter, if its weight is 
equal to that of 'a solid sphere of the same material, having a 
diameter of 1CX2 finches. * . 

* 1 

24. A leaden spheric, 'd shed, 18 centimetres in external 
diameter, is melted down into a solid cylinder 8 centimetres 
high and 12 centimetres in diameter. What was the thicknen 
< of the shell ? 

25. A copper spherical shell 1 4 inches in external diameter, 
weighs 4(j 7 lbs. Find its thickness, to the nearest tenth of an 
inch, having given 1 cubic foot of copper weighs 555 lbs. 
(*=¥)• 

26. A spherical iron shell is 32 inches in external diameter. 
Find the thickness (to the nearest hundredth cf an inch) if the 
shell is capablo of containing 50 gallons, [(liven 1 cubic foot =6| 
gallohs neaH y.] 

27. A spherical rhell (consisting of two hemispherical shells 

screwed 1 together) fits tightly over a solid sphere of the same 
material. If the weight of the sphere and shell are equal, 
find the thickness of the shell, the extern. 0 1 diameter being 
I foot. L j 
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{Miscellaneous.) 

28. A cylindrical cup of External diameter 4| inches, heigh^ 

inches, anti thickness* | inch weighs 24 V>£. 9 dwts* : what 

would be the weighty a hemispherical lid, of the same material 
and thickness, to. fit the top ? ® 

29. A hdllow cone, whc^o angle is ,60°, is held with* its axis 

vertical and vertex downward, and water is poured in until the 
surface stands 8 inches above the vertex. A metal sphere 
then dropped in, and the water rises half an iuch. # Supposing the 
sphere to be completely* submerged, find its radius to the nearest 
tetifch of inch. * • 

^ t • 

30. Water is poured into a hollow cone, whose angle is 120°, 

until the surface? stands 10 centimetres above the vertex. An 
iron spherical shell, of external diameter 8 centimetres, having 
a small aperture, is then dropped in, so that the waler inters the 
shell and completely submerge, ^t. If thl surface t>f the water 
is found to have risen, 2 millimetres, find the thickness of the 
shell. # • 

• 

• 31. A spherical shell, having a small aperture, is placed in a 
cylindrical v^sel of the sajne (fiameter, and water is poured 
into the %essel untif the shejl is just submerged, its cavity 
having been fifled. Tihc shell* is* n<*v removed, and \he water 
contained in it poured back into the cylinder. If a solid sphere 
§f the same diameter is now dropped m, the surface of* the 
water. is found to stand half an inch above its former level ; fine], 
the thickness of the shell, its external diameter Jbeing 6 inches. 

32. A spherical shell, of external diameter 8 centimetres, is 
placed in a conical vessel whose \^rtieal angle is 60°, and water 
is poured into the vessel, *until having entered_the cavity of the 
shell by a small apertfire, it just submerges rie outer surface. 
The sheU <is now removec^ and tfle water contained in it is 
poured back info the vessel. If a solid spltero of the same 
diameter hfngw dropped in, tho •surface the water Is fojind to 
stand 3 millimetres above its /ormer letel . find# the thickness 
of the shell. * 



CHAPTER XXL 


ItrlE V .Z4>NK AN 1/ SEGMENT OF' A SPHERE. 


111. Definitions, i. A segment of p, sphere is apart 
cut off from the sphere by a plane. 

It is clear that any plane, which does 
not pass through the centre, divides a 
sphere into two segments, one greyer and 
one less than a hemisphere. 

The base of the segment is a circle 
(see p. 172); and the line CQ,, drawn at 
right angles to the base from its centre, 
and terminated by the curved surface, is 
called the height 1 o‘*the segment. 

The centre of the sphere lp>s in OD, or 
CD produced towards C. 

2. A Zone of a sphere is the part cut off from the sphere 
t>etween two parallel planes. 

Thus the zone of a sphere has two 
circilar ends and a curved surface. The 
thickness of the zone is the perpendicular 
distance between t* e two cutting planes. 

Note. Suppose one of r the cutting 
planes to recede from the centre of 1 the 
sphere, it will be seen tint the correspond- 
ing edU of the zone will bo diminished in 
area : and finally, when the plane tou lies 
(instead of cuts) the sphere, th6’ circular 
end will Vhnish altogether. The zolie then 
becomes a segment. Th\ls a segment of a 
sphere may be regarded as a special kind of zone * and we shall find 
accordingly that the formula) fur the volume and curved surface of a 
segment may be deriveu from the corresponding formulas for the zone. 
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* * A 

•114. To find the curved surface and volume of the 
'segment of a sphere . * 

Let the Radius of tile sphere = r units/* tile radium of thS 
base of the segment,?^, and the fyeight h. 

(i) Curved surface of segment = 2irrh square units. " 

• • 

(ii) Volume of segment — {3rj 2 4- Jr) cubic units. 

• ^ * • 


113. ' To findjlie cnvviM surface and volume of /he zone 
of a sphere. 

* • 

Let the radius of the sphere r units, the radii of the 
two ends and r 2 , and the thickness k. * 

m * * 

(i) Curved surface of zone - "Inrh square units. 

k * • 

• (ii) Volume of zone - -- ^13 (r, 2 + rf) + cubic units. 


It is important to* notice *that the curvecT surface’ of a zone 
depends only on the radius of the sphere and the thickness of the zone. 
•Hence all zones cutfrf^n the same sphere have equal curved surfaces, so 
long as they are of the same thickness. * ^ 

For, '. . , 

curved surface of zone — (circumference of sphere) x (thickness of fpne). 

• • 

Note, Supppse one cycular end of a zone to recede from the other 
end until the zone becomes a segment, then the thi&^ess ( k ) of the zone 
becomes the height (h) of the segmont; and the formula for the 
curved surfaces become idenllcal. # 

• I A 0 

Again, it Ifks been seen that if one circular end of a zonq#recedes 
from the centre, its area i§ gradually diminished? aftid ultimately 
vanishes altogether. Hence vjhen*the zone Incomes a segment, r 3 =0. 
Accordingly if we put r a = 0 in the formula for the volume of a zone 
, • , 

|%(V + r 2 2 ) + we obtain * {3/*^ + ft 2 } ; 

• • * r 

the formula for the volume ot a segment. 
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/ ’ ' 

Example i. Find the whole surface and * volume of a segment 
(greater than a hemisphere), its hcigKc being 18 inches, and the radius 
of the sphere from which it was cut being 13 inches. 

The f gure replesents a ceniral section of 
the segment. 

, r~OP = OD = 13 inch es ; 
kna , /< = CD = 18 inches. 

.. OC — 5 inches. 

Required r 1 , or AC. 

From tfte right-angled triangle OCA, 
r, a ~ 1 3- — ,■>*-- 1 4 i 
. /-j — 12 inches. 

(i) Curved surface = 2irrh', and aieu of base 
whole surface = 2irrh -I m f -- rr (2/ h + r, 

<■, 22 

(2(5 18-} 12") sq. in. 

« it 7 

-- 1923$ sq. in 

<j i 

(ii) Volume — *-* { 3*^+ h " } 

22 m * - 

>4 - -- x - {3 12- + 18- \ cubic inches 

/ o 

— 4J cRbie feet. 





Example ii. Find the whole surface and volume of a zone, thf 
diameter bf the sphere being l ft. 8 in., and the distance of the plane 
ends from the centre (on the same side) 6 inches and 8 inches. 


In the figure r=AC = DC = 10 inches; 

*. CG =8 inches, CF = 6 inches ; 
k FG = 2 inches. 

Required r v and r, 

From the right-angled ti tangles AFC, 

DGC, 

7-j 2 = s 3 F C- ; and* r.f = r 2 - .G C* . 
Hehco r x = C inches, and r v — 0 inches. 

(i) The curved surface and th3 areas of 
the two ends are respectively 

2 frrfc, 7r rj 3 and irr,/\ 



whole turf ace ~n{2rk + r£ + r.f } 

= y {2 X 10 x 2 + 8 2 % sq. in. - 440 sq. in. 
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* A * » S * - 

• . • (ii) »The volume = y {3 (rf -\9r.r) + fr 3 } 

• ^ x g* 3 (8 3 + 0-) # +2 J J c. m.V=U18 17 c. „ 

* • * • . 

Example iii. Find the curved surface of a zone o# a sphere, if tho 
radii of the t^o ends are 12 inches and 5 inches, and the t^iicknfW 
7 inclies. • • 

Here r 2 = 12 inclies ; r» — 5 inclies , and k — 7 inches 
Required?'. Let *# CF — * $ • 

Th «*n • g AC a — ?'/- + r 2 , and DC- = r.f -f (7 i -i ) 2 ; 

* ^2 2 + x 2 C-,;> 2 -f 49 + 14x4- x'\ 

x — flinches. 

Hence r-vVf + .r' , --\/l2 2 + 5 2 ~ 13 inches; 

22 

and curved surface - 2vr£ — 2 x - - x J.3 x 7 sq. ill. 


• .-572 sq. in. # 

• 

# Example iv. A sphere of diameter 21 feet is placed so that its 
contre is 87 fc#t distant from an •bserter’s eye. Lind the area of 
that part the sphere’* surfadfc that is visible to t.’»e ©bserver. 

Taking a ceiftral section of • * • * * 

the figure, we see that the 
Ijingents OA, OB indicate that 
part of the sphere which is 
visible’ from O. 

Now 00=^7 fit., 
and AC - 12 ft. 

.'. OA-VOC 2 -AC 3 # 

— s/ 37 J 12- — *35 ft. 

It is necfiiired to find DC| 
and hence ED tliff height of the segment. 

• • • 

From the nknilar triangles DCA, ACO, * 

DC AC # DC 12 
CA ~CC ; .° f ’ 12 ~ 37* 

144 • 

Hence DC^ -~:=3-8‘.) . feet; 

• • 37 

* h (or ED) - EC - DC -= 12 1 3'89 . i 8^1 feot nearly ; 
and curved §urface of segment — lirrh — 61 1*7 sq. ft. 
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EXAMPLES.^ XXL A. 

On £ones and Segments' op a Sphere. 

[. Elementary Course.'] 

(Surfaces.) 

te In the following Examples tal'e — 

Find the curved surface of the segment of a sphere 

(i; the radius of the sphere being 5 inches, and the 
height of the segment 3§ inches, 

(ii) the diameter of the sphere being 1 yard, and the 
height o 1 the segment 1 ft. 2 in. 

2. Find the curved surface of a zone of a sphere 

(i) the radius of the .sphere being 10& indies, and the 
thickness of the zone 1 g inch, 

(ii) the ebameter of tho spkero bejng 2 ft. 6 in. and the 
distance between the parallel face s of the zone 4 1 ? inches. 

o + 

3. From a sphere 8 inches in diameter, a zone is cut by 
parallel. planes whose distances from the centre on opposite side i 
»>are lj- inch and ^ inch ; find its curved surface. 

4 . Fnd the whole surface of a segment of a ,>phere 

(i) the diameter of die sphere being 10 inches and the 
height of the segment 2 inches, 

(ii) the diameter of the sphere being 2 ft. 2 in., and the 
height of the segment 8 inches. 

5. ^ Find the whole surface of a zone of a sphere, the diameter of 
the sphere being 5 ft. 10 in , and the Mi stance of the plane ends of 
the zoneJYom the centre 1 ft. 0 m, and 2 ft. 4 in. on the same side. 

6. From a sphere of diameter 4 ft. 2 in. a zone is cut by 
parallel planes, whose distances from the centre are 1 ft< 3 in. 
and 7 inches on opjy\site sides. Find the whole surface of tne 
zone to the nearest hundredth of a square foot. 
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* • | x 1 * • 

7. A copper boiler, whose extreme length is 4 ft. f in., con- 

•gists 6f a hollow cylinder w^th ends closed by segments of a 
sphere. If the cylindrical part is ^ yard in length, and 2 feet in 
diameter, finfl (to the nearest square inch) feie whole surface or 
the boiler. 


\ v vi tunes. ) 

• • 

8. Find the volumes the segments of a sphere in'which # 


(i) the radius tof tho base of the segmenj i£ l^inch, and 
the height 3^ inches, * 

* • * • # 

(ii) * the diameter uie base of the Segment is 8 inches, 
and tho height is G inches. 


9. Find the volumes of the zones of a sphere in which 

it 

(i) the radi i of the circular ends are 4 inches and 3 inches, 
and the thickness 3 inches, m ® 


(ii) the diameters of the circular ends ari 2 feet and 
10 inches, and the distance betwoeif them is 3 inches. 

• ^ » 

10. Find*tho volumes of the segments of a # sphere in which 

(i) the*radnis pf the .sjiiefe it ft inches?, and thh radius of 
the base 4 inches, the segment being greater than a hemisphere, 

• (ii) the diameters of the sphere and base are 2»ft. fo in. 
and 2 ft. G in. respectively, the segment being less than a hemi* 
sphere. . * • 


11 . # From a sphere of radius ft jnches a zone is cut by paf'allel 
planes, whose distances from tho centre on opposite sides are 
4 inches and 3 inches. •Find thp volume of th^jpegment^ 

^ • 

12 . fond tb# volumo of A zone cut from a sphere of diameter 
2 ft. 10 in.* bv parallel planes, jvhose distances from* the centre 
on the same side are 15 inches and 8 inches respectiyely. • 

• • * 

13. A sphere of diameter Si inches^ is cut through by a 
plane drawn 8 inches from the centre^ find tho rafio of the 
volumes of the two segments. 
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ELEMENTARY , MENSURATION. 


[OIAP. ' 


EXAMPLES. , XXI. E. 

On Zones and Segments of a Sphere. 

. v-> t 1 

[Higher Cou.&e.} 

' (/Surfaces.) 

In the following Examples, unless otherwise stated , ftnfce 7r = 3'1416. 

1. Fipci the curved surfaces of the segments in which 

(i) the radius of the base is 4 inches, and the height 
2 inches, 

(ii) the diameter of the base is 5 ft. Id in., arid the height 
2 ft. 1 in. 

Ana find the curved surfaces of the zones in which 
4 t 

(lii) the radii of the two ends are 4 inches and 3 inches, 
and the thickness 1 inch, * 

(iv) t} c diameters of the ends are i5 inches and 7 inches, 
and the thickness 2 inches. 

2. A sphere of diameter 80 feet is placed so that its centre is 
50 feet distant f-om an observer’s '■eye. Find (to th p nearest 
square foot) the a v ea of that part? of the sphere’s surface that is 
visible to the observer. 

3*. A sphere of diameter 10 inches, is pkced so that its centra 
w 17 inches distant from an observer’s eye; find what decimal of 
the whole surface of the sphere is that part which is visible to 
the observpr. ~ r 

4 . How far distant must the centre of a sphere of radius 
1 foot be placed fyom an observer’s eye, in order that ^ of the 
whole surface irf.7y be visible to Hmf 

5 . Considering the Earth as i sphere of diameter 8000 

miles, at v^jtiat height above the ground would one-millionth of 
the earth’s surface be yisible? [(Jive the result to the nearest 
foot.] c * ‘ „ 

c ° ( Volumes.) 

t 

6. A vertical cylindrical vessel, whose internal diameter 
is 4 feet, is completely filled with water. Il* a metal sphere 
of radius 25 inches is* 10 W laid upon the rim of the vessel, find fo 
the nearest pound what weight of water will overflow. 
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7 . *A conical wini-glass, whose angle is 60°, and whAiedeptli 

is 4 inches, is completely fillet? with water. If a metal sphere of 
diameter 5J inches, is now placed upon the rim of the glass, 
what fraction^ the whole? contents V ill overfhr# 7 , * 

► * • 

{Miscellaneous.) 

8. An irtftl sphere of radius f> jnelws is placed at th<? bottom 
of a cylindrical vessel \vl«>se internal diameter is 1 loot, and 
water is poured in to a depth of 1 inch. What fraction of the 
whole surface of the'*^>}iere is immersed? Anjl «if tlio sphere 
is jvithdjawn from the vessel, w'hat wijl he the depth of the 

water ? • • , ’ * 

• • 

9 . A metal spnere is placed at the bottom of a cylindrical 

vessel whoso internal diameter is 38 centimetres, and water is 
poured in to a depth of 1 centimetre. If, when the sphere is with- 
drawn, the depth of the water heiomes £5 centimetre, what is 
.the radius of the sphere? ^ * 

10. If, when a sphere of ‘cork floats m watt*, the height 
of the submerged segment is J *c£ the radius, shew' that the 
weights of equal volumes of cork and .water are us 3 4 . 4 4 . [Note. 
The weight flf a floating body is equal to t]i^ weight of the 
water diqilace^.] 

• 

11. Two tangents OP, OQ are drawn to touch a circle of 
Radius 8 inches at P.and Q • the angle between them bein^GO". 
if th$ figure is made to revolve about the line joining O to the 
centre of the circle, find the surface and # volume of the solid 
so formed. . 

12.. Two tangents OP, OQ aw drawn to touch a circle of 
radius 10 inches at P *ud Q, the angle between the tangents 
being 12() u . If the figure is jnade to revofl^ about pic line 
joining O.to the centre of the civile, find the whole surface 
of the solid so formed. * . 

13 . A sj^iere is placed in a* paper cone wliofce vertical angle 
is 90°, and the paper is cnf^awtiy along the circle *>f Contact, 

(i) what decimal o? tji* whole sifrface of the # sphere is 

concealed by the cone? # 

(ii) what # decimal of the whole volume of the sphere is 
that segment which lies withhuthfl cone = 1*41421.] 
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SIMILAR SOLIDS. ttOLIL RINGS. 


SECTION I. 

Similar Solids. 

114. Similar solids may be described as those which 
have the same sh n pe t but not necessarily the same size. 

All cubes are similar solids. 

All spheres are similar. 

Right Prisms are similar, when their bases are similar, and their 
heights are proportioned to corresponding sides of the bases. The 
same test of similarity applies to right pyramids. 

Right Cy tenders are similar, when their heights are proportional to 
the radii of their bases: and su iUir cones are known by the same test. 

Or again, right circular cones fire similar if they ha“e equal vertical 
angles. * * 

115. The following rules apply to all similar solids. 

■ (i) The surfaces of similar solids^ are proportional l. 
*he squares of corresponding edges , or of any corresponding 
lines that may be drawn in them. 

(ii) The volumes of similar solids are proportional to 
the cubes of corresponding ' edges , or of any corresponding 
lines that may fv drawn in them. 

For example, the surfaces of simila * cones are proportional to the 
squares of their heights ; and the volumes to the cubes of the heights. 

Or "again, if the diameter of one sphere is three times that of 
another, then tne surface of the first : s 9 times the Burface of the 
second; and the volunpe of the first sphere is 27 times that of the 
second. 

Example i. If the diameter of the Earth is taken as 7900 miles, 
and that of the Moon as 2160, miles, how many times greater is the 
Earth than the Moon?-*- 1 Afid how many times greater is the surface of 
the Earth than the surface of the Moon ? 
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J S*MIUAK SOLJJJK. yMl 

1 * |^ . . , 

(i)* Now volume *>f Earifi : volume of Moon ~ (7900) 3 : f2160) 3 . 

• ■ Volume of Earth fTOOOy p-49-02 

' Volume of Moon Cjuko J -I*"" 


t # 9 I A 

Thus the Earth is nearly # 49 times greater thaA fhe Moon.* 
(ii) Again, Surlheb of Earth : Suiface of Moon 
- (7900) 2 : (2160) 2 , 


Surface of Earth ../7900\* , ( 

••• li -7 ? ^ ) ={3-(i« )*~ 13*39. » 

Surface ol Moon# \2160 J # 

Thus the surface of Jihc Earth is rather more than 13 # times that 
of the Moon. • • * 

'Example ii. What must be the thicknes#of the jrustun#cut from 

• * 2 

a cone 100 inches in height, if the volume of the frustum is — that of 
the cone ? 1 • 


The cones Oab, OAB are similar : 
and if the frustum Aa&B is — o fjhe 

* 9 

original cone, then the cone Oab in 

' ” j 

of # the Cone OAB. 

cofle Oab . 9 « 


Or, 


But 


cone Oab _ *0^ 
cone OAB OP :! ; 


§&-/o ; »Qp= op '#» 

= 100x *965*— 96*f> ineheH. 



Hence the thickness Pp--OP - Op ^ 3*6 inches. 

• • 

• • EXAMPLES. XXII. A 

* # On SlMThAft Solids 

• . # 

1. The edges of two cu&es are as 4 : 3, find the ratio of their 

surfaces and of their volume* # • t 

2, The surfaces of two spheres arc #n the ratio of 25 : 4 ; 
lind the ratio of thejr volumes. 

« 3. The volumes of two spheres arenas 343 : 64 ; express the 
surface of the first as a decitnal of the surface of the second 
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4 . Ine weights of two similar cbnes of the same substance 
are as 1331 : 729; find tho ratio oi tho radii of their bases. 

5 . The weights of two .similar cylinders of tho same sub- 

stance are 13824 lbs. and 12167 lbs.; it the height of the first is 
16 feet, thyl the height of the others * 

' 6. The diameters of two spheres of different substances are 
as 7 : 3,' and the weight of the first js 15 lbs. If /.he weights of 
equal volumes of the two substances are as 27 : 49, find the 
weight of the second sphere. 

7. The v eights of two spheres are as '9 : 13, and the. specific 
gravities of their substances are respectively 1*69 and ‘81. If 
the diameter of the first is 45 inches, find the diameter of the 
other. 

8. The weights of two similar cylinder. ^ of different sub- 
stances) «p*e as 49 : 45 ; if their diameters are in the ratio 14 : 15, 
compare the weights of equal volumes of the two substances. 

(,i 

9 . A pyramid, whose height is 16 inches, and whose base is 

a square on ,? a side of 14 inches, is intersected by a plane parallel 
to the base and 1 foot distant from it. Find the volume, of the 
pyramid cut off. K 

10. At what distance from the base must a co le, whose 
height is 1 foot, be cut by ? plane parallel to the 'base in order to 
bo divided into two parts of equal volume? 

11. A pyramid, 18 inches in height, stands on a square bast , 
.whose side is 9 inches. At what distance from tho base must it 
be intersected by a -parallel plane, if the volume of the pyramid 
cut off is 16 cubic inches? 

12 . In what ratio must 'the height of a eono be intersected 
by a plane parallel to the base, if the volume of the frustum cut 

off is ioh of thcwhole cone? 

n •. n 

13 . 4 right circular cone is cut by a plane parallel to the base 
through the middle point, of the height. Compare the volumes 
of the two parts into which the cone is divided. 

14 . A right circular cone is intersected by two planes parallel 
to the base and trisecting tho height. Compare tho volumos of 
the three parts into which the cone is divided. 
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•solid rings* 1.493 

■ .V 

« 

SECTION^ II. 

€tou» C/IRoula*r Rings. 


116. Suppose a circle whoso dfcntro is C to pe con- 
liected by a thin bar CD*with 
an axis AB. If tin* bar re- 
volves about the axis, the solid 
tigtire described is called* a 
solid circular ring? 

The original ch-cte is the cross- 
section of the ring: and the dotted 
circle described by the centre of 
the revolving circle is called the 
•length of the ring. The length .flt 
the ring is half the sum «f its inner 
and outer circumferences. 

* 117. To* find the surface* 

and volume of a soltd circular 
ring. • • • 

The surfaco and volume 
9t a solid ring are equal to 
those of a cylinder whose base is the .cro^s-section, and 
whose height i*s the length of t he ring # 

Heqce (i) Surface of ring* 

• , * “ ( circumference ^ cross-section ) 

x (length of ring). 

(ii) Volufhe of ring {area of cr Dissection) xf length of 
ring). • . # # • 

Example. The outer and inner diameters of a solid ring are 17'5 
inches and 10*5 inches ; find its surface and volume. ( rr = -y . j 

Here the mean diameter = ^ ( 17*5 + 10m) = 14 inches • 

• Length of ring= 14ir indies.* % 

And the r#dius of cross-section = 1 (17‘5 - 10*£>) ==■ 1 *75 inches. 



s. E. M. 
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b ' > u ' . 

.*. circumference of orrtFS-Kectioi 7 f= - x ir inches, 

and area of cross-action - ir fL*75) 5 sq. inches. 

Now (i) Surface of ring — (circumference of cross-section)* (length 
of ring)' 

7 n 

= rr y Mirsq. ill. 

a 2 *1 

f , =484 aq. in. 

And (ii.) volume of ring — (area of cross-section) x (length of ring) 

- ir (1*75) 2 x 147r cubic inches. 

= 423*5 cuMc Miches. r 


EXAMPLES. XXII. B. 

Solid (Jikovlah Bings. 

1 [In the following Examples take rr—'Af-.] 

1. Find tht surfaces and volumes of the solid rings in which 

(i) the a'fi lius of the inner encumfe^nce is 10J Riches, and 
the diameter of the cross-spctiom3ij inches, 

(ii) the diameter of the outer circumference is 6J inches, 
and the radius of the cross-section l inoh, tj 

(in) the diameters of the outer and inner circumfprcnces 
are 12*6 inches, and 5)*8 inches I’esjiectively. 

2 . The volume of a solid ring is 81 312 cubL inches, and the 
diameter of its cross-section is lvi inch; find the length of the 
ring, and its inner and outer diameters. 

3. 0 The muii diameter of a solid ring is 1*75 inch, and its 
volume is *33*8 cubic inch , find the diameter of its cross-section. 

4 . A solid circular ring fits closely round a cylinder of the 
same- diameter (2r) ds the crbss-section of theming; find the 
height of tho cylinder* (i) if their yolurnes are equal, (ii) if the 
whole surface of the^cylinder k equal to that of the ring. 

5 . A solid circular ring fits* closely round a sphere. If the 

diameter of the cross-section of the ring is equal to the radius 
of the sphere, what ratio does (i) the surface tf the ring bear to 
the surface of the sphere, *(ii) the volume of the ring to the 
volume of the sphere? f 



CHAPTER XXIII. * 


LOGARITHMIC TABLES APPLIED TO MENSURATION* • 

• . ' 

118 . The present chapter is designed to shew hoy 
the numerical laboug involved in sqmo problems qf Mensu- 
ration may be abridged by the use of logiA-ithms; and 
to* illustrate the application of MftUiematgeal Uables to 
questions iig whi$h angles occur other ‘than thosft whose 
trigonometrical^ ratios are readily determined. 

Example i. Find the aiea of a tuangulai field whose base measures 
18 chains 47 links, the angles at the base being 73° 18'^0"*and 82°. , 

[Given log 2 = '3010300 ; L mMT = 9 *995/528. * 

L sin 73° 18*= 9*9812850, d iff. for 00"= 37^; 

L sin 24° 41' = 9*620763*, *liff. for GO" = 2748; 
log 1847 =3-2004669; 

# log387^1 = 4-5«8058*7, diff. for l = y^] 

Here a =18 -47 chains, B = 73* 18' 3<J", C = 82ft, A=«4°41'30". 


Now area of 


a 2 sin B sin C 
• 2 sin A 


( 18*47 ) 2 . sin 73 rt 18' 30" 
2 sin 24° 41' 30" 


sin 82° . 

— j— -aq. chains. 


2 log ltf‘47* 

= 2-5329338 



•log sin 73° 18' 

= 1-9812850 

» 


dilf. for *30" 

= • 189 

log 2 

= -3010300 

log sin 82° 

-= 1*9957528* 

• log sin 24° 41' 

= i-0t07034 

• • 

2-6090905 

diff. for 30" 

= 1374 


1*9219308 

• 

• 

4-9219308 

log A* 

= 2 *.>880597 


m 

log 387-31 

= 2 -58^0587 




♦ \°* 



Now diff. for *01 


= 112, • 



prop 1 . inerq^ee = x '01 = *00089. 

• Hence a =387’31089 sq. ^haiifs = 38-731089 acres 
= 38 ac. 2 r. 37 p. nearly. 
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' ( 

Example ii. The volume (J. a conw is 3682*475 cubio inches, and 
its hi ight is 17*752 inches ; find its f3rtical angle. 

, [Given log 36824 = 4*5060130, diff. for 1 = 118; 

log rf/52= 4*2492473 ; log tt= *4971499 ; 

L^an 38° 24' =9*8990 187, diff. for 60"- = 2595.] 

Suppose the height and radius of the base are h arj,d r inches, and 
the vertical angle 2a. 

' Then r=h tana, 

,, ' j " 

and ^ t rrVi = 3682*4* 5, 

or ^ trh? tan 2 a = 3682*475, 

, „ 3 x 3682*475 ' 

.*. tan- a - . t ; 

(17*752)'* x t r 

.*. 2 lbg tan a-bg 3 + log 3982*475 - 3 log 17*752 - log 7r. 


log«? 

= *4771213 , 



log 3682*4 

= 3*5690130 1 

diff. for 

*1 =118 

add for :Q75 

89 i 

4*0431432 

diff. for 

*075= 89 

' 

1*2448918 

2 [lT.. 82514 

Tog 17*752 = 

\ 

>‘2492473 

3 

3*7477419 

log tan a 

- I 8991257 

K r * - 

•4971499 ( 

'log tan 38° 2T 

’_* 1*8990487 
“ 770 

4-2448918 

770 t 

' Required addition = - „ x 60"= 17"*8 ; 

25 \i<) 



. . a =38° 24' 17"*8; so that 2a = 76° 48' 36" *6. 
t & 

119. Jn the following example the logarithms and 
differences are supposed to be taken as required from the 
Tables. ** < * 

Example ? To the ends of a cylinder, whose length is equal to 
its diameter, are applied hemisphere^ of the same diameter as the 
cylinder. 1 If the volumo of the whole figure thus formed is 463*873 
cubic inches, find its surface. [7r =3*1415926.] 

'Suppose the radius of the cylinder and hemispheres to be 
r inches. Let the vohnn^of the ^holp figure be V, and let the whble 
surface be S. 
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» 1 /* 

frhon V = volume cylindej + volume of two 1 


7rr- x 2 /■ 


10 


jri cuf)ic»inches. , 


Thus 


10 jrr a = 468-87J. 

* 

# |3x 46*3873 j 


-* (i). 


An*d 


* . S = surface of cylinder + surface of two lkemisphcres 
Vs '*2irr x ir j irr 3 


• 0 

-- Birr square inches 


= 8ir 


J3 x 40-3873) H 

r - [.* 


from (i) 


= 8{ttx3 3 x (10-3873)“'^; 

1 


V)g s = log 8 f- 3 | log 7(*+ 2 lftg 3 + 2 log 40 *3873 f . 


From the Tjftdes, 
add for 


From the Tables, 
• add for 


From the Tables, 


log 40 -3§7 1 00039^)3 

3 _28 

1 •0633991 
2 

3 ‘3321982 § 
2 log 3 - -9542420 

log 3-1415 = -4971371 
9 1241 

2 > 
. 0 > 
$ | 4-7glTl907[ ' 
1*594730? 
log $ = -&30900 

# lo^f S =2-1978202 

log 314-64 =2-4978139 

*~63 
55 

»| 

8'3 


,\ 8 * 314*6440 square inches. 
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* 0 

EXAMPLES. w XXin. 

V « 

Miscellaneous Questions to be -worked by Logarithms. 

'* (Areas of Plane Figures.) 

[/ft Examples 1 — 10 take log — *30103; log 3 = '47712; 
log 7 = -84510; log * = -40715.] 

1. Find the acreage of a triangular field whose sides are 
2500, 3500 links and 4000 links. 

[( liven log 43302 = 4*63650.] 

2. In the triangle ABC, a 21 yards, 1 6 = 30 yards, and 
^=40 yards; find the length of Ihe perpendicular from C on 

AB. 

[Given ldfe 13 = 1 *1>394 ; log 2' ' 331 = 32900.] 

3. Find' the length of the perj>endicular drawn from A on 

BC in the triangle ABC, i?‘o=8U0 feet, 6=071*7 feet, and 
c= 528*3 feet. , 

[Given *» 'i 

log 328*1 = 3*51027; log 4J17.*-- 3*07307 ; log 439' '8 = 4*04343.] 

4. The sides of a triangle are 15 inches, 16 inches, and 
17 niches; find tho side of an equilateral triangle of equal aree, 
giving a result true to the nearest thousandth of an inch. 

[Given log 75023 = 4*90 1 38.] 

Z. Find the area of a triangular field of which two sides 
measure 8 chains 75 links and 2 chains 45 links, the included 
angle being 04° . 

[Given /sin 04° 20' = 9*96488 ; loe 90717 = 4*98503.] , 

1 u 

6. Fin 1 (to the marest square inch) the area of a circle 
whose radius is 71*27 inches. 

[Given log 7127=3*85291 ; lqgl *5958 =*20297; log * = *49715.] 

7. A strip of ground has tho shape of a trapezium A BCD. 
The parallel sides AB and CD measure respectively 1076 links 
and 924 links ; the length of AD is 64 links, and the angle BAD 
is 71° 13'. Find the a^rehge of the ground. 

[Given /sin 71° 13' = 9*97623; log 60591 = 4*78241 ] 
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I • • * 

8. Find tho diaiTieter of ^ circle whose area is equll to that 
of an Equilateral triangle on a,side of 18 inches. 

[Given lo v i* 66827 — 4*82495.] » , ^ » 

9. The two diagonals ‘of, a quadrilateral are inclined to one 

another at an angle of*28° 15', and measure resjnytivtty ^4*3 feet 
and 2545 feet. Find its area. , * * 

[Given L shi 28° ] 5' 9*6?5 1 5 ; log U722 - 4*16796.] * 

10. Find the area of a triangle of which tho base is 100 feeif, 

and the adjacent angled are 51° 18' and* 42° 12'. , . * 

t [ Given /Am 5 1° 1 8' - 9*892j3 ; 

Z snails* 12' — 9*82719 ; * 

L sin 86° 30' -9*9991 9; 

* * and log 20*20 -1*41930.] 

[The remit* in the following examples are to b\t given to six 
significant digits , the seventh djyit is to If found , Kind used if 
* necessary to correct the sixth.) 

11. Find the area of a reguLlr^polygou of 16 sides inscribed 

hi a cfrcle whoso radius is 100 inches. » 

[Given lo£ 2 = *3010300 ; ,Z sin 22° 30' = 9*58J8J97 ; 

* log 30614 = 4 *485J>20 1, diff. for 1,1 4s£] * 

• • • 

12. Find tho area of a triangl<‘. whose base is 243 yards, the 
adjacent angles being 59° 8' and 42° 52'. 

[Given 9 

log 2 -*3010300, log 3 — *4771213 ; L sin o9° *-9*9336713 ; 

L sin 42° 52'— 9*8326970 ; L sin 78° - 9*990404^1 ; 

• log 1 7625 = 1*2 161291 ,’ diff. for 1 - 247.] 

• * 

13. The area of a quadrilateral enclosure is*12 acrespand the 
two diagonals measure 16 chains and 20 chains respectively. At 
what angle are the diagonals inclined to one ai*>ther ? 

[Given • log 2 -*3010300 ; log 3 -,*1771213 ; 

L sin 48° 35' --9*M 50142; diff. for i' = flf4.] 

14. About a square whosfi side is l inch, a circlets circum- 
scribed, and about this circle a square : ‘about tho second square 
a circle, and so <jn.. Find the area of tho 18th circle sodrav^n. 

• [Given log 2 - *30 10300 • log *497 1499 ; 

# log 20h88- 4*3*136142, diff. for 1 =211.] 
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15. Supposing the earth 1 o be^a true sphere whoso diameter 
is 7925*5 miles, find the length of toe arctic circle (lat. 60° 30'). 

[(liven log 79255 - 4*8990267 ; log *• = *4971 499,- 
L sin 23° 30' - 9*6006997 ; 
log 99283 = 4’99G8749. ditf. for 1=44.] 

- (Surfaces and Volumes of Solids.) 

[In the following Examples take log 2= 3010300 ; 

log 3 = *4771213 ; log tt = *4971499. 

Give 0 the results to six significant digits , using the seventh 
where necessary to correct the sixth.] 

/< 

16. Find, in inches, the edge of a cubical block of granite 
weighing 250 Lons. 

[Given 1 cubic foot*»f granite? weighs 2660 ounces, 

log 19 = 1 $787536 ; log 1 75)88 = 4-2549901, diff for 1 =243.] 

17. Find, to the nearest gallon, the capacity of a cubical 
cistern, each side of which measures 378-2 inches. 

[Given 1 gallon = 277*274 cubic inches, lc g 3782 = 3*5^77215 ; 
log 27727 = 4-4 <29d2<\ diff for 1=15?, 
log 19509 = 4-2902350, diff. for 1 = 222.] 

18. How many feet of wire ’48 inch in diameter may be drawn 
from 1 ton of copper ? 

[Given, 1 cubic foot of copper weighs 554*87 ibs., 
log 7 = *845098e ; log tt = *497 1 499 ; 
lojr 55487 = 4 7441912; 

1 ItSg 321 25 = 4;5068431, diff. for 1 = 135.] 

19. How many spherical shot, each *16 inch in diameter, 
could be inVule from 704^95 lbs. cf lead ? 

IN u 

[Given 1 cubic inch of lead weighs 6*574 oz., 

log 6574 = 3*8178297 log *0495 = *8481584.] 

20. Find the volume of the greatest cube that could be cut 
from a sphere whose diameter is 37*625 inches. 4 

[Given log 37625 =,4 *5*547115 1 

log 10250= 1*0107239, diff. for 1 = 424.] 
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$1. A cubical blbck or ice, cacli edge of which mdisures 0*3 
’ inched, is placed in an euqay o\ Tmdrionl tank. If the ic e on 
melting loses 7 per cent, of its volyme, and the diameter of tlye 
tank is 1 yard, find as a fle<?imal of an inoli'Mw deep the water 
will stand in the tayk, • , 

[Given log 31' -1*4913017 ; 

J< >g 7349 1 - 4*86623 12, diff for 1 = 59. J 

22. Find the diameter of a sphere whoso volume is* equal 

that of a right prism 81 inches high, standing on a regular 
hexagonal base whose* yide is 51 inched. * , 9 

. [Givyn log 10543 — 4*0229642, diff. foul — 412.] 

• • » * * 

23. Find, in inches, fhe diameter of a solid coppiA sphere 
equal in weighMo a cube of iron whose edge is 1 yard, if the 
weight of equal vdlumos of copper and iron are as* 1439 : 3894. 

[Given log 3894 -3*5903959 ; log 4139-3 64728.51 f . 
log 42756 ----4*6309971, dift. b/r 1 = 102,] 

24. A right pyramid stands on a square base whose side is 
247 32 inches, and each of the slynt fact's is inclined to the base 
at untangle of 52° 20'. Find the v81 ume. # 

[( liven log 24732 = 4*3932592*; L ton 52° 20'- 10*1124058 ; 

• log 326t>l =4*514,0295, diff. for 1 # * fb3.] ^ 

25. A right pyramid, whose height is 9 inches, stands on a 
regular hexagonal base, each side of which is 16 inches. At # what 

Vngle are the slant faces inclined to the base ? • 

[Given log 2 = *3010300 ; log 3 = *477 \2\:\; 

Lt au33° -9 8125174, diff. for 60"=--2765.] # 

26. .Find the volume of a cone* whose vertical angle is 8^ 30', 
the diameter of the basy being 43 68 inches 

[Given log 21 84- 3-3392526* Man 45° 15 'Mh>*01137H ; 

• • log 11 198 — 44)491405, Siff for 1 -388.] 

27. A right pyramid standsyipon a nquare baseband its tri- 
angular faces are equilateral. Find Uio anglty of inclination 
between a slant face and tUc base. 

[Given L tan 54° 44'- 10*150478 4, diff for 60"-268p.] 

28. Find the vertical angle of a coneVliose volume is 8682*74 

cubic inches, if flic radius of the base is 12*8 inches. • . 

• [Given log 86827 - = 4*9386548, d*ff for 4 - 50 ; 

j^tan 75° 48' =• 1 0-5968127, diff for 60" -5315.] 



202 . ELEMENTARY MENSURATION. [oflAP. 

29. The water contained vn a cunical cistern, each «lgo of 
which measures 6 feet, is found to c ose by evaporation *04 "of its 
volume in a day. Assuming, the loss to arise from evaporation 
only, lin i how many ounces of watei* will bo left in the cistern 
after the expiration of 10 days. 

[Give i 1 cubic foot of water weighs 1000 oz. ; 

log 1 430*0 - - 4 ' 1 5 7 1 544, diff. for 1 = 303.] 

30. A trench has the following d intensions : width at the top 
11 feet, width at the bottom (which is horizontal) 9 feet ; length 
20 feet, and depth 5 feet! It is filled vith water, and every 
day ^ of the water wlii'di remained at the beginning of the day 
is drawn off. ilor many gallons wdl be left after the 8th 
drawing? 

[Given 1 gallon = 277*274 cubic inches, 

log 27727 = 1*4429029, diff. for 1 = 157 ; 

‘ log 20827 = 4*4285721 , diff. for 1 = 102.] 

IV* 

[In the following Examples all necessary logarithms and 
differences are to be taken frem the Tables . In solving these 
questions Chambers' Mathematical Tables have been used." The 
results have, been calculated to seven significant digit the seventh 
figure being usefi t„ correct the sixth. J n f * ■/ 

31. Find the radius of lif sphere whose volume is of that 
of a pyramid of height 153*215 inches, and whose base contains 
34*51809 square inches. 

32. Find the vertical angle of a cone whoso volume is 51904*77 

cubic inches, and height 57*3568 inches. i 

33. Find the circumference of the base of a cone whose 
volume is 2 18-9094, cubic inches, and height 14*877 inches. 

0 * 

34. llow many cubic feefrof air are contained in a tent in the 
form of a cylinder surmounted by a cone, the radius of the base 
being 117*8< inches, the height of file cylindrical part 124*3 inches, 
and tt& extremo height to the vertex of the cone 217*9 inches? 

35. The ends of a cylinder,* whose length is equal to its 
diameter, tore capped by two hemispheres of the same diameter 
as the cylinder. If the v whole surface of the solid so formed is 
462*183 square inches, find the volume. < , 

36. Find the edge^f a regular tetrahedron whose volume is 
6261*37 cubic inches. 
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37 . A right pyrafliid .stands oil <} regular hexagonal ifase whose 

side ft 8 inches, and its volunje is 378*027 cubic inches. Find the 
angle^vliich f?ach slant face makes jvith the tyise. , 

38 . 'A steel cone weighs 286*453 oz. ; if the vertical angle is 

84° 26' 20" find the *ra*dius of the bfise, supposing tfcat 1 cubic 
inch of steel weighs 4*533 oz. * t 

39 . Find £h« indinatioif to one andther of any two faces of a 

regular tetrahedron \vhieh*have a common edge. * 

40 . Find the angle between two adjacent face* (n’.e. faces which 
h^ve a common edge) of a regular octahedron. 

* « » , ‘ ' 

41 . A crystal wnsishfof a cube capped at two opposite ends 

by pyramids whose faces are equilateral triangles. If the volume 
of the whole figiirt) thus formed is 8*2715 cubic inches, find the 
length of each edge. . • 

42 . A solid figure consists j§f* a cone ♦laving a Vertical angle 

of 60° and a. hemisphere on 'the sam<j base. If its volume is 
4082*7 cubic; inches, find the radius of the base, afid the whole 
surface. • 

43 . A right pyramid squids* on a square bi^se, each side of' 
which i^ 20 inches:* and eaclj slant edge of thef pyramid is 15 
inches. Find^he inclination *f &icH slant face to the ease. 

44 . A cone whose height is 38*26 inches has a vertical single 
bf 78° 46' 30"; find its volume and curved surface. * 

45 . The volume of a frustum of a cone ft 9549*5 cubic inches. 
If the diameters* of the ends are 12 inches and 10 inches, find 
the thickness ; and determine the .vertical angle of the cont^from 

which fho frustum was cut. 

• • 

46 . The volumo of a frustum gf a pyramid standfhg on a 
square btidb is 1734*281 eulfe inches. If the thickness is 16*348 
inches, and if tTie area of the base is 9 tynes the are$ of the top, 
find the dimensions of each end? 

47 . The cross-section oi a tunnel, borod through a limestone 
hill, consists, as to its lovfe* part, of tlfree sides of* a regular 
hexagon AB, BC, CD (the iniddlo side B£ being horizontal), and 
the section of the 4 roof is a semicircle described on AtJ. If the 
length of the tufmel is 120 yar^s, <ind # its width at the basft BC 
ft 30 feet, how many ton^ of stone havG been removed in the 
excavatioi^ given 1 cubic foot of limestone weighs 170 lbs. ? 
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48. Tuft diameter of a Cohere is 3 32*01*1 Gl inches, and its 
volume is 5 6 times as great as tl»it of a cone whose height is 
(39*6687 inches. Find the radius of the haso of the cone. • 

49. A cylindritNxl shaft, 4 feet 0 inJies in diameter, is sunk 
into a quartz-reef. If the yield of gold averages L oz. lfxlwts. 
per ton of stone crushed, how much gold will he obtained when 
tho depth of the slmft is 128 feet 't \_ ( liven 1 cubic foot of quartz 
weighs 171 ’87b lbs. Av.] 

50. From a sphere of copper of radius 4i709 inches, 9*9217 lbs. 
of wire *178 ihcn in diameter are made and from tho remain- 
ing copper a solid cylinder 99*782^ inches long is constructed. 
Find lio’* r many times the wire can he ,’ound nmnd the cylinder, 
having gi\en that 1 cubic foot of copper weighs oho lbs. 

51. If V dt notes the volume of a sphere, a i i<l S the area of its 
surface, prove that 

• 3 log = 2 log (M h>g tv 4 1 log V. 

And calculate the value ( f S, if V --790*3 2 .7 cubic inches. 

52. A square on a side of 19 inches revolves about iH dia- 
gonal. Find the' surface and the volume of the solid liguro so 

"described. 

53. Fintl the surface andK'olunJn of the *«olid ciescrihed by the 
revolution of a regular hexagon about one of its sides, tho length 
of eath side being 20 inches. 
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COLLECTION OF EOIMULjK. EXAMINATION QUESTION** 

120.' W k here* collect for reference and revision the 
f6nmil!h,inost generally u*ed in Eleiftentyiry* Mensuration. 

* 

1. Plane Mensuration. 

• » , 

1. Right-angled Triangles. [Chapter n. V a g e 7.] 

(i) (Hypotenuse)' 2 a\ I- Jr. • , 

(ii) Diagonal of square — sifje x \/‘2. ^ 

Rectangles and Squares* [Chapter ni * Page 14.] 
£i) • Area q£ rectangle*-- length >' breath. 

(ii) Area of square^- tyUlg) 3 . • * 

3. Triangles. [Chapter i\. Page 30.] # 

• .... . . • 

• (i) Am* of any triangle = Vs. (.s’ — a) (s — 6^(s - c) • 

1 * • 

= - 6c sin A » 

« 2 sin B sin C 
~ 2 sin>/ 

(ii) ufrea of right-angled triangle * ~ ab. 0 

(iii) Area of equilateral triangle = m‘ J >/S (side « 2m). 

• . • 

4. Quadrilaterals. [Chapter v.* Page 42.] 

(i) Aura of parallelogram - 6««c x height • 
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(iij Area of rhombus ~ a ( product of diagonals). 

4 1 

(iii) Area of trapezium - - (height) x (sum of parallel 

, h ^ * sie/fls). 

v < 1 

(iv) Area of any quadrilateral— ■- (diagonal) x (sum 

j ' * l ' of offsets) 

5. Circles. [Chapter vi. Page 5 1.] 7 

( 1 ) Circumference of circle 27t/\ 

(ii) Jrea 0 / circA’ - 7r?’ 2 . 

6 . Sbot/ors of Circles. [Chapter vm. Pago 75.] 

(i) Area of sector = t j arc x radius 

- x o,rm of circle 
• £60 y 


1 , 




*7. Segments of Circles. [Chapter vm. Page 78.] 

(i) Area of segment ~ sector - triangle, 

-- ^ r 1 (0 - sin b). 

8 . Regular Polygons. [Chapti r x. P-ge 94.] 

(i) Area of regular polygon - ™ x side x (pe.ff. from 

centre) 

a n 180* 

- — a* x —■ cot 

4 n 


- r 2 xn tan 


180° 


8 n . 360° 

= R x ~ sin 

2 n 



XX1V.1 
o J 


COLLECTION OF, FoiljilJLiE. 


. -207 


, II. SoliJ Mensuration. 

. > s# . 

x. ^utfinguiar, Sblids anc] Cubes. [Chapter xm. 
Page 116.] • • * » # 

(i) Surface of rectangular stolid ~ 2 (ah -t- bd+ ca). 

(ii) Surface of dUbe — Cxd. > 

(iij) Volume \f rectangular hofid --- lei y'Ji x* breadth 
. # i , x height. 

(iV) Volume of cub'd •(rdf/ef. > 

2. Prisms. * [Chapter xiv. Pago J 28.] » 

(i) Lateral surface of right prism * 

m , (perimeter of base) x height. 

(ii) Volume of prism -firea of has ") < height. 

3*. Right Circular Cy # l in dlrs. * [Chapter xv. Page 135.]' 

(i) Curved surface df &ylipdcr 2 tcrh. 

(ii) Volume of cylinder — Trrh. 

» ' 

4. Pyramids. [Chapter xvi. l*agp II h] 

(i) SlalU surface of right pyramid 

1 . • 

(perimeter of base) ■, (slant height). 

• .[ / 

(M) # Volume oj pylamid - -(area ojjbase) x height. 

* * : * • • 

5. ' Rigid. Circular (Jrm^s. [Chapter XYit. # Page 151.] 

(i) Curved surfat * «/* cone nrl • 

- nr \l r 3 +7i 2 . 

• ^ * 

(ii) Volume of coy,e n rV* 
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c 9 ' i 

G. K rusta of Pyramids and 'Cone?.. [Chap tor xVijt. 
Page ir>9.] f 

(?) /Slant surface <>J frustum of riyht pyramvji 

, ' ~ ^/sum of ‘perimeter s of ends ) x (*■ laid thickness). 

(ii) Volume of frustum of pyramid f 

[Ej H N / E 1 E 2 + E J j. 

(ir) Curved surface of frustum of cone - i r (r { + r 2 ) i. 
(iv) Volume of frustum k [r, 3 -i- vyv -h ?yj. 

7. Wedges. Pnsmoids. |( chapter xix. Page 108.] 

(i) * v olume of medye - (’2a \ e). 

(ii) Volume of pnsimnd, -^[E, 4 E 2 + 4M], 

8. Spheres. [Chapter xx. Pago 172.] 

(i) /Surface of sphere - \ttv 2 . 

(ii) Volume of sphere — r n r\ 

0 

9. Zones yind Segments of Spheres. '[Chapter xxi. 
Page 1*32.] 

(i) Curved surface if zone or seymeiu 2 tt rh. 

t r 

t 7r/’ 1 

(ii) < Volume of zone - [•'! (r* -4 rf) + k"\. 

c 

(iii) Volume of seyment {.‘hy + h? j. 
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EXAMINATION ^UE^rfONS. 

EXAMPLES. 3 XXIV. 

Exam ^ action Questions.** 

• ^ 

Section 1. 



A. Question; a yt in Oxford Local K. ruminations. 

B. Questions set to Engineer Students , Militia Officers , Dockyard 

Apprentices. 

C. Questions set to St uibent * m Training Colleges. 

1).* Questions set by the College^of Vreceptoh. 

• * 

a # Section IT. 

A. Questions set for Admission to R.M.C. Sandhurst. 

B. Questions set for Admission toJl+M.A. Wutfltvich. 


Section 1 # 

• . • *• . 

[A. Questions set in Oj^ortl Tyrol Kcmniiuitioi *.\ 

1. Find the area of a quadrilateral ABCD in which tho sides 

^B, BC^ CD, DA, and*the diagonal AC are respectively 2 (>(t, 52, 
*39, ami 65. ^ * 

• | 

2. Three qqu;d circles of ra<lius 10 feet touch one another 
externally, tind the area of the space enclosed lietweed thenj, in 
square feet correct to two plae.es ofMecimals. [tt= 3^.] 

• 3. The height of i# cone is 30 feet. A siruAl cone 14 cut off 
the top l^ii plane parallel ^o the base: if its volume be A- of 
the volume of hi 10 given ertnc, at what height above tho base 
is tho section made ? [tt=31.] • • • * 

» 

4 . Ji right pyramid stands on a regular hhxftgonal base, 
whose side is 20 \J'A feet. Tl^e total area #f the triangular faces 
is 3000 V 3 square feet. What is the h outfit ? 

5. Two tangents AB, AC to a circle of radius 10 foot; contain 
a* angle 60°. Find to the nearest ‘squftrotfbot the area included 
liotween them and the circld. [tt— 3$.] 

8. E. M* 


14 
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6. Afhnoat 6 feet deep aijd 18 fe$t widd 'surrounds a circular 
islet 115 feet in diameter. Find [ '.he quantity of water \ n the 
jnoat, taking 1 cubic foot as pieasuiing 6| gallons. ; [7r=3y.] 

7. frind the volume and the ajear of the total surface of a 
truncated eircujgtr cone 42 f6et in diametei 1 a'u tlie base, 21 feet in 
diameter at the top, and 14 feet high. [tt=3J.] 


t . f 

8. .A plank 15 feet Tong rests vertically against a perpen- 
dicular wall. How far must the bottom end be pulled out to 
lower the /top end 3 feet '1 , * 


9 . How often will^a wheel 3 feet 432 inches in, diameter 
turn roufid in 2 miles l [71-— 3}.] ' , 


10 . A pendulum swings through an angle of 30° and the end 
describes an i re of 13.^ inches. Find the length of the pendu- 
lum. [n-rf 34.] 

11. From a circular metal rVsc of uniform thickness with, 
radius of 14 feet a concentric disc is cut. of weight equal to the 
ring remaining. Find the radjus of the inner disc. [tt— 34.] 

12 . A right pyramid 12 feqt high, standing on a squaie base 
each side of w^ioh is 10 feet long, in divided into fouf parts of 
equal thjekness by planes parad'd to the base. , Determine the 
volume of each part in cubic feet/ 


IS. Two spheres of lead, each 10 feet ir. diameter, aro melted, 
down and recast into a right circular cone whose height is equal 
to the radius of its base. Find its height, [tt — 3}.] 

11 Plan out and find the acreage of a field from the following 


Links. 


To E 


1700 

1500 

bOO 

600 


From A 


600 to B 


400 to D 
800 to C 




xxiy.] 
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[B. Questions set’ to Engineer .1 indents^ Officers of Militia , 


• L I ^ 
15. v 


Dockyard / Apprentices , dh:.] 


>/ J 


N T.he cost of floorcloth, sufficient to cover a room 15 feet 
long, wad* £2. 5s. ; thi valuA of the* floor-cloth being, 2s. 3 d. per 
square yard. Ifow wide way the room 1 * 1 # 


16. A robfn is 21 feet 4ong, 13 ft* 6 in. wide, and f 0 ft. 6 in. 
high, and has a doorwaj* 7 ft. 7£ in. by 4 feet, three* windows 
10 feet by 4 feet each 4 and a fire-place 4 feet square. Find the 
cost of pointing the w'ills at 6 d. per square yard* * 


*17. It*6| gallons of water equal 1 cutiio fpot, *and wkter whilo 

freezing increases* by expansion ‘089 of its bulk ; how many 
gallons of wate^ are required to cover a rink 110 yards long and 
96 yards wide witfl ico 5| inches thick ? * 

18. A cistern 5 feet square contains water 11 ’OS inches deep. 
If a gallon = 277 £ cubic inche.^lftw manj/gallons 6f water does 
the cistern contain \ 9 9 


19. # A section of^t stream is if) feet wide and 10 in. deep ; the 
n»eAn. flow of the water through the section hf 3 miles an hour; 
taking 25 gallons to equal 4,culuc feet, find hoy pnany gallons of 
water fld^v through tlio section.in 24 hours. • 

• • • * • 

20. The diagonals of a rhombus being 88 and 234 feet, find 
^he are#, ; also find the length of a side and the heigjit of the 
•rhombus. 


• n 

21. Find fhe .volume of a pyramid, the height of which is 
12 inches, ana the base an equilateral triangle, eaflh sidjj of 
which is 10 inches. * 

• • 

• 22. A spherical canfton-ball„15 inches in cliafneter, i% melted 
and castjrio a conical mouVi, the bA.se of which is 20 inches in 
diameter ; find the height of the cone. • 

• • • 

23. 1 One fide of a triangular field is»369 link^ ip lengfh, and 
the perpendicular upon it from the opposite angle measures 582 
links. If the field is let for ,£$, find to the nearest penny the 
rent per acre. m 


24. On the same side of a line 20 feet long, a semicircle .and 
a, quadrant are drawn. Find the *amt iryduded between them. 
|>~ 3-1416,] 


14—2 
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25. Ffad to t lie nearest } jinny tbft cost of gilding at 6c I. per 
square foot, the slant surfaced alnone whose altitude is \ji feet, 
and the diameter of whose circular' oaso is 3 feet. [jr- 3'lji6.] 

26. In a trapezium, two side's of w'hich are paralliMmd the 

other tw,o Tales ^qual, the lengths of the parallel sides are 85*;”) 
fee 1 and 9f> feet respectively and the equal sides are each 47'. r > 
feet: lind the area of tlu?, trapezium, in scpiare y«rds, feet and 
inches. - .. T 

27. ABC is an equilateral triangle ; two circles arc described, 
each passing through A, one of them touching BC at its middlo 
point, anVl the ether passing through B and C ; and earli side of 
the triangle is 14 inches long : find the areas 4' the circles. 

28. A cylindrical cup of external diameter 4^ inches, height 
inches,* and thickness ;[ inch, weighs 24 oz. 9 dwts. : what 

Would he the weight of a hemispherical lid, of the same material 
and thickness, to fit the top \ 

29. The perimeter of one ,.quare field is 588 yards, and of 

another 672 yanks. Find the perimeter of a third which is equal 
in area to the other two. * 

S' 

30. A 'right cylinder of woo* 4 , 10 feet long and 2 feet in 
diameter, is sawn along two planes parallel to each other, and 
parallel to the axis of the cylinder, each place being at a distance 
from till axis equal to one-lialf of the radius of the cylinder. 
tJompartl'lho volumes of the logs so formed. 

3^ A* conical hole is bored in a sphere of 5 inches radius, so 
that the vertex of the cone is at the centre of the sphere, and 
that the portion of the spherical surface removed is one quarter 
of the Whole surface of the sphere. Find the area of the surface 
of the conical hole. ,! 

32w Find the solid and superficial contents of a cylindrical 
ring whose thickness ?s 9 inches, and inner diameter 32' inches. 
[*=¥•] ( 

33. Explain the use of Gunter’s chain. Find the area in 
aerps of ■ a quadrilateral field of which the diagonal is 1274 links, 
and the perpendiculars upon tt from the opposite angles 550 ard 
583 links. 
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.. 34 , f Find the area of a^soffmenjof a circle of wlikni the arc , 
is okj 3 -third of £ho cireumftyence, tlie radius being 7^ inches, 
[Take *=?&, {J.l ' ' 

35. A’ cube of \v<)*d, measuring £ feet each way, lyis a square 
hole cut through it, perpendicular to the top am? bottoiA, leading 
each side 3 inches thick ; a piece *is taken off the top by a satv 
cut, passing through one <ff the edge? and bisecting the face of 
the opposite side ; the reft mining portion we’ighs 141 lbs. 12 cm. 
What is the weight o£ a cubic inch of the wood ? # 

• • * • 

•36. r Vhe base of a quadrilateral figure is I3‘. r > f(*et ]n length, 
and is divided into throe r<pi?il parts by the perpendiculars upon 
it from the extremities of the opposite side ; each of these 
perpendiculars 3*5 feet in length ; find the area of the quadri- 
lateral figure. * % 

37. Find the volume of the .y>lid whi< # h would-be generated 
’ by the revolution, about its !>;#!?•, of the figure mentioned in the 
last question. [*-»n 


[0." Question* ’set to Students in Training •Collyjcs.] 

* • » 1 • 

(First Year.) 

• • # * 

38/ How many panes of glass, each 4ij by 3$ inches, will be 
re<piircd for a window with a semicircular*hea^, whoSJf extreme 
height is 35 fe^.t #ml width 1 4 feet ? [rr- - *y i .] ^ 

' 39. A rectangular field contains 1 h acres; the distance 

between opposite corner j is 6 £ chains; find the length and breadth 
T)f the field. • t • 

• • • 

40. If the f^des of a right-angled triangle, jtfte in Arithmetical 

Progression, 4,0 what numbers afe they proportional '(* , 

0 • • 

41. Find in yards, to four {places of decimals, the difference 
1 Kit ween the area of a regular* hexagon, eaMi of whose ^ides is 72 
yards, and the area of the circle inscribed in it. [Vr — 3}.] 

42. Find, to three places of dc<Jmals, the radius ofN.be tflrcle 

\those area is the sum of Jtlie "areas <?f the two triangles whose 
sides are 3g, 53, 66j and 33, 56, 65. [7r ^ 3} .] 
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43. Dfew a plan and findphe areft of a*level field with five 
straight hedges, from the following (>otes. (All lengths in links.) 


To D 120 
To H 180 


44. In a circular riding school of 118 feet in diameter, a 
circular ride 1 feet wide is to l>c made just within the outer edgo 
of the buikling. Find the cost of doing this at ?>\d. per square 
yard. [w = 3f!j 

45. The area of a 'semicircle *! j 13013 square feet; find its 

total perimeter. [tt=31.-] * 


To E 


220 

*310 

420 

,200 


[ From A 


200 to C 


(8tyond t } r ear.) 

46. A conoWid hemisphere have eqfial bases add equal 
volumes ; Ymd the iatio of tfceif heights. , 

47. One quarter of the volume of a cylindrical boiler 12 feet 
long hnd ,6 feet in diameter internally is fitted with cylindrical* 
heating tijjps fitted longitudinally and inches in diameter. 
Find the' number, of tubes. 

48. A prismoidal tub has a rectangular base 2 'feet by 1 foot, 

and*w. ton 2 ft. 9 in. by 1 ft. 9 in., and is 18 inches deep Find 
how much water it contains, having givpn that $ cubic foot of 
water wgjghs 1000 oz. and a galkqi weighs TO lbs. < 

49. A minute of latitude contains 1 * 6,080 feet and k inetre is 
the ten-millionth f>art of a quadrant of the meridian. A kilo- 
gramme is *the weight of the (foe-thousandth part- of ai cubic 
metre of watei^ and a # *cubic foot q( water weighs 1,000 oz. 
Express a kilogramme in ounces to tyo places of decimals, 

50. Find the curved ^surface of the frustum of a cone whose 
top and bottom diameters are 4 and 6 feet, and slant side 8 feet. 

0 =! 4 -] - ... 

51. A sphere, whoSe radius is 24 inches,, is enclosed in a 
hollow cylinder of the same radius, whose length is equal to its 
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circumference ; how many ^ubic irjthes are there in tlj remain- 
ing p. *rt of the cylinder ? [nh 3}./ 

52 . ' A circular ring fits closely :ound a cylinder of the sair# 

diameter fid ) ; find the height of tho cylinder (1) if their Volumes 
arc, equals (ii) if th<j total surface of* the cylinder = surface of tho 
ring. » t 

• * * 

53. Assuning that the yolume of a cone is ouo-th-vd of the 
base x height, find an expression for the difference between the 
volumes of two similar cones, of which the height and radii of 
the base are H, R, thid h, r respectively. Ileuce cVxhiee the 
formula tor tho volume of a frustum of a cone. 

'» 1 
,, ( 'Skird Year.) 

54 . The sidqs # of the base of a triangular prism arc 17, 25, 
and 28 feet, and its height is 20 feet ; find its volume. 

55 . A basin is in the form of a segment of a splfese ; if the 
diameter of tho top is 5^ inodes, and thjt depth V| inches, find 
the number of cubic ipches it contains. 

56 . Find the volume of a frustum of a. square pyramid, each 
sjdo Af one of its duds being 6 fefet, each side of the other end 
4 feef, and the perpendicular height % feet. 

57. /ind approximately the diameter oif ft# sphere whose 
volume is 5946 cubic inches. ^ * i 

58 . A right-angled triangle, whose sides are 4 and 3 inches, is 
•fnade to> turn round fits hypotenuse ; find the volume ayd sArface 

of tile double cone so formed. 

59 . Find tbc^area of the convex surface ofHlie segment of a 

sphero, tho height being 8 inches, and tho diameter oft the sphere 
10£ inchos. * ** 

60 . A crystal consists of a cube, capped at two opposite faeces 
oy pyramids, the sides of whi<4i arp equilateral triangles. Shew 
that th<? whole ^surface is etjual to tlmt of a square on tho sum of 

. the diameters of a rhombus of which one of the equilateral tri- 
angles is a toilf. 

[D. Questions set in Certificate Examinations by the College of 
Preceptors .] 4 , 

61 . A cricket ground contains 3 acres l rood 4 poles 25 yards, 

and is to be cifclosed by a wall. The ground is a square. , The 
fiost of the wall is 7 s. 10 hi. jwfr If neat yy\i, What will be the 
exjiense ? * * * 
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62. AICD is a field in fche forfti of trapezium whose • 
diagonal AC is 320 yards; AD = 14iiDC = 300, CB = 240, ABV- 180 
yards. Draw a fair plan of t ^e fiol<S x and then find jjts area! 

63. How many slabs, each measip’irtg 0 feet long by "8 inches 
broad, wjll >e required to pave a court 120 feet ,by 9(5 feet, after 
deducting for six circular beds, the diameter of each being 8 feet? 

64. Doscrilie (if, possible by a FieljUftook) the measuring of • 
f a' field ABODE, F, H, K being, the feet of perpendiculars drawn 

from B aiwl E to AC, ajndrfrom D to EC.* Thou find the area 
in acres, roods', and poles. 

[Given: AC -■ -OH*, yards, CE -55?) }rrds, Bf=121 yards, 

EH =-303 yards, KD— i.0.3 yards.] 

65. Tne cofitent of a cistern m tlie form of a cube is lf> yards 
10 feet inches. Find the cost of lining its sides and bottom 

»' with lead costing 9 d. per superficial tbot. 

t 66. The pjirpendiculai' height of a square chimney is 150 feet 
3 inches. The side of the hasp Measures 1 2 fipet 6 inches, and the 
side at top measures 0 feet 3 indies. The cavity is a spuai»3 
, prism whose side measured 3 fi* 't 9 inches. How* many cubic 
feet and inches, Af 'solid brickwork are there 'in the bmldfAg? 

67. Take tne Earth’s diameter =7958 miles, find its surface 
and t^plid content. n tl »„ 

j68. Fjj^n the following dimensions &c , draw out a plan of the 
irregular field. Ftnd'The area in acres, roods, and poles. (The 
measurements are in links.) f f 

Field Book. 


r l00 to E 


912 to B t 
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• 69., Find the areh of a** triangll whose aides are 1^40, 1330, 
and 1520 links, giving the anlver in acres, roods, and poles. 

70. ,A fufcl in the fo'jni of a tAipe/.oid ln^ its paraljol siddh 

etpial to 5, chains 15 lmk;#and 3 chains 85 links, respectively, and 
the perpendicular d instance between ttiem is 15 cljamst Fin<l the 
area ; also draw a figure. ^ t t 

71. Draw filan and lind the area»of a. held from Ifollowing 

Field 1 look : , > 


72. 

Book 


Tfl F 88* 
To* D J 70 


Fltfm A 

^ Find area ai^l draw plan *i£ ; 


To B 


» 1000 
025 
500 
375 
250 


To F oo 
To r 121 

r» 

0 b 

held from following Field 


To <i *280 
To F 300 

t T*> /) Tho 


‘ To B 

* » 

— -tr 

1200 

1120 

1)00 

910 

700 

200 


* •. 

To I[ 160 


To J'J 40)0 
r l'o r 30 


t From .1 


73. Wiff outer diameterjof a water-pipe is 2 feet, the inner 
diameter is I fdot 8 inches, and the lengfji of the pijui is 40 feet. 
Find the number of solid ineheshf met abused in the construction 
of the ’pipe. * ■ 


74. The solid content .a "triangular prism is ^-16 cubic 
feet, and the sides of the triangular end are 2 feet 1 inch, 1 foot 

8 inches, and 1 foot 3 inches. Find the length of the prism. 

9 75. Find the solid content a^jyr^mi^l whose vertical height 
is 144 feet, and which h;-#< for its base a triangle whose sides 
measure 7* 58, and 50 inches. 
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76. H$w many cubic feet Ire ther& in a faedge whose altitude 
is 14 inches, the length of its edgt 21 inches, tyie length of its 
l^ase 32 inches, and the bread! h of wo base 4£ inches ? 

77. What is the solidity of a prismoi/1, tlio length and breadth 

of whose greater end are 10 feet find 8 'feet ; the length and 
breadth 'of tho 'ess end are 12 feet and 0 feet, and the perpen- 
dicular dj stance is 18 feet? * , 

78. How many .cubic feet are there, in a pillar whose ends are 
rectangles, the greater end measuring 04 by 40 inches, and the 
less end 32'by 8, and the perpendicular hc^ht 50 feet ? 

79. Required the sqjid content of a cylindrical rii\g, whose 
thickness is 27 inches and inner diaOieter 06 inches. ' 

80. Find the area of an irregular field, and draw a plan fairly 

to scale, from the following Field Book : — * * 



Section II. 

f. f 9 

[A. Questions set for Admission lo R. M. ('.» Randiurst.] 

, NoVe. Unless btherwise'klated, take tt— 3 - 1416. 

1. Find the area of the trianj*ular field ABC from the 
following measurements on the ordpkneo survey of 25 inches to 
the mile. 

AC 41 inches, peiqiendicular from B on AC 1*59 inches. 
Calculate' the same area fropi the three sides, AB measuring 
3-3 inches and BC 2 inches. Express the mean of the two in 
acres. , 
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t . 2. A A well 5 feet 'in diameter and 30 feet deep is bb have a 
lining “of bricks fitting close Jogetner without mortar, 9 inches 
thick.’ Required approximately in tons the weight of the bricks, 
supposing & bHck 9 x x 3 inches to weigh 5 lbs. * 

o * " . . ' 

3. A hollow ‘shell 12 inches in diameter is plilbed in >i conical 
vessel whoso vertical angle is 60°, and* water poured into it until 
it just covers t*he shell and fills the cavity in it. When the shell 
emptied of the water in i'6 is removed, and d solid ball of the 
same diameter substituted for it, the water stands \ inch above 
it ; find approximately the thickness of the shell.* * 

\ „ 4 , * 

4. A ball of lead, 4 inches in diameter, is covered with gold. 

Find the thickness of the gold, in order that (1) the volumes of 
gold and lead nitty Hie equal, (2) the surface of thf^ gold may be 
twice that of the lead. » 

5. If a right cone on a oidchlar bascPbo divided into three 

portions by two sections parallel to tho base at oq^al distances 
from the base and vertex, compare the three volumes into which 
it is divided. * ( * 

* 4 

6. The area of a •rectangular field is f of*aft#acre; and its 
i length is double its bguadtli ; ^tfirnine the lengths or* its sides 

approximately. , 

f If a*pony is tcthdVed to the middle point of one of the longer 
sides/ find the length of the tether in yards, corr^£ to twe 
places of decimals, in order that he may ‘grate over half the 
field. * * 

7. An obeljsk 68^ {ect high has a square section through- 

out ; it is 7J feet wide at the # base, and grad Rally taj^rs to a 
width of^Oieet, the summit»being irt the form of a pyramid 7J 
feet high ; it is* made of gfanite, of which a #ubic foot weighs 
15(5 lbs. ; fin<^ the weight of the obelisk- • • 

i * • • 

8. A solid cone 15 inches high is placed on its base in a 
cylindrical vessol the inner diameter of whfth is the same as that 
of the base of the cone? ; water is then poured into the cylinder 
until it is 9 inches deep ; the cone being removed, another cone, 
with the same sited base, but of deferent altitude, is substituted 
fitr it ; and the surface of tjie water just feaches the top of .this 
cone. Fin^ the height of the second coue. 
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9, Sketch plan and cab 
from the following notes : 


, ■ To <>' I 
j 



|. ‘204 



To 

F 94 ♦( 198 « i 



* 

122 | 

10 to 

E 

To 

f) G4 1 117 | 

| 


To 

c n ’[' hs 




, • LaA,_ 

7o to 

B 


J From 

i 

* 


10 . A £nis\nm of a pyramid lifts rectangular ends, the sides 
of the taso being 2f) and 30 foot. If the height of the frustum 
lie GO feet, and its \oltpne f>0 ISp^ubie feet, ; lind the area of tire 
top. 

, Find, touche nearest foot, t the ladius of the sphere whose 
volume is equal to the volume of the fVustuir.. [rr--=3V.] « 

, 11 . Find tlie cost of the* can \f is, 2 feet wide, at 3 s’, (x/. a* yard, 

required to m?k(*a corneal tent, 12' feet ir diameter a4al 8 feet 
high. • # • ; , * 

12 / A public garden occupies two acres, and is in the form of 
a square. If a pathway goes completely round its inner edg«f 
and occupies one-eightli of an acre, what is its width ? v 

13 . A cubical* W, 5 feet deep, is filled with layers of spherical 

balls, whore diameters, where they touch, arc ill vertical and 
horfrit ntal lines. , 

Find what portion of the space in, the box, would be left 
vacant i/ the diagnotor of a ball i$ half an'ineh. « 

14 . A cathedral has two spires and a doing ; e*ach of the 
former consists, in the t upper part, of a pyramid GO feet high, 
standi is g on a square ba.^e, of which a side is 20 feet?; Th6 dome 
is a hemisphere? <>f 40 fget radius. * 

Find the cost of covering the three with lead at Ibl. per 
square fool. [Take ir = Jr.] 

15 . A, half-penny piece is one inch in diaqieter. Six half- 
} >enifies are placed so tlujt each, coin touches two others, theiy 
centres being all on th4’ circumferences of a circle. Find the area 
which tlioy enclose. 


j y MENSURATION. f |«HAl\ 

I • 1 • # 

date thA' area V>f a field ABEGFDC 

\ 

♦Yards ^ 
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. ^ 1 1 » I 

IB. A circular diakof ltyul, 3 int lies in thickness andjl2 inches 
'diameter, is wholly convertedointo /hot of the same density, and^ 
of ’Oil inch rad ids each. 1 1 many shot does it make? 

17. The interior of a Jmilding is in the forln of a cylinder of 

15*fect radius and J 2* feet altitude, surmounted by a^cone whoso 
vertical angle is ’a right angle. Kind the area of* surface and the 
cubical content of the building. J ^ , * 

1 » , * 

18. The three contern inous edges of a rectangular block aje 
9£, 13£, and 14^ inrjies ; find tlih length of its diagonal. 

* a , ® 

,19. 11 a cubic foot of cast iron weigh 450 lbs., what will be 

the weight of a cast iron sphwncal shell hose external diameter 
is 6 inches and th.rkness^ an inch ? |~7r = - : ~.] u 

20. The area'll’ an equilateral triangle is 17320*5 square 
feet. About each angular point, as centre, a circle fcs described 
with radius equal to half the length of a side of tin# triangle. 

. Kind the area of the space ifctfrtided between the> three circles. 
[Vi?- 1'732()5] , 

21. -j A hollow co*ie, the leqgthb/ whose slant side is twice the 
mdiijH of its base, is held with its vertex vertically downwards 

• and completely filled with, water. *A sphere # o£ greater density 
than water is gradually immersed, and it is fouiVd that, when it 
rests upon the sides* of the »terio# of the cone, it is just sub- 
merged. Kind the amount of water* displaced by the sphere, and 
•filso tl*e amount contained between the sphere and the vertex of 
the £one. Consider radius of base of eone as 1*73205 inches. 

22. Kind *jb<} perimeter and the radius o!* a circle the area 

of which is 5*309304 square feet. • 

* <0 

23. A solitf s])here fits closely into the inside of a closed 
•cylindrical box, the height of which is equal f#> the diameter of 

the cyli^id*;r. 1 Laving givqp the radius of the sphere, write down 
tho expression* for the voftune of the sphere. the surface of the 
sphere, and # the volume of the, empty j^iaeo between the sphere 
and tlie cylinder. • # 

If the volume of this*empty space fs 134*0410 cubic* inches, 
what is the radius of tho sphere ? 

24. A right prism on a triangular base — each of whose sides 
is 21 inches — i# such that a sphere, described within ft, torches 
•its five faces : find the volume df t.lie sphere, and of tho space 
between it and the surface* of the prism, [n — 'f and V3 — 1 *732.] 
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f 

"25. F<i.ud the expense ox|y»vni 6 T , v^ular court 80 feet in 
diameter,' at 3a. 4 d. per squari foofc leaving in the centre ft space 
for a fountain in the shape of a hd % agon, each j£de of which is a 
jard. " - •' - 

26. A hollow right prism stands ujx/j a base whicli' is 

an equilateral triangle. The vertical faces of the prism are 
squares- the side of a square being one foot. Tho prism is filled 
with water, and the largest possible sphere is then submerged in 
it. Find (to the nearest cubjc inch) the amount of water re- 
maining ii the nrism. £tt \/*3 = 1’73,'j , 

27. A circular disk of cardboard one foot in diameter is 
divided into six equal sectors by pencil lines drawn through the 
centre. 

In each septor there is described a circle touching the two 
bounding l idii of tho sector and also the arc joining their ends 
at its nnddle point. If tho circles are cut out from the six 
sectors, find tho area cf cardboa'H remaining. 

„ 28. A hoiiow paper cone, vphose vertical angle is 60°, is held 
with its vertex downwards, and in it there i& placed a sphere of 
radius two inches. Tho portion of the cone remote from the 
"apex is now cuh *<tway along the line where the papeu touches 
the sphere. Find the exterior suifaco of the bod~ thus formed. 
[ 7r ~‘*! ] t 

29r P \ *o ve that the area of a trapezoid 'is one-half the pr<f- 
duct of the sum of the two parallel sides by the perpendicular 
distance net ween, >t hem. 

The area of a trapezoidal field is 4^ acres ; tho perpendicular 
distance between the parallel sides is 120 yards ; and one of the 
parallel sides is 10 chains ; find the other. 

30. Express the volume cf a cone in terms of the radius of 
the base and the vertical height. : 

If the diameters of 'he circular ends of a frustum of a cone 
bo 4 inches and 6 inches, and the volume of the frustum be 209 
cubic inches find the height of the cone. |yr=3}.] 

31. In* the pentagonal field ABCDE, tho length of AC is 
50 yards and the perpendiculars from B, D, and E upon AC are 
10, 20, avd 15 yards, the distances from A of the feet of the 
perpendiculars from D. and E being 40 and 10 yards; find tin 
area. 
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32 . A spht-iv> u^uuo yjw ittui t» xuat/S on a table j find ^he 
••volume of the right hollow {.cone /which can just cover it, the, 

section of the ^one through/ the axis being an equilateral tri- 
angle. , S , ** ' , ' 

if 

33 . 105 half-peqny pieces lying 'on a flat surface, with their 

odges in contact are just contained by a frame iA the fof-m of an 
equilateral triangle. The diameifcr* of a llalf-penny lacing ode 
inch, show th&t the side of the triangle is (13 i x /3) inches, and 
calculate its area approximately. " •> 

*' 34 . Gpld is 19*25 J times as heavy* at# water, awl & cubic foot 
o£ water weighs 997 oz. avd. Find (approximately) how many 
square fdfct a cubic inch of gold will cover in the forfi^ of gold 
leaf, given that on'A grain of gold will cover 56 squai*e inches. 

35 . Find the 'Area of a triangle, whose sides ( >re 13*6 inches, 

15 inches, and 15*4 inches. * 

Also find (correct to the thousandth part of^an inch) the 

* length of one of the equal sidt^oi an isosdeles triangle, on a base 
of j.4 inches, having the same area. * 

36 . -» A circular rsfom, surmounted by a hemispherical vaulted 
rtxif, acontainij 5236 cubic feet cf air, and the internal diameter^ 

* of the tyiilding is equal to* tho height of the «r»vn of the vault 

above the flooj. Find the height. # , 

37 . Two pipes, one of lead and the other of tin, are respec- 
tively 49 and 61*6 inches long ; they both have the saiqp infernal 

* diameter, 1 inch ; and the external diameter of the Jrnd pipe js, 

1*2 inch. If^ead is 11 times and tin 7 times heavy as water, 
what must bo the external diameter of the tin pipc^ that both 
pipes may have the same weight ! # 

38 . Assuming a drop of water to be spherical, and one-tenth 
*>f an inch in diameter* to what*lepth will 500 cfeops fill % conical 
wine-glaesf the cono of whi^h has a # height equal to the diameter 
of its rim ? 

39 . * The minute hand of a # clock is to inches lopg. Find the 
area on the clock face wlfich it descries between 9 a.m. and 
9.35 a.m. 

40. From a cubic foot of lead is cut out a pyramid whose 
base is one fac« of the cube, and whose vertex lies ill theiface 
opposite the base. If the rermiiiitler *»f the lead is melted and 
cast into a sphere/ find its diameter. 
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' 41 . A, lull iu the shape on a rightful 10 ^fcands^on a horizontal 
, plane. At a certain point iif; the iilane the circular base of the 
'cone subtends a right angle, and t\p elevation o<f the summit is 
half a right angle. Show that the slant side of tht lull, as seen 
against the sky, subtends GO" at tlie sane point. 

• ^ 11 <i 

42. Water is flowing steadily through a pipe winch consists 
of two p/ rts. The cross-section of tjte first part i^an equilateral 
triangle of side inches, and that of the second a circle of 
radius 2 inches. Kind (approximately) the rate of flow of water 
in the second part, that v iu -the first being 3V7552 feet permimue. 
[■7T = ; ^3=1 ‘732.] 

43 . Calculate tlie diameter of a circle equal m area to the 

curved surface of a right cone, whose vertical angle is 00° and 
vertical height. 1*4142 lcct. ,J 

44 . A' solid iron cube, the edge of which is two feet in 
length, and tf solid iron sphere, H* 1 e radius of which is one foot, 
are thrown into a cubical tank, which is >ix feet across and is 
half filled with water. Find the rise of the surface of the water 
in inches, "to five places of decimals, it being taken for gvantod 
that the cube and the sphere art. both completely submerged. 

' * ♦ ,■) 

45 . Find, in feet, to three places of decimals, •'he radius of a 

cii'wTy'the area of which is equal to the area of a regular hexagon, 
the ^ide of which is two feet. t f 

Also imd the radius of a sphere, the volume of which is .equal 
' to tho v«etnne of a sqlid circular cylinder, of height one foot, and 
radius nine inches. 

46 . * Write down the formula) for the volume of a cone of 
height a and base A, <111(1 for the volume of a sphere of radius r. 

Find: to the nearest gramme die weight of a steel body con- 
sisting of a cone and a hemisphere with a common oase, the 
height of the cone benjg equal to the diameter of tho base, that 
is 10 centimetres, [(liven steel' is 7’8 times as heavy as water, 
and one on bio centimetre of water weighs one gramme.] 

47. A 'frustum of a regular pyramid has square ends: tho 
edge of the lower end *1 h JO inches, and that of the upper end 
5 inches ~ and the height of the frustum is 7| inches. Find the 
length of a slant edge of .tho (frustum, and the area of the start 
faces. 
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, 1 ° ** 1 

48. (l) Find tl* lumber of ^spherical bullets, tench one 
'eentiiTietro in diameter, thatlcan fe cast lroiu a regular tetrahe^ 

drou of lead, aifedge of whipi me^mrcs 10 centimetres. # 

» *» • * >• • 

(ii ) A circle is dumbed about , and a second is inscribed 
u'itjiiu a regular lieyig*on the length T>f whose sale is I foot. Find 
the area lying between the two circles. * % 

• ’*• ’ 

49. Write down the impressions for tho*\olume <ft a rigijt 
circular cylinder of radius r and height //, and for the volume of 
a •spherical shell, the* external and internal radij ol* which are 
5 inches ;?nd 4 inches respectively. ^ 

If th& shell is made # of lead, and if it fs lifled vviU* water, 
find to the nearest* >unec, its total weight, it bojng given that a 
cubic foot of vvatejj weighs l()00 o /. and tb.it lead is 11 ’5 times .is 
heavy as water. , * % 

• 

50. The height of ;v solid^l^ht coneiis 14 inches, and its 
vertical angle is two-1 birds of a right aygle. If this cone is cut 
intfl two parts hy a plane bisecting the axis at nglit angles, find 
to fonj* places of dqpimals tin 1 vo*lame and tobil slantTsiirfacc of 
each jjart. 


| H. Questions set for Admission to R.M.A. ) Yoolwx‘h.\ 

• * ‘ * 

Note? Most of the Jollon'ing questions require the u.^*f Mathe* ' 
matieaU Tables. In. solving them, t' fntm\ers 5 Tables hare 
been employed; and the results are given correefato six sig- 
nificant digits. . » 

Unless otherwise stated, take 7r«=3*141fi,Jog7r-- *4971499. 

* * * ) 

51. Determine the diameter of* a cylindrical gavsholder to 

contain TO million cubic feet of gas, supposing the height to 
be made equal to the diameter ; and tietermine 4n tons the 
weight* of iron plate, weighing 2A pounds per .^yare foot, re- 
quired in the construe! ion <?f tne gash old **r, supposing it onen at 
tlie bottom, and closed by a^itlop. 

52. Determine the number of cubic yards in a bank^of earth 
* on a horizontal Rectangular base 1^0 feet long and 20 feet br<5ad, 

tl#e four sides of the bankrupting up* to^i ridge at an angle of 
40° to the horizon. 

S. E. M. y> 
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53 . It'<is proposed to add 'j-o a square lavin measuring 58 feet 
’on a side two circular ends, t.io centre of each circle being the 

ppint of intersection of the diagonal of the square. f How much 
turf will'be requir ud 'for the purpose ? 

54 . A- hallow pontoon has a cylindrical body 20 feet long, and 
hemispherical ends, and is made of metal } of an inch thick. 
The outside diameter is 3 ft! 4 in. Find its weight- having given 
that a cubic inch of the inctal weighs 4’5 oz. 

55 . Taking jr = 3*14159* calculate approximately the area aqd 
the perimeter -of the circle inscribed in a square, tl 3 side of 
which is 359*5678 feet. 

56 . A. vessel in the shape of a circular cylinder, open at the 

top, the height of which is double its diameter, stands on a 
horizontal table, and is filled with water. A solid circular cone, 
of the same hose and the same height, is pushed into the water 
ufitil its vertex reaches the Ijjjsc of the cylinder, and is then 
taken out. Find the height at wibch the water afterwards stands 
in the cylinder, 1 

57 . State formulae for the 1 areas of the curved surfaces of a 
sphere, of a right circular cylinder and of a right circular cone. 

How many Square yards of canvas arr required ti make a 
conical tent 9 feet «high, such that a man of 6 fait could stand 
any ftifere inside, within a radius of 2 feet from tho centre with- 
out pooping '{ 

> ' ' 

, ,, 58 . A^mnt tankard is in the form of a frustum of a circular 
cone; its neigh- is 4 \ inches and the diameter of its base 
34 inches^ both measurements taken inside. Find the diameter 
of the top, being given that a gallon of water weighs 10 lbs. 
and a cubic foot of water weighs 1,000 oz. Employ logarithm 
tables to find the dimensions of the" similar 'quart tankard 
to four places of decimals. 

59 . Prove that the area of a sector of a circle is equal to half 
the product of the length of th&arc and the radius,, 

If the ares, is 2240*567 square feelj, and the radius 33*495 feet, 
calculate the length of the arc. • 

r * « 

60 . An iron boiler ^ constructed in 'the form of a cylinder 
ydth hemispherical ends. If the radius of the boiler is one foot, 
and. its extreme length (inside) four feet, calculate, as a fraction • 
of a ton, the weight of v/kted' which it will hold, assuming that 
IOOOoz. is the weight of a cubic foot of water.' 
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61. A railway *tuimef consists of a hollow seiuf-oyliudrieaj# 
top, terminating below fh J trough with slanting sides and Hat 
base. Tha radius of the* form* being feet, the, base and 
height of tlie latter btjng 20 and 18 feet respectively, and the 
length of the tun nel« 1,200 yards, find the cost of fa^in^ the sides 
and roof with brick at bs. (id. per square foot. •jy—yT] # 

62. Within a hollow tyhere of 1 dbot radius is placed a right 
prism, the ends of which are equilateral til angles. The sid^ of 
one of these being Lfoot in length, and the surface of the sphere’ 
being ii^ contact witl^all the six angftlai point. s«of thh prism, find 
in cubic inches the volume of the latter 

N % 

63. A piece cl wood*is in the form of a regular pyf&mid on a 
square base; the side of the hase is 0 inches, and the jxapen- 
dicular distance T>f the vertex from the hase is 8 inches ; hnd the 
number of cubic inches in the volume of the tfoo^ {Slid the num- 
ber of square inches in its surface. 

64. A cylindrical boiler is hemispherical at its two ends ; its ^ 

rtfdius is 2 feet, and its total length is 8 feet ; assuming tha^; a 
cuhig foot of water weighs 62 '5 lbs., find the numhiT of tons of 
«wat%r which will fill the boiler.* [TVjke ir~ 3T4.] . ^ 

65. *The height (Jf a conical tent is 7 A feet' anti it is to enclose 

200 square ^ards ground how milch canvas jiM 1 )G 
required. [fr^y 4 .] » 

* 66. • The silk cohering of an umbrella forms a portion of a 
sphere of 3| feet radius, the area of the silk l>ein**H3 squar* 
feet. Find the area of the ground sheltered tfrom vertical rain 
when the stidk ft held upright. [ir— y.] 

67. Find the area of the surface (including tlie ends) of a 
^hexagonal priSm, whq^ft heiglit is 8 ft., the base being ^ regular 

hexagon with a side of length h ft.« m 

* • 

68. The rifclii of the internal and external surfaces of a 
holloy sphtrical shell of metifl are 3 ft. and 5 ft. Respectively. 
If it *be melted down and the material^forn led «i ifto a cube, find 
an approximate value for the length of an edge of the cube. 

* % • 

69. Two cylindrical vessels are filled with water ; the radius 
of one vessel is six jnches and its height one foot, and # the radius 
of the other i.«f eight inclies audits heiglit one foot and a half; 
find the radius of a cylindrical vessel eleveu inches in height 
which wil^just contain tlie water in the two vessels. 


15*-2 
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h 70. llitlhig given that the .length iff eacli T edge of a regular 
'tetrahedron is four inches, determine!} to three places of decimals, 
the* number of square inches en the 4 total surface of the tetra- 
hedron. " " ’ 

Also fault, i the number of cubic inches ij» *jhe volume of tbo 
tetrahedron. ‘ 

71. A cylindrical boiler, terminated by plane cuds, is in- 
ternally l!) feet long and 4 feet in diameter, and is traversed 
lengthwise by 50 cylindrical tire tubes, cachjl inches in external 
diameter; detentfine the'vojuine of water the cylinder cqjild con- 
tain, taking n to be *f. > 

72. Slip] losing an ice held to exist round cue of the earth’s 
jxtles, extending 5 J from the pole m all directions), find the area 
of the ice field^m square miles, taking the earth’s radius to be 
4,000 miles, 'cos 5" to lie 4)00105 and n - 

73. Find the area inclosed 'bp, .200 hurdles placed so as to 
form a regular polygon of 200 sides, the length of each hurdle 
be ; ng 0 feet. ** 

74. A leaden sphere one inch, in diameter is beaten out inti' 

h circular sheet^of. uniform thiMaiess- ^ T th inch, hind the 
radius of the sh'cet. ^ t 

IK* ifind tlie area of the .greatest circle which can bo cut out 
of a triangular piece of paper whose sides are 3, 4, 5, feet respec-„ 
tively. 

‘ V fflV* 

76. A conical oxtihguisher, whose section through the vertex 

is an isoscrles triangle with vertical angle 30’, 'is placed over a 
cylindrical candle whose diameter is one inch, and rests so that 
the point of contact of the top of the caudle with each generating 
lino of Hie cone bisects that line. Find the whole' inside surface 
of the extinguisher. ‘ 

77, The radii of th^ circular faces of a frustum of a right 
cone* are 12 and 8 feet, and the* area of its curved surface is 
2(W241 squab? feet ; find the thickness of the frustum. Show 

■ that the vertical angle, of the cone, of which this is a frustum, is 
29° 51' 46". 
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EXAMPLES. I A. 

• • * 

1. 14-811. *2. 9-860. 3. *25 96. , £2. 18*. ] ( /. 

5. £14. 13s. ild. 

EXAMPLES. I. B. 

M* t 

1. 53-42. 2., -02056. 3. ;0004604. -31831. 

5. '1336. 

exa.mpIes; ii. a % # 

1. (i) 17 ft., *(ii) 37 ft., (iii) -Q't .*2 i«., (iv) 9 yds. 2 ft, (v)jMihains, 
(vi) 370 links, (vii) 3 p. 5 yds. 0 f*. 6 in., (viii) 5 p. 0 yd 6 in. 


.2. 

(i} 21 ft., (it) 

77 in., (iii) 2 ft. 9 in., (iv) 21 ytts. 2ft., 

tv) 2 chains 9 links, (vi) 9 chains 10 links, 

(vii) 4 ^ls. 2 ft. . 

3. 

60 ft. • 4. 

193 miles. 5. 60 Ifliotsl 6. 25 -16 feet. 

7. 

7 chaW23 links. 8. 17 miles. 9. 

. 20 ft.> 10. 950 ft. 

11. 

15 in. ; 20 in. 

12. 4 in.; ojin. 

13. *5 hours*. 

14. 

6 miles an hour. 

• 

• 




EXAMPLES. II. _ 

'• 

1. 

•160 ft .• 

2. 10-71 ft. * 

3. 28*ft. 3 in. 

4. 

5 chains 74 links. #5.* 373 ft. • 

6. # f55 yds. 1 ft. 8 in. 

7. 

17 miles. 8. 

20m^s.* 9. 28 jj. 

10. # 51 ft. « 

11. 

6-6 ft. 12. 

62 ft. 13. 3f ft. 

14. 15 hours. 

10. 

£1. 19*. Id. 

16. 15 min. 33 sen. 

17. 33 ft. : 44 ft. 

18. 

48 in. ; 20*n. 

19. 8-46 ill- B 

20. 2-45 in. • 

21. 

12 ft.; 6 ft. . 

22. . H ft. 




ANSWERS, 


2^0 

EXAMPLES. Ili. A. 

«■ , * ' 

(i) 44 sq. ft., (ii) 152 sq. ft., (hi) 124-37* sq. ft- « 

2. - (i) 30 acres, (ii) 12^ acres,*- (lii) lft| acres, (iv) Jfl-630 acres, 

(v) 1*89 acres. 

3. (i) I8sq.fih 9 s<j. in., (ii) IGOheivs, (lii) 12-709 acres, (iv) 2 r. Ip., 

(\> 47 ac. 1 r. 9p. , 4 . 13-22.7 acres. 

5. £100. ' 6. £3 1*. 10R o 7/ £4. 13.s\ Ad 

8. 544 sq.' yds. 4 sq. ft. 9. lac. 3 iv,, Op. 10. £150. 5s. 

11. 53 ac. Or. 35 p. 18s\pyds. 12. 17 ac. 2 a-. 21 p. 22 sq. yds. 
13/‘ 121 ac. f r. 2f)>. 17 sq.'yd's. 14 . 1 r. 1 1 29 sq. yds. *“ 

15. £359. 3<. 16/ 44 ac. 2 r. 10 p. 20 sq. yds. ; £2?. 8 *. Ad! 

1 EXAMPLES. III. B. 

1. (i) 15 ft 6/ (n) 18 ft. 0 in., (iii) 40 yds., (iv) OH yds. 2 ft. 

2. (i) 17 chains, (ii) 21 chains 25 links, (iii) 10 chains 0 links. 

3. (i) 17ifc., ‘ (ii) 19yds. 1 ft./* *>. (iii) 110yds., (iv) 308 yds., 

(v) 190 chains, (vi) 8 1 chains, (vii) 1820 links. 

52 ft - 5. 00 chains. 6. 15 min. 

7. £114. 19*. 8. 35ft. j 9. 15 chains; 5 oliyin&. 

'10. 09 chains; 17 phains 25 links.* 11. 01yds.' ( 

12 . 212 yds. 1 ft. 13 . 20 ft. 0 in. 14 . 15 chains 25 links. 

15 . r -~»$8 yds. 16. 15 cnainsf 15 chains. 

17. 70 yds. 2 ft. 9 in. P 18.' 7 chains 44 links. 

19. 12 chains 15 links. 20. 19 chains 00 links. 

"examples. III. c ’ 

1. sq.ft. 2. 242 sq.ft. 

3. 20 p. 19 sq. yds. 2 sq. ft. 4 . 9 ft. ; 108 sq. ft. . 

5. 05 fh ; 4680 sip ft. 6. £102. 7*. (id 

7. *18-4 acres. 8. 90 acres. 9. 25 min. 

10. £110. 11*. * 11. 195 sq. ft. 12. 30 yds. 

13, 1728. ' 14. 4 ft, ‘ 15. 11 ft. 

16. £3. * 4 17. * £30. M * 18. 2G9£ ft. 

■19. 81£yds. 20, 27 in. ‘ ' 21. £31.10*. 

22. 58ft.; 42 ft. 23. ,231$ sq. ft. 24. lift.; 42 ft. 

25. 1 ft. 10 in.; 20 ft. 10 in. 26. 232 sq. yds. 

27. 132 aq. yds. 4 sq. ft. , 28. 1400 sq. yds. ; 444 sq. yds. 4 sq. ft. 
29. 36$ yds.; 9«. 5Jd. 



.EXAMPLES? III. D, * 

10 ac. 0 1 ^ 17 p. 20 gq. jtfs. I 2. 18 a(\ 2 i . 17 p. 

Aft Art . nhc 

V c Vi.v '• - {t 


"w'' kTm - 

abs . 

Id 


in. 


7. 


5/c 


ft. 


9. 15 chaAis ; 13 chains* 10. 

11. 12 chains; 5 chains* 12. 

>14. 50 chains ; 40 %hains. lb. 

17. £«. 11*. *18. 12£ sq. ft. 

20. 3S2 sq. ft. * 21. 1£2 sq. ft. 


M\d 

8. §15 ft?; 10 ft. 

• • • 

J5ft. ; 8 ft. » 

7$ min.* 13. .10 ft.; 10 # ft. 

5 ft. • 16. 1ft. 

’ * 19. "?* 0. * 


, # EXAMPLES. IV. A. * 

1. (i) 20 sq. ft , (ii) 48 sq. yds. 8sq. ft., (iii) 1$ aJrcf^ 

2. (i) 210 sq. ft., (ii) 9sq. yds. 3 sq. ft., (iii) 12*54 Here* 

3. 110 yds. *. 8^** 6. (i) 17 ft* (ii) 10 chains. ‘ - 

# 6. (i) 272 sq. ft., {ii) 7 sq. yds. 7 sq. f/., (iii) 1 r. 2 p. 7^ ? n -"Is., % 

(iv) 5*985 acres. • ^ 

7^(i) 24ft. ; 240*sq, ft., (ii) 5 chains 00 links; 1 848 acre. 

8- (i^ 7 ft* (ii) 84 chains. • 9. # 2 p. 

10. (i) 2*4 ft., (ii) (5 chains 7^ links, (ni) 14*5*ftV • 

11. (i) 3 20 sq.ft., (K) 84 sq. # * 

12. (i) 34 sq. yds., (ii) 22 sq. £ds. 6 sq. ft , j[iii) acres, 

*(iv) 225 acres, (v) *084 acre. • 

13. 12 ft. 14 . 20 yds. o 15 . 35 ;>« • 

16. (i) 43*3^q*ft., (ii) 110 3 sq. ft., (iii) 27*06 Veres. 

17. 48 sq. ft. 18. 120 sq. ft. 19. 25 ft, ‘ 20. . 13 ft. 

21. (i) £16, (ii) £35. 15*., (iii) 101^ yds. # * 

22. 25 chains; 7ch»fns; 117*84 yds. # 

23. £147. 10*,; 30 chain* 60 link#. 24. Esj^*. Sd. 

• 

. . EXAMPLES. IV. B. 

• • 

1. *1848 acre. • « ' 2. *721875 sq*iftile. 

3. (i) 2ac. 2r. 29 p. 10s<£tfds., (ii) 4ac%0r. 38 p. 25^q. yds. 

4, £9. 16*. 2d. *5. 12yds. 11 in. f 6. 52ft. Sin. 

7. 48 ft. lig. 8. 533 yds. 1 ft. fl in. 9. 8*314 acres. 

10. 75 ft. 11. 13 f^ 2«in. # 12. 6*32 in, * 

13. 236 yds. 14. *28 ft. 10 in, " 15. 1492*8 sq.ft. 



^32 » AiNbWii.tttS. , 

16. ' 5 sq.ft. 28 sq. in». * 17. 2J, 28, I\5ft. ; 294 sq.ft. 

18. 91, 104, 117 yds. 19. L.Wt., 00 ft.; 63 ft. 

20. 05 chains; 00 chains; 2^elminv 21. io ft 6 ; 8 ft.; Oft. 
22. 17' ft ; 15 ft. yd ft. 23. 21 It. ; 17 ft. ‘ ' 

24 20 ft. | IB ft. « 25. '27-81 mj. {t. 

26. 17 Chains 50 lmks. 27. 17 ac. 1 r 11 p. 8 sq. yds. 

( Vi % 1 

EXAMPLES. V. A. 

* f * l 

’ 1. (i) 108 sq.ft., (ii) 10J sq.ft.' 2. (i) 21^ s<^ ft , (li) 4ac. Or. 12 j, 

^ 3. (i) 17 Sq. fh;- (ii) 120Sicfrs. 4. 8 chaiiis 33 links. * 

5. 80 -(|p sq. in. < 6. 2 ft. 1 in. ; 2 sq. ft. 4? sq. in. 

7. l(V't. '8. 85 ft*. 9. C I20.‘2x. Id. r 10. BOO sq.ft. 

11. 4 ac. 2 r 19 J). 0 sq. yds. 12 2 sq. ft. 98-4 sq.in. ; 19 ‘32 in. 

13. Os], ft. 8**17 sq.in. ; 23*78 m. 

14. 30°, tfjO?; 9 in. 15. 60' J 

‘ EXAMPLES. V. B. 

<t ■* 

r l. (l) sq.lft., (it) B7 sq. yds. r 2. 10 ac. 2 r. 10]). 

3. 209i*yds. 4. 10 chains. 5. l £5302. 10.s*. * t 

6. * £5. 7. 17 chains ‘Jo links. 8.» 750 sq. yds. 

9. 7ac. 2r. Sip 1 . 10.^ *9*42 s«q. ft. * 

• * ir « * 

EXAMPLES. V. C. 

t 4 * t 

1. J80\.q. m. 2. 1| acres. 3. 01 ac. Or. 32 p. 

* 4 . £63***;.?. 9d. 5. 210 sq.in. 6. 29 ac. 1 r. 24 p. 

7. 2sq. yds. * *8. 20 ac. Or. 24 ]>. 9. 234 v sq. ft. 

10. f>10 8% ft. 11. £24. U 

12. ? ac. 0 r. 10 1 >. 29 sq. yds. ” 13. 10*31 acres. 

14. 1418*53 sq. f£ 15. 110 jlis. ; 66 ytls. 

16. 12^)2 acres. * if. 3() 0 . 

<•4* # 

* * EXAMPLES. VI. A. 

1. (i) 44 in.,* * (ii) 22*in., (ki) 41 ft., (iv) 29 yds. 1ft., 

(v) 8^ds. 1 ft. 8iny (vi) 1*2 (vii) 45 chains 70 links, 

(viii) 6 chains 60 link^i. • 

2. (i) 42 in., (ii) 11yds. 43 ft., (iii) 10 p. 1yd., (iv) 1 chain 26 links. 

3. *55 in. 4. 7 in. ^ , f. £29.03.8/1* 6. 7 in. # 

7. 9 miles 3 furlongs.* 8. 10. 9. 280D. 
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I'D. 30 miles an ln*ur. 9 11. 30 miles an how* * 

12. *(i) 154 sq.^in., (ti) 38£ sqfin., (iii) 0 sq. ft. 90 pq. in* 
(iv) 6^q. yds. 1 sq. ft. , * » (v) 5 sq. ^ds. 7 sq. ft. 58 sq. 

(vi) fl sq. p. lJty sq.^ds., (\ ii) 3 ar. ’fr. 10 p., 

• (viii) 1 r. 15 p. J3*3L sq. >ds. • # 


13. £42. 7*. 


14 * 


£5107. 


15. (i) 7 in.,* (ii) 35 ft., ^in) 4 }ds*:£ft., (iv) 7 chantft. 




16. 

0 in. 17. 

5 clnyns. 18. 12 ydsf 1 ft. 

•19. 17 in. 

20 . 

15 in. 

# 2 f. (i) 38 J sq.in., 

(n) 962^ sq. ft 

22 . 

(i) 418 in., (n) 14vds 23. :-& 0 “ q. in. 

• • 

• 

• 

24. 

5 fj. ft. 94 sq. 

>n. 25. 28 14 sq. yds. 


26. 

44 pq. in. , 

f7. £2. 9.s. Id. * * 

28. 

£14? 19*. Id. 

29. 

5 ac. 2 r. 7 i>. 

• , 

1 sq }d. 30. 804 lbs. 9 ol 




EXAMPLES. VI. B. , 

• 

• 

% 

1. 

10 miles. 

2 . 70-028 yds. 

3. ' 

’ 3 111 . • 

4. 

lHjj miles per second, noftfly. • 

5. ' 

' 15 ft., 33 It. 

• 6 . 

90 j acres. 

* 7. £2011. 12s® 

8 . 

.364, 78 sq. in. 

9. 

886111 . t 

, 10 . 1 ehftni 11 links. 

11 . 

3J*f. .. • 

1'2m 

* £3. 13*. ill. 

13.' 7:«8. 

14. 

8 in 

16. 

Ijn. * 

% 16., 2 ill. , 

V- 

4 ft. 

18. 

7 ft. , 

19. l®4sq.^u. , 

22 . ^ sq. iy. 

20 . 

*12 in. 

21 . 

28£ sq. in. 

23. 

2 * in* 

24. 

^1. 

• 25. 1 : J'2 ; 70 71 in 

26. 

9fln in.* 

% 


EXAMPLES. VI. D. • . . 

50-26 iiv ; Jr 108in. 2. 1 13 09 sq. in ; 220 19 sq. in. 

345-71 yds. ; 3 99 acres. 4. # 49-49 in.; 70 in. ^ 

33-8 in. 6. 70 in. 7. 402 sq.in. ; 1448 sq. in. 

21 in.; 4*5 in. #*9. 42in. 10. 27 : 16* 27 : 32 

(j) Spin.; 8^ in., (n) tin.; 18$in. 

(i) 4!} in* login., (i?) 5 ft. 8 m.; 30 ft. 14) in. 

,25 in. f 24 in., 7 in. • 14. *13 in., 14 n* 

EXAMPE^S. VII -A. * # 

2. ^ft. or 115 ft. ' 

* 5. 25 in. • 


12 in. 

1-21 in. 

9 in. , 
44-04 in. 
1-876 in. 


1 ft. 3 in 
17'§9 iti. 


10 ft. 10 in. 
11yds. lft. 
14 fi 7 In. 
28-28 in. 
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, \ 

1“ 

EXAMPLES, ya E. 



1. 

22 in. 

2. 

291 in. ' * 

K 

33° 45'. 

4. 

50° 24'. 

, 6. 

105 in. ^ 

6. 

52# yds. 2 ft. 

7. 

291°. 

<V 8. 

576 miles. 

9. 

14°-6. 

10. 

314V 

11. 

36 in. " < 

12. 

50| in. 

11 

20ft. Hill. 14. 

49; 17 in. 

16. 

48-91 in. 

16. 

20-C9 in. ; 

; *0024. 

, ». 


f 


i.l. 

.-3. 

5. 

8. 

10 . 

13. 


EXAMPLES. VlII. A. 

(i) m 841 * ft. , (ii) 1 7? sq. ft. ' 2. 30 ac. ? r. 8 p. 

!*37 in, * , 4. (i) 272 sq. in., .(u) 7 sq. yd f. 7 aq. ft. 

8 ' * 6. 21ft.* 7,. 22 ft. 

lohain 92 Clinks. 9 - f 1 ' 74Jt * 

2 ft 1 0 ip. 11. lOin. 12? 5 min. 

39 2tsq.in. 1 80270 Bq. in. 


1 EXAMPLES* Vrfl. B. 

1 7H q. i Tr . 4. 10 01 sq. in. * 3. 7-53 aq. in. * 

4. 9*3? sq. in. 5. 5191) sq. in. *6- 168-16 si* in. ^ 

7.. 82*53 aq. in. 8. ,17-1^. in. 9. V 568s( J* <n * - 

10. 1*305 qq. t ki.< 11. 15-27 aq. in. . 12. *5708 tq. in. 

EXAMPLES.' VIII. \3. 

1.‘ 9*06 Rq. in. 2. 13*73 sq. in. * 3. 34*76sq. in.* ' 

4. 23 aa in. 5. 102*73 in. 6. 80-71 b?. in. 

r ' 7. 4*63 sq. in.; * 8. 20*82 in. 9 ' 78*54 sq. in. 

10. 50‘^pq.in. U- 42-OGsq. in. 12. 6-16sq. in. 

13.'* 8-62 sq. in. 14. 2*93 in. 

15. 1-72 in.; 58 28 in.; 9-26 sq. in. 16. ,*718 in.; <139*28 in. ^ 

17. 3Hn.; 28*2? sq. in. t « 18. (l) 21*54 in.; ^ (iij 1*54 in. 

* . EXAMPLES.* IX. 


1. (i) 3 in., 
(iv) 11 In*., 
(vii), 5in.; 

2. 90 ft. 

5. 2 fj. 4 in. 
A. 5*625 in. 
11. 106 ft. 


®(ii) 17 fti., (iii) * 

«. (v) 12 in, * 1 flfcin., (vi) 7 in.; 37 in., 

24 in . f (viii) 29-6 iivf ( ix ) 10 ft. 

# 3. 55 ft. * 4. 30 ft. ; 4 ft. 

• 6. 4 in.; 3-2 in. l*7in.; 6*4 in. 4 

9., 9^5 „ 10-5; 11*25. 10. 20; 23*2; 28*8. 

* 12* 86 ft. 9 inf 13. l*73sq.in. 1 



1 *. 


17. 

20 : 

23. 

28. 



, AN&WEflE., 

•235 

10*39 sq. tn. 

* *♦ 1 

« 15. # 10 sq.ft. 

• 16. # 3 iiif ^ * 

■3*75 sq. in. 

18. . 3*86 sq.|in. 

19. 14*4 Bq. in. 

210 ac^es. # 

21. MtOO sq..yds. 

m 22. 10 acres. 

704 /els! 

• 24. £200. 

*• 

792 ’ 1 mi ^* 

• 9 . 

• 26. 2«> in. to the m^le. * 


27. 

29. 

». 

33. 

1. 


13. 


15.' 

18. 


• 20 . 




1. 

3. 


6. 

8 . 


4. 

8 . 


70 # 70 in. 

47 *2;> scj. in 

128 sq. in. ; 1 sq.*in. 


28. 87*73 in.; ft] -05 
30. 230*4 sq. ft.* 

• 1 * 

32 - 4 m- • ♦ 


5021 ^q. in.; the sixth. # 34. 254f s* in. ; 280*59 s<> in. 

’ EXAMPLES. X* * 


4:»*01 sq. ilf. • 
£2. 16#. Id. 
27*71 in. 
202*89 sq. in. 

288*17 sq. ft. 

^31*44 s<j. in. 
18(^51 sq. in. 

„(Vc^ 180 ' 


2. 492*43 sq. m 
5. 4280. 9<. M. 
8. 3*31 in. 

11. mn. 


3. # 98*51 sq. in. 
%. I(ft00 in. 

9. 6*21*n. 

12. $14*16 sq. in. 


80° \ 
n ) 


14. 9 nb jAfclan— T. 

( n f ^ 

16* 10 # in. 17. lOjn. 

t « 19. 1558*845 sq.*n% 

4 * 0 °. ^ 180 " . * 90 ° 180 ° 

9 fnt*cos 4 %~ cot* ; 7ra^cos 4 — cot' 


1839*23 sq. in. * 


22. T/ 2 co8ec : 


„ 180° 


N # EXAMPLES. XI. A. # 


2. 1 sq. ft. 30 sq. in. t 

4. *9 acres, # 5. 112 sq7yd8. 

7. 113 sq. yds. # 

if. 284 sq. yds. 


1152 sq. ft. 

57 sq. yds. 3 sq. ft. 

12500 sq. £ds. 

63 ac.^} r. 24 p. 

* EXAMPLES. XI. * 

31*/p. 2. lac. Or. 7*4 3. 2 ao. 1 r. 9*6 p. 

2ac. 1 r. 11*9 p. • V 17 ac. (fr. 10*2 p # # 

8 an, 1 r. 18*8 p. 7. 2r. 1*9 

EXAMPLES. XU. 

2. *023. 

5. .2*63! * # * 


1. 2*57. 
1*55. 


3. *005. 

6. 5*96. 
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EXAMPLES. XIII. A. 


1. 

1300 sq. ft. 

2. 

96 sq. ft.* 


3. 

*10 sq. ft. 

4. 

124 sq. ft - 

5. 

10«. 


6. 

71 R 

i yds. 1 sq. ft. 

7. 

£3. 

8. 

7§ sq. yds l 

.sq. 

ft. 

9 

. 168 yds. 

10. 

£3. 15k. . 

11. 

2 4<7. 

12. 

5 ft. 

3 in. 

; 165^ sq. it. 

13. 

£3. 7s Ait 

i 14. 

5s. 2d 

15. 

100. 



16. 

(ij 1ft, 3 in., 

(ii) « 

ft. 9 in. 

17. 

1ft. 

1 m. 


18. 

(i) 240 c. ft.*, 

(ii) 70c. ft. 1 





19. 

(i) 271 c. ft. : 

fOBO.c. 

in. (ii) 52 < 

C. v 

.Is. 19 

c. ft 

. 1431 c. in.' 

20. 

£105. 

21. 

400 gallons. 



22. 

25 tons. 

23. 

1 £8 days. 

24. 

8610. 



25. 

450 gallons. 

26. 

(») Bin., (ii) 

1 ft. 3 

in., (in) 5 ft. 4 in. 

27. 

1 ft. 6 in. 

28. 

4 jin. 

29. 

1ft. 



5 




EXAMPLES. XIII. B. 



1. 

241 in'. 

2. 

9 

77 sq. u. 



3. 

1 . 

S m * 

4. 

<\ in. 

5. 

21 ft., lift. 



6. 

13 ft. 6 in. 

7. 

25 in.; 20 in. 

; 15 in. 

8. 10 iiu 

9. 

16 ft. 

; 15 

ft. 10. 17 ft, 
a 


11. 12ft., lift., 10 ft. -12. 15*36 .in. 13. .Jim. 10s. 

14. 10ft. 4.1). 15. 4-01 in. 16. 376 lbs. 13froz. 

304*8 lbs.; 663*7 lbs ’18. ' :.i*78 in. 19. 2ft. 6 in. 


20. 

16 ( sq. ft. 96 sq. in. 

21. 

3ft.; 4ft. 6 in.; 7ft. 6 in. 

22. 

6C-53 in. 

23. 

17*60 in. s 

24. 

I'M : in. 

25. 

4 sq. ft. 99 sq. in.; 1193*2 c. in 

26. 

34*64 in. 

27. 

12^ sq. ft., 3tf. it. 12 c. in. nearly 


28. If?- 4 in. 29. 21 in., 10 in. 30. 61 in. 

, » EXAMPLES. XIV. 

5 sq. ft. 2. 15 sq. ft., 3. £b. 

4. 48 c. in., 1(J8 sq. ip. 5. 810 c. in. ; 4 sq, ft. 12 sq. in 

6. 62*016 ounces. lloV in.; 1 sq. ft. 8. *375 cl. ft. 

9. 15,000gallons. 10. 150 tolls, c 11. 13 ft. 

12. 2ff. 6in. , 13. 3ft. <'14. 14 sq. ft.; 2c. ft. 756c. i 

15. 15 in.; 996 sq. in., 16. £1665. 

17. 7 in. 18. 900 c. m. 19. 26*27 ft. 

20. 21 min. 36 sec. t 21„ 3t84jn. 22. 9*5 in. 

23. 4c. ft. 245£c. in.; *171 ... 24. 16 in.; 8 in. 



1 / 

2 . 

3. 

• 

6 . 

8 . 

11 . 

14., 

ft. 


1 i37 

EXAMPLES. *XV. A.* 

(i) 220sq.*ln., (ii) 36 i^. ft. 9^ sq. in. 

(i) 2#if*q. in., (ii) JB sq. yds.thsq. ft. 6f>^. in. • 

Hill. # 4* £ii. 12*. 9 5. 660 sq. yds. 

(l) 770 c. in., *(ii) 32 e. ft. 1 1 1 <*. in. 7. # 2677^ l^s. 

66 gallons. 9. £2722. 10?.. • # 10. ^ 8 in., (u) 3 ft. toni 

31 ft. 6 iin 12. 2U0*t. f3. 6$ in. * 

6-6 ft. ft. 7126 sq. in.; 66(ff) c. in. * 

67 lbs. • 17. 4762 lbs* • t 


EXAMPLES. XV.4B.# 


1. 

1100 c. in\ { 

2 

8} sq. ft. 

£ 

£16. 10*. 

4. 

308 sq. in. 

6. 

1660. 

6. 

•31 in. 

7. 

12* in. 

8. 

•006 m. 

? 

ili^in. 31 see. 

• 

10. 

221 in. 

• 

11 

66*6 ft. 

• 

12. 

736*90 sq. m 

I. r jp7*97 

c. ill. IS. 

1886m. lieaily. 76*6 oz. 

14. 

1609 tons. 

15. 

146*7 fb. 101 

•o lbs. 

16. 2 in. 

* 

o 17. 

•1 in. nearly. 

• 18. 

1 in., or 2 in. 




* 


* • 

• • 


» 


20 sq. ft. * 

£3. 3s. 9 d. % 

• (i) 7 in., (u) lft. 

2 tons 9c\vt. 12 lb- 
1726 lbs**) •/. 


EXAMPLES. XVI. A • % • 

• 2. 10% ft. 3. 8 sq. ft. 12^ 

5. (i) 60c.ii*, (n) 128c. in., (ijj) 90 # e. in. 

7. Hm 8. 

;o. 

12 . 


I ft. 6 in » 
£34. • » 
%430Sq. ft. 


> 15 . 


EXAMPLES. XVI. B. 

^ ft ; # in 


* 3. 46-8# sq. in. 


2J3*(*sq. in. 2. 

32 sq. in* 5. >1*31 in. ; 443*40 sq. in. — 

J5-05 in.; 831-56 sq. in. , 7 . 2ft.«8in. 8 . «7*29c. in. 

■5 in. 10. 600 c. in. •• U. 10392 3 c. in. 

• • • # 

lft. 8 in. ^ 1?. 


• 2122 .* 


1 


J 3 


a* £q. in.; - 


75 1 


c. in.; * s /a 2 l>*-i b ,: c-+c\ i J sq. im; 


a be ' 


a~b* + b-c. 1 + c J a u 
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16. 6§ c. ft. 18-93 sq. ft. ^17. ^~in. ” 18. Gin. 

19. 10 in. 20. 34-95 sq. in. 21. - c. ft. 22.^ SO ft. 

EXAMPLES. XVII. A. 

1. (i) 330 sq. in., , " (ii) 28 sq. ft. .HSfiq. in. 

(iil) 216 sq. ft. 70 sq. in., (iv) 3 sq. ft. 118 sq. in. 

2. 1 ft, f 9 in. 3/ 7 in. 4. £3. 2b. id '*5. 01 sq. yds. 1 sq/ft 

6. (i) 66 c. in., (ii) 616 c. in, 7. (i) 1ft. 9 in., 

(iii ; 1232 c. in., 4 (iv) 601 c. ft. (ii) 2 ft . 4 in. 

8. (/) 1 ft., 3 ft. 1 in., (ii) 2 ft. 9 in., 5 ft. 5 in. 

9. 42^ gallons. 10. 149 lbs. 11. 2 tons 3 cwt. 24 lbs, 

12. 3‘84't. 13. 17 -32 in. 

14. 5c ft. 1216 c. in.; 15sq. ft. 40 sq. in. 15. 329*12 sq. in. 

examples:- xvii. b. 


1. 

389*56 sq. in. 

2. 

204-20 sq. in. 

3. 

1016-62 sq. in. 

‘ 4. 

3*90 in. 

5. 

27 ft. 

e* 

1 ft. 3 in. # 

7 

36-26 gallons. 

8. 

,10 min. 40 sec. 

9. 

32*(jjf in. 

10. 

1822$ so. in. 

11. 

1232 c. in. 

!2. 

44*91 c. Li. 

13. 

1914 sq. in. « 

14. 

33-60 in. 

15. 

42*43 c. in. 

c °u. 

*24 -25 in.; 14 in. 

17. 

1 6*8 in. 

18. 

9-5 in.; 19 in. 


u 


L EXAMPLES. XVIII. A. 

1. llOsq. in,' 2. 6 sq. ft. 126 s %. in. 

3. lOf'-o. ft. 56 sq. in. 4. 5sq. ft. 06 sq. in. 

5'. 12 sq. ft. 76 sq. in. 6. 11 *. lid. 

7. 148 c. in. 8. 130 o c. in. 

9. ^i) 616 c. in., (ii) 2 c.. ft. ^02 c. in. ' 10. 110 c. in. 

1a. 88 c. in. 1'2. 4 c. ft. 1712 c. in. 

EXAMPLES. XVIII. B. 

1. 5 sq. ft'.‘ §6 sq. in: 2 : C22-2 sq. in. 

3. 3644*26 Bq. in. j 4. *'376*99 sq. in. 

5. 200'43 sq. in. f 6. 4 in. 4 7. 105'65 c. in. 

8. 329*09 c. in. '* 9. 1575 gallons. 10. 28*6 c. in. 

lx. 34i*14 c. in. ( 1?. r 667^ c. in. 

13. 1 c. ft. 472 c. in', 14. 66*19 in. r . 





*HKW 

> 


'23» 

15. • 

145*49 sq. in.* 

• 

* # ^ 6 - 

w 3 -- (n- l) c 

4 ft 3 

#17 - 

;/2> 

18. 

2£$fy°ns. 

^19. 

5*2 pints. • 

20. 1 *C*n. 

21. 

6 in. 

• 22. 

10 in.; 5 in. ^ 



. • • • 

• * EXAMPLES. XIX. • • . 

1. 45 c. ii^ 2. 463 o5. • * 3. 185 t<^ps. 

4. 1284 sq. in. 5. # 5773'5 c. m. ; 10(}0 sq. in. # 

7. 409 J c. in. 3124$ tons. # 9. 609 days. 

# 10. 1$ ft., 4 ft. ; 49^8 c. it. ; 194 sq. ft.# *. • 


'EXAJfcPLES. XX. A. 


1. (i) 616 sq. in*., 

2. £23. 2 s. 9 * 

5. (i) 3^ in., (ii) 

7. (i) 1437J c. in. 

8. 735f oz. 

Jl. 840. 

14. 368 lbs. 

# 17.* 286 sq. in. * 
20* 549 lb*. 

23. (if 3 in., (ii) ; 


f . 25. (j) 154 sq. in.,* (ii) 12f sq. ft. 26. 2 in. 


3. 

264 sq. ft. 

< 

4. 

55 sq. ft. 

1ft. 

2 in. 

6** 

4*i4^n. 

. (“> 

22*J c. ft. , (in): 1 

18*80. 

8 i.*in. 0 

£ 

26*J$%allonrf. % 

10. 

36*gallons 

• 12. 

5. * 

13. 

2592. 

10. 

381^ c # in. 

16. 

268f c>. 

18. 

. 47’7-^sq. in. 

19. 

1945 oz. 

21. 

161*?lbs. * 

22. 

951 oz. 

3*11. 6 

in. . . 

• 

% • 

.* (l») 

22 cm. 79f c. in. 

• 





X EXAMPLES. XX. «. • 

1. 2299‘6*Bq.*in. 2. 11*31 sq. in 


3. 

(i) 2 : 3, (ii) 

*5236 

: 1. 4. 104*72 sq. 

in. 

5. 

32*48 sq» in. 

f 

1 in. 

7* 

14 oz. 

1 8. 

4188*8 o. in. 

\o. 

26*6J cnt. 

11.* 

2h in. 

12. 

f0-#7 gallons. 


l # 13. 3 

•3 cm. 


14. 

2764*6 sq. in. ; 

* i * 

25 gallons, nearly. 

• 

•47J4. 

16. 

3* 

17. 

,i ft- ‘ 


tut. 

19. 

14*88 in. 

20. 

fc<4cm. 

% 21. 

22*6 ia. 

32. 

7*34 in. 

23. 

1 in. nearly. 

* 24. 

1 cm. 

25. 

3*6 in. # 

26. 

1*1 in. 

• 27. 

]£ in. pearl, 

.. 28 ‘ 

8 oz. 5 dwts. 

29. 

2*04 9 in« 0 

. 30- 

1 *37 cm. 

31. 

H i 11 - . 

32. 

*1 *77 cm. 







Examples, xxi. a. 

1. (i) 110 sq- in., (ii) 11 sq. ff.- ; 2. (i) PlO sq. in., (ii) 2| sq. ft. , 
3. 44 sq. in. 4. (./ 113}- sq. in., (n) 7 sq. U. 98^ sq. 

5. 37 sq. ft. 62 sq. in. 6. 45 •: U sq. ft. 

7. 27 sq. ft. 13f» sq. in. 8. (i) 34 £ c. i . . . , (n)26tc. in. 

, 9. (i) 132 c. in., (iiVHIO? c. m 

10. (i) 4GD-J o. in., (ii) 2 o. ft. 108 <*. in 11. I54 s c. in. 

12 . 3358 j c. in. - 13 HI 25: 1701. 


• EXAMPLES. XXI. 3. 

1. (i) 62-83 sq in., (\i) 10 sq. ft. 52 s^. in., (in) 31-416 sq. ir 
(iv) 157-28 sq. in. 2. 2011 sq.ft. 3. -2647 

4. Distance of centre, 8 ft. 5. 42 ft. «3.* 699 lbs. 


7. 

S* ’• 

ro ; • 

13 cm. 

11. 

904 -82 s?j. in 

1 .; 21V2’7.'>o in'.' 


12. 

1263 1 sq. in. 13. 

•1464. ; -05806 



EXAMPLES 

XXII. A. 

1 . 

'l6 : 9; 61 > 

T. 2 125 : 8 

3. 3-0625. 

4. 

11 : 9. 

5. 15 ft 4 i.i. 

6. jj) lbs. 

1. 

n-jin. 

8 75 : r, (>. 

9. 16]) c. in. 

10. 

2-47 111 . 

11. 12 23 in. 

12 ^V-1 * 

13. 

'i 

1 : 7. n , 

14. 1:7: 19. 

* e 




EXAMPLES. 

XXII. B. 

1. 

(i) 847 sq. in.; 741 J c. in., 

(ii) 755 sq. 111 . 


(iii) 154*88 sq. in.; 54*21 0 . in. 


2. 

5^*8 in.; 15*4 in.; 18-2 is.. 3, 

•28 in. 

4. 

° 4 rr ; r (4?r 


. Stt : 4 ; 9 : 16. 



examples. 

XXIII. 

1. 

43 ait. 1 r. 8 p. 9*7 sq. yds. 2. 

:i-331 yds. 

3. 

439-98 ft. 

4. 15*925 in. 

b. 3r. 34 


$ n 1. 


6. 15958 sq. in. •• 7. ’60591 ao.- 2r. ^Op. 28-6sq. yds. 

8." 13-365 in. 9. 1^7-32 sq. ft. 10. 2626 sq.ft. 

11. 30614*7 sq. in. 12. 17625-7 sq. yds. 13. 48° 35' 25". 



14. 

205887 m{. in. 

* 15. 01928-33 miles. 

#6. 1/9-880111.'** 

17. 

105099 gallons. 18. •32> 253 4. 

19 100,000 shut. 

n 20 . 

1025^0 c; in 

21 . -34914 i^|. 

32 . 105-133 in. 

23. 

in 

24.J> 3200120 o. in 

25> o.ro'io". 

$ 6 . 

11198-1 o. in. 

9 «7. 5 f ‘ 1 T 8 ".® 

28 28° 2 £ 18 ". 

29. 

143001 oz*. 

30. 208-272 gallon 

31. ! 17085 in. # 

32. 

54° .10' 

33 £30 in. * 

3* 3923-OHec. it. 

35. 

825*828 c. in 

36. ^37 757*14 in 

37. 44° 35' 47". 

38. 

3 -79729 in. 

39 70’ 31' 43" 

40. 109 5 28' 17". 

*41. 

1 -57808 in. 

42 l() , 0212 ill. ;•! A 7 -OI sq.^a. # 

•43. 

20333' 51". 

. 44 . :i95.jo-;j 0 . 111 .; 

4885*38 sq. in. , 

45. 

100 in.; ]'H' 

H" • 46. 14-8*355 in. ;*4MM7H#)n. 

47. 

70,507 tons 

48. 0-48385 in. 

49. 4304 oz. 1 1 dwt. 

50. 

100 times? • 

51 415 17 1 0 . in. 


52. 

HOL-9 11 sq. in 

.; 1795 08 0 . in 63j 

15059-3 •|.i«.^ll3097o. 

• m 

• 


* ... » • 
EXAMPLES. XXIV. 


• ♦ 

. 1 . 1 ^ 4 . 

5. 08 sq. i't^ 

8 . 9 ft. 


_1£. fj-25, 4.1 75, 1 J,s- 
16.® 12 ft. 16 


Ruction T. 

• • 

( 10-00 «q. iT. 

282150 gallons^ 
'lO(K). % 0 

75, 251-25 <*. II 

11 . Us. 


20«fU # % 4. 40 ft! 

11319 c. ft.; 3405 sq. ft, 
25 in. 11 .• tHTff 
10 ft. 14 *12-7 lores. 


18. 

144 gall^is. 

19. 19800000 gallons. • * 

20 . 

10290 s<f. ft; 12 

!5 ft. ; 82*37 ft. 21. 173-2c. 

22 . 

10-875 in. 

23. £5. lLolK 24. 157*08 sq. L. 

25. 

14s. 7 d. , 

26 150 sq. yds. 3 hj. ft. lf)8 sq. in. 

27. 

1 15-5 sq. in., 20.' 

/•sq.in. t 9 f % 

28. 

8 97,. 15 dwts. 

29. £9*92 3 els. 30 . 014:1915.“ 

31. 

08*02 sq. in. 

32 .8200-81 c. in. # 3044 $2 sq. jji. 

33. 

7-21721 aciis. 

34. # 32-yisq.in # * # 35. 

36. 

31*5 sq. ft. 

37. c. ft. | « 

C. 38. 

4020/ 39. 

(^chains; 2£ chain* 40. 3:4: 5. 

41. 

1254 yds. 42. 

24-249. 43. -.ti l acres. ‘ # 

44. 

£5. 10s. 45. 

408 ft. f # 46. # 2 ^1. 47 . 10. 

*48. 

31-05 gallons. 

49. 35-39 oz. 60. 125-71 sq : 


8. K. M. • 



242 


ANVERS. f r 


61. 

' 197-T2 c. in. 0 

62. 47r<Z ; {lir-'l)*/. « 


* 

54. 

4200 c. ft. 

55. 2-C-02 o.’in. 1 56. 

1^6 

c. ft. 1152 in. 

07. 

22-48 in. 5$. . 

30-16 c. hi. ; 52-^sq. in. 

59. 

fl63*89 sq.’ir 

>. 61. 

£198. 9s. 

6?. 44359-64 sq. yds. 

63. 

r i869*73. 

64. 

42/ic < 1 r. 20 p. 

65. £10. 10s. 11^(1. 66.. 

11581c. ft. 1332 ’n. 

<67 

198956300 sq. mi., nearly; 263883000000 c 

. mi., 

roughly. 

68. 

19 kc. 3r. 2-8 p. 

«9. 9 ac. 3 r- 39-58 p. 

,70. 6 ac. 3 r. 

,71. 

1-375 acres. ‘ 

72. 6-873 acres. 

73. 

66360-59 c. in. 

74. 

4 ft. r 

76. 48 c. ft. c 

76. 

■52 c. ft. o 

F .7. 

212 c. ftr' 

f 78. 429-63 c. ft - 

79. 

128-63 c. ft.' 

30. 

2’4£ acres. 

i 




A. 1. 

' 3. 

6 . 
.. 7. 
9 . 

r 10 -' 
12 . 

17. 
19. f 

1 « 21, 
24. 

26 r 

29. 1 
32. 
36. 
*’■ 

42. 

46. 

48. 

60. 

B. 61. 

66 . 

68 . 


, f Section II. 

3-32772% 3*343262; moan = 3-34041)5. 2. 9*54 tons. 

2*534 iq, 4. -52 in., nearly ; # *88 in. nearly. 

19 : 7 : 1. V Vo-21 y&s., 38-105 yds., 30-403 yds. 


6-48 in. 


3JJ6425 lbs. = 172 tons 10 cwt. 25 lbs. ' 

1341/3 sq. yds. ~ 2 ac. 3 r. 3 p. 2-25 sq. yds# 

784 sq. ft. ; 23 ft. nearly. f f ° ' 11. £5. f 10s. / 

4-69 ft, '■ 13. 59-55 c. ft. * 44. £466. 7* Id. 

J[*027sq. in. * r \\ ,16. 643000. 

*2130*62 sq. ft. ; 120160’c. ft. 18. 21-7 in. 

12Jbs. 6-Goz. ». 1612-5 sq./t. ... 

4-JL89C. in.; 524c. in. 22. 1-3 ft.; 8-16816 ft. 23.* 4 in. 
933-59 c. iif*. ; 138170 c. in. 26. i^33. 17s. 3d. 

r 56*57 sq. in. 

950 sq. yds. 

1889 -G7 sq. ft. 
1-24 in. 

13 in. e nearly. 

4 06293 in. 

8-29 in.; 237-fi sq. in. 
1856 oz. 


31. 

34. 

37. 

40. 

44. 


57 3f; in. 27. 377 sq. in., nearly. 

143 yds. 30. 10*5 in. 

9-42c.it. f 33. 93-98 sq. in. f 
$2*4 sq. in.’; 14-941 in. t 3f«. 20 ft. 

1 in. t 39. 183-26 sq.’inl 
39*37«ft. per minute. 43 . 3*36 ft. 

1*819 ft^O in. 46 *a 4084 grammes. 47. 

225 nearly ; 113-1* sq. in. f * f 49. 

1197299c. in.; ®8-1091 c. in.; $)2*6256 sq.in.; 307-8768 sq. in. 
233 -509 ft.; 239 tom. 02. 165-748 i yds. 63. 960-08 sq. ft. 
19721*4 oz. # 65. 101543*26 sq. ft. c * 1129*61 ft. 

# of height of vessel. « 51 . *22’6544 sq. yds. f 

2Jin. nea|ly; diameters 3-4648 iff. ; 4*4097 in.;,hei^ht5*609&in. 



•ft' JSWEES. 43 

09. ' I33*785ftt. # 60. *292187 tons. « *61. * £19M*^*jft od> 

62.* 1221*88 o. in. 62* 96 c. im ; 138*628jsq. in. ^ 

64. 2-33J31 flous. 66. ^09*58*q. yds. 66. 13*2698 sq. inT" 

67. 19<*7ft5 sq. ft. 6% 7*432 ft. * $9. 1 ft. * 

# 70. 27*713 sq. in. ; J*&2 rt in. .71. *151*74 c. ft. 

72. 382674 sQ. miles nearly. 73. 114582 »q. ft! 

74 . 4*0825 in. « #6. tt s^. ft. 
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